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where cL and cR are the coupling constants of the left-chiral
and right-chiral fermions respectively. These calculations al-
ready remind one of the construction of a Choi matrix (eq.
2), and we can easily check that the obtained matrices sat-
isfy the conditions to be implemented through quantum chan-
nels (cf. Section III). In fact, using the IBM Quantum Lab
(https://quantum-computing.ibm.com/), we constructed quan-
tum channels that were able to reproduce them, which is the
subject of the next section.

C. CONSTRUCTING THE QUANTUM CHANNELS

When constructing a quantum channel (Fig. 2), we
translate observable values R, L to the Boolean computational
basis given by {0,1}. We can characterise each possible
initial-final helicity state by a string of four digits, the first
two corresponding to the helicity of the initial-state electron
and positron, and the last two corresponding to the helicity of
the final-state quarks. The first application of the Hadamard
gate (H) creates an equal superposition of all the 16 possible
combinations of initial-final helicity states. Then through
the quantum interference introduced by the action of phase
and C-NOT gates we enhance the probability amplitudes of
selected states. The final Hadamard gates ‘close’ the superpo-
sition and precede the measurement gates. It is worth noting
that quantum channels can approximate a result with as much
precision as needed, at the cost of increasing the number of
computational steps (cf. Solovay-Kitaev theorem2).

FIG. 2. Schematic representation of a quantum channel comprising
n qubits, Hadamard (H), C-NOT (+), Phase (P), and measurement
gates.

Considering the experimental measurements of the e+e� !
qq̄ (where q and q̄ are a quark and its anti-quark respectively)
cross section from LEP close to and above Z resonance (from
LEP and SLD Collaborations27, we see that the contribution to
the cross section from the QED process alone (eq. 7) presents
an evident backward-forward symmetry in the angular distri-
bution that is lost above the Z resonance as a consequence of
the parity violation which characterises the weak interaction
(eq. 8), that is manifested via different couplings for the left-
and right-chiral fermions. Figures 3-4 illustrate a simple ex-
ample of how quantum circuits can be used to compute ansatz
leading-order matrix elements for |Mg |2 and |MZ |2, which
respect the observed angular distributions (a)symmetries.

FIG. 3. Quantum channel simulating |Mg |2 (eq. 7) and related his-
tograms showing a parity preserving process (simulated using the
IMB Quantum Lab (https://quantum-computing.ibm.com).

FIG. 4. Quantum channel simulating |MZ |2 (eq. 8) and related his-
tograms showing a parity violating process (simulated using the IMB
Quantum Lab (https://quantum-computing.ibm.com).

Consider, for example, how the histogram in Fig. 3 is asso-
ciated with the elements in matrix (7). A given combination
of 0’s and 1’s determines a unique matrix element according
to matrix (6) (as an example, the top-left matrix element
|MRL!RL|2 is associated with the combination "0101"), while
the associated probability amplitude gives the corresponding
value according to matrix (7). The parity preserving nature
of the electric interaction (eq. 7) can be seen in Fig. 3 by
the fact that, by substituting each 0 with a 1 and vice-versa
in each string, the same graph would be obtained. On the
other hand, in the weak interaction (eq. 8) parity violation
manifests itself via the unequal values of the chiral couplings
cL and cR. It follows that, by comparing matrix (8) with
matrix (7), we expect that matrix elements that had equal
values in the former, will be unequal in the latter. This is what
we observe in Fig. 4, where we also notice that substituting
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input (spin) states.
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where cL and cR are the coupling constants of the left-chiral
and right-chiral fermions respectively. These calculations al-
ready remind one of the construction of a Choi matrix (eq.
2), and we can easily check that the obtained matrices sat-
isfy the conditions to be implemented through quantum chan-
nels (cf. Section III). In fact, using the IBM Quantum Lab
(https://quantum-computing.ibm.com/), we constructed quan-
tum channels that were able to reproduce them, which is the
subject of the next section.

C. CONSTRUCTING THE QUANTUM CHANNELS

When constructing a quantum channel (Fig. 2), we
translate observable values R, L to the Boolean computational
basis given by {0,1}. We can characterise each possible
initial-final helicity state by a string of four digits, the first
two corresponding to the helicity of the initial-state electron
and positron, and the last two corresponding to the helicity of
the final-state quarks. The first application of the Hadamard
gate (H) creates an equal superposition of all the 16 possible
combinations of initial-final helicity states. Then through
the quantum interference introduced by the action of phase
and C-NOT gates we enhance the probability amplitudes of
selected states. The final Hadamard gates ‘close’ the superpo-
sition and precede the measurement gates. It is worth noting
that quantum channels can approximate a result with as much
precision as needed, at the cost of increasing the number of
computational steps (cf. Solovay-Kitaev theorem2).

FIG. 2. Schematic representation of a quantum channel comprising
n qubits, Hadamard (H), C-NOT (+), Phase (P), and measurement
gates.

Considering the experimental measurements of the e+e� !
qq̄ (where q and q̄ are a quark and its anti-quark respectively)
cross section from LEP close to and above Z resonance (from
LEP and SLD Collaborations27, we see that the contribution to
the cross section from the QED process alone (eq. 7) presents
an evident backward-forward symmetry in the angular distri-
bution that is lost above the Z resonance as a consequence of
the parity violation which characterises the weak interaction
(eq. 8), that is manifested via different couplings for the left-
and right-chiral fermions. Figures 3-4 illustrate a simple ex-
ample of how quantum circuits can be used to compute ansatz
leading-order matrix elements for |Mg |2 and |MZ |2, which
respect the observed angular distributions (a)symmetries.

FIG. 3. Quantum channel simulating |Mg |2 (eq. 7) and related his-
tograms showing a parity preserving process (simulated using the
IMB Quantum Lab (https://quantum-computing.ibm.com).

FIG. 4. Quantum channel simulating |MZ |2 (eq. 8) and related his-
tograms showing a parity violating process (simulated using the IMB
Quantum Lab (https://quantum-computing.ibm.com).

Consider, for example, how the histogram in Fig. 3 is asso-
ciated with the elements in matrix (7). A given combination
of 0’s and 1’s determines a unique matrix element according
to matrix (6) (as an example, the top-left matrix element
|MRL!RL|2 is associated with the combination "0101"), while
the associated probability amplitude gives the corresponding
value according to matrix (7). The parity preserving nature
of the electric interaction (eq. 7) can be seen in Fig. 3 by
the fact that, by substituting each 0 with a 1 and vice-versa
in each string, the same graph would be obtained. On the
other hand, in the weak interaction (eq. 8) parity violation
manifests itself via the unequal values of the chiral couplings
cL and cR. It follows that, by comparing matrix (8) with
matrix (7), we expect that matrix elements that had equal
values in the former, will be unequal in the latter. This is what
we observe in Fig. 4, where we also notice that substituting
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where cL and cR are the coupling constants of the left-chiral
and right-chiral fermions respectively. These calculations al-
ready remind one of the construction of a Choi matrix (eq.
2), and we can easily check that the obtained matrices sat-
isfy the conditions to be implemented through quantum chan-
nels (cf. Section III). In fact, using the IBM Quantum Lab
(https://quantum-computing.ibm.com/), we constructed quan-
tum channels that were able to reproduce them, which is the
subject of the next section.

C. CONSTRUCTING THE QUANTUM CHANNELS

When constructing a quantum channel (Fig. 2), we
translate observable values R, L to the Boolean computational
basis given by {0,1}. We can characterise each possible
initial-final helicity state by a string of four digits, the first
two corresponding to the helicity of the initial-state electron
and positron, and the last two corresponding to the helicity of
the final-state quarks. The first application of the Hadamard
gate (H) creates an equal superposition of all the 16 possible
combinations of initial-final helicity states. Then through
the quantum interference introduced by the action of phase
and C-NOT gates we enhance the probability amplitudes of
selected states. The final Hadamard gates ‘close’ the superpo-
sition and precede the measurement gates. It is worth noting
that quantum channels can approximate a result with as much
precision as needed, at the cost of increasing the number of
computational steps (cf. Solovay-Kitaev theorem2).

FIG. 2. Schematic representation of a quantum channel comprising
n qubits, Hadamard (H), C-NOT (+), Phase (P), and measurement
gates.

Considering the experimental measurements of the e+e� !
qq̄ (where q and q̄ are a quark and its anti-quark respectively)
cross section from LEP close to and above Z resonance (from
LEP and SLD Collaborations27, we see that the contribution to
the cross section from the QED process alone (eq. 7) presents
an evident backward-forward symmetry in the angular distri-
bution that is lost above the Z resonance as a consequence of
the parity violation which characterises the weak interaction
(eq. 8), that is manifested via different couplings for the left-
and right-chiral fermions. Figures 3-4 illustrate a simple ex-
ample of how quantum circuits can be used to compute ansatz
leading-order matrix elements for |Mg |2 and |MZ |2, which
respect the observed angular distributions (a)symmetries.

FIG. 3. Quantum channel simulating |Mg |2 (eq. 7) and related his-
tograms showing a parity preserving process (simulated using the
IMB Quantum Lab (https://quantum-computing.ibm.com).

FIG. 4. Quantum channel simulating |MZ |2 (eq. 8) and related his-
tograms showing a parity violating process (simulated using the IMB
Quantum Lab (https://quantum-computing.ibm.com).

Consider, for example, how the histogram in Fig. 3 is asso-
ciated with the elements in matrix (7). A given combination
of 0’s and 1’s determines a unique matrix element according
to matrix (6) (as an example, the top-left matrix element
|MRL!RL|2 is associated with the combination "0101"), while
the associated probability amplitude gives the corresponding
value according to matrix (7). The parity preserving nature
of the electric interaction (eq. 7) can be seen in Fig. 3 by
the fact that, by substituting each 0 with a 1 and vice-versa
in each string, the same graph would be obtained. On the
other hand, in the weak interaction (eq. 8) parity violation
manifests itself via the unequal values of the chiral couplings
cL and cR. It follows that, by comparing matrix (8) with
matrix (7), we expect that matrix elements that had equal
values in the former, will be unequal in the latter. This is what
we observe in Fig. 4, where we also notice that substituting
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where cL and cR are the coupling constants of the left-chiral
and right-chiral fermions respectively. These calculations al-
ready remind one of the construction of a Choi matrix (eq.
2), and we can easily check that the obtained matrices sat-
isfy the conditions to be implemented through quantum chan-
nels (cf. Section III). In fact, using the IBM Quantum Lab
(https://quantum-computing.ibm.com/), we constructed quan-
tum channels that were able to reproduce them, which is the
subject of the next section.

C. CONSTRUCTING THE QUANTUM CHANNELS

When constructing a quantum channel (Fig. 2), we
translate observable values R, L to the Boolean computational
basis given by {0,1}. We can characterise each possible
initial-final helicity state by a string of four digits, the first
two corresponding to the helicity of the initial-state electron
and positron, and the last two corresponding to the helicity of
the final-state quarks. The first application of the Hadamard
gate (H) creates an equal superposition of all the 16 possible
combinations of initial-final helicity states. Then through
the quantum interference introduced by the action of phase
and C-NOT gates we enhance the probability amplitudes of
selected states. The final Hadamard gates ‘close’ the superpo-
sition and precede the measurement gates. It is worth noting
that quantum channels can approximate a result with as much
precision as needed, at the cost of increasing the number of
computational steps (cf. Solovay-Kitaev theorem2).

FIG. 2. Schematic representation of a quantum channel comprising
n qubits, Hadamard (H), C-NOT (+), Phase (P), and measurement
gates.

Considering the experimental measurements of the e+e� !
qq̄ (where q and q̄ are a quark and its anti-quark respectively)
cross section from LEP close to and above Z resonance (from
LEP and SLD Collaborations27, we see that the contribution to
the cross section from the QED process alone (eq. 7) presents
an evident backward-forward symmetry in the angular distri-
bution that is lost above the Z resonance as a consequence of
the parity violation which characterises the weak interaction
(eq. 8), that is manifested via different couplings for the left-
and right-chiral fermions. Figures 3-4 illustrate a simple ex-
ample of how quantum circuits can be used to compute ansatz
leading-order matrix elements for |Mg |2 and |MZ |2, which
respect the observed angular distributions (a)symmetries.

FIG. 3. Quantum channel simulating |Mg |2 (eq. 7) and related his-
tograms showing a parity preserving process (simulated using the
IMB Quantum Lab (https://quantum-computing.ibm.com).

FIG. 4. Quantum channel simulating |MZ |2 (eq. 8) and related his-
tograms showing a parity violating process (simulated using the IMB
Quantum Lab (https://quantum-computing.ibm.com).

Consider, for example, how the histogram in Fig. 3 is asso-
ciated with the elements in matrix (7). A given combination
of 0’s and 1’s determines a unique matrix element according
to matrix (6) (as an example, the top-left matrix element
|MRL!RL|2 is associated with the combination "0101"), while
the associated probability amplitude gives the corresponding
value according to matrix (7). The parity preserving nature
of the electric interaction (eq. 7) can be seen in Fig. 3 by
the fact that, by substituting each 0 with a 1 and vice-versa
in each string, the same graph would be obtained. On the
other hand, in the weak interaction (eq. 8) parity violation
manifests itself via the unequal values of the chiral couplings
cL and cR. It follows that, by comparing matrix (8) with
matrix (7), we expect that matrix elements that had equal
values in the former, will be unequal in the latter. This is what
we observe in Fig. 4, where we also notice that substituting
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<latexit sha1_base64="O/fudngCHaZt+kmI/pHxt2026gU=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgqkyKxHZX6saFQkX7gCaEyXTaDp08mJmIJeRX3LhQxK0/4s6/cdJWUNEDFw7n3Mu99/gxZ1Ih9GEUVlbX1jeKm6Wt7Z3dPXO/3JVRIgjtkIhHou9jSTkLaUcxxWk/FhQHPqc9f3qe+707KiSLwls1i6kb4HHIRoxgpSXPLKcOwRxeZl7qiAC2bq4yz6ygKtKwbZgTq44sTRqNeq3WgNbcQqgClmh75rszjEgS0FARjqUcWChWboqFYoTTrOQkksaYTPGYDjQNcUClm85vz+CxVoZwFAldoYJz9ftEigMpZ4GvOwOsJvK3l4t/eYNEjepuysI4UTQki0WjhEMVwTwIOGSCEsVnmmAimL4VkgkWmCgdV0mH8PUp/J90a1XLrtrXp5VmaxlHERyCI3ACLHAGmuACtEEHEHAPHsATeDYy49F4MV4XrQVjOXMAfsB4+wSRKpQr</latexit>

LBSM

C. Altomonte, A.Barr, M.Eckstein, P.Horodecki, KS  [2412.01892]

๏ New precision test of SM 

๏ Foundational test of QM

C. Altomonte, A.Barr [2312.02242]
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High Energy Test of Quantum Mechanics

Motivation: - QM might be a low energy effective theory of more fundamental short-
distance theory.

- QM might be modified at shorter distances to be married with gravitation. 

Gravity

Currently, no LHC analysis can distinguish between anomalies from 
QFT-based BSM and those from beyond-QM

- Non-linear extensions of QM: [Weinberg (1989), Polchinski (1991), D.E.Kaplan, S.Rajendran, (2021)]

non-linear state-dependent term

<latexit sha1_base64="E5V7EvX0EOZtYVanpv7pEr1pG0U="></latexit>

i@t|�i =
Z

d3x
h
Ĥ(x) + h�|Ô1(x)|�iÔ2(x)

i
|�i
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Plan

• Review: qubits, density matrices, quantum state tomography 

• Quantum State Tomography at colliders: pp → tt̄

• Quantum Process Tomography (QPT), Choi matrix 

• QPT of  with polarised lepton collider e+e− → tt̄

• Summary
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Qubit

<latexit sha1_base64="iQH99Wta4vYPzD7k5r3Pkm5zqDg=">AAACG3icbZDLSgMxFIbP1Futt1GXboJFEIQyU6S6EYpuXFawF2iHkknTNjSTGZKMUKZ9Dze+ihsXirgSXPg2pu0o2vpD4Oc753Byfj/iTGnH+bQyS8srq2vZ9dzG5tb2jr27V1NhLAmtkpCHsuFjRTkTtKqZ5rQRSYoDn9O6P7ia1Ot3VCoWils9jKgX4J5gXUawNqhtF0eoVVEMtSQWPU7RBSJtB42Q80NODHENcb9J2847BWcqtGjc1OQhVaVtv7c6IYkDKjThWKmm60TaS7DUjHA6zrViRSNMBrhHm8YKHFDlJdPbxujIkA7qhtI8odGU/p5IcKDUMPBNZ4B1X83XJvC/WjPW3XMvYSKKNRVktqgbc6RDNAkKdZikRPOhMZhIZv6KSB9LTLSJM2dCcOdPXjS1YsEtFUo3p/nyZRpHFg7gEI7BhTMowzVUoAoE7uERnuHFerCerFfrbdaasdKZffgj6+MLCTeeUw==</latexit>

| i = c0|0i+ c1|1i

• The qubit system has two basis kets:  and .  The general state is|0⟩ |1⟩

• The -qubit system has  basis kets:n 2n

<latexit sha1_base64="eJ7XWC6ncxfrqkrqMKbGLKN5zjk="></latexit>

| 1 2 · · · ni = | 1i ⌦ | 2i ⌦ · · ·⌦ | ni
<latexit sha1_base64="+Y2l0ksEI6o50/V2GbiSHr7F8+E=">AAACHXicbVDLSgMxFM34rPU16tJNsAgupMxIqS6LblxWsA/olCGT3rahmcyQZIQy7Y+48VfcuFDEhRvxb0zbEbX1wIWTc+4l954g5kxpx/m0lpZXVtfWcxv5za3tnV17b7+uokRSqNGIR7IZEAWcCahppjk0YwkkDDg0gsHVxG/cgVQsErd6GEM7JD3BuowSbSTfLo2wFyvmM+xJInocsMcE9lI8ws63dGoe7o8/xr5dcIrOFHiRuBkpoAxV3373OhFNQhCacqJUy3Vi3U6J1IxyGOe9REFM6ID0oGWoICGodjq9boyPjdLB3UiaEhpP1d8TKQmVGoaB6QyJ7qt5byL+57US3b1op0zEiQZBZx91E451hCdR4Q6TQDUfGkKoZGZXTPtEEqpNoHkTgjt/8iKpnxXdcrF8UypULrM4cugQHaET5KJzVEHXqIpqiKJ79Iie0Yv1YD1Zr9bbrHXJymYO0B9YH18d/6AR</latexit>

| ii 2 {|0i, |1i}

Ex.) The general state in the 2-qubit system: 

<latexit sha1_base64="JUY0CCEk+mnr8zjWzYKBuMb7Y1U=">AAACFnicbZDLSsNAFIYn9VbrLerSzWARKmpJilQ3QrEblxXsBdoaJtNJHTqZhJmJUNL6Em58FTcuFHEr7nwbJ20W2vrDwMd/zmHO+d2QUaks69vILCwuLa9kV3Nr6xubW+b2TkMGkcCkjgMWiJaLJGGUk7qiipFWKAjyXUaa7qCa1Jv3REga8Bs1DEnXR31OPYqR0pZjnhSwQ2GHchh3fKTuXBdWx8fwYYQde3RbgkdQUymhC2gfOmbeKloTwXmwU8iDVDXH/Or0Ahz5hCvMkJRt2wpVN0ZCUczIONeJJAkRHqA+aWvkyCeyG0/OGsMD7fSgFwj9uIIT9/dEjHwph76rO5PV5WwtMf+rtSPlnXdjysNIEY6nH3kRgyqASUawRwXBig01ICyo3hXiOyQQVjrJnA7Bnj15Hhqlol0ulq9P85XLNI4s2AP7oABscAYq4ArUQB1g8AiewSt4M56MF+Pd+Ji2Zox0Zhf8kfH5A3PXnGY=</latexit>

(ci 2 C, |c1|2 + |c2|2 = 1)

<latexit sha1_base64="oHt4FehZlZxbzWar+MYU7RywY2k=">AAACQ3icbZBNS8MwHMZTX+d8q3r0EhyCIIxEZHocevE4wb3gVkqaZVtYmpYkFUbdd/PiF/DmF/DiQRGvgm3Xw+z8Q+Dh9zx/kjxeKLg2CL1aS8srq2vrpY3y5tb2zq69t9/SQaQoa9JABKrjEc0El6xpuBGsEypGfE+wtje+Tv32A1OaB/LOTELm+GQo+YBTYhLk2vfUjRGawkeIEOwpIoeCwfIpTDHOMC5gnKVxMY2zNJ5Lu3YFVVE2cFHgXFRAPg3Xfun1Axr5TBoqiNZdjELjxEQZTgWblnuRZiGhYzJk3URK4jPtxFkHU3ickD4cBCo50sCMzm/ExNd64ntJ0idmpIteCv/zupEZXDoxl2FkmKSziwaRgCaAaaGwzxWjRkwSQajiyVshHRFFqElqT0vAxS8vitZZFdeqtdvzSv0qr6MEDsEROAEYXIA6uAEN0AQUPIE38AE+rWfr3fqyvmfRJSvfOQB/xvr5BQdoqnc=</latexit>

c00|00i+ c01|01i+ c10|10i+ c11|11i
<latexit sha1_base64="OIwzx/FIuM/4eAFAfXVJ4MDjuaE=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIVC9C0YvHCvYDmlA22027dLMJuxulpP0pXjwo4tVf4s1/47bNQVsfDDzem2FmXpBwprTjfFuFtfWNza3idmlnd2//wC4ftlScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjG5nfvuRSsVi8aDHCfUjPBAsZARrI/Xs8gR5DcWQJ7EYcIquUc+uOFVnDrRK3JxUIEejZ395/ZikERWacKxU13US7WdYakY4nZa8VNEEkxEe0K6hAkdU+dn89Ck6NUofhbE0JTSaq78nMhwpNY4C0xlhPVTL3kz8z+umOrzyMyaSVFNBFovClCMdo1kOqM8kJZqPDcFEMnMrIkMsMdEmrZIJwV1+eZW0zqturVq7v6jUb/I4inAMJ3AGLlxCHe6gAU0g8ATP8Apv1sR6sd6tj0VrwcpnjuAPrM8folCS9g==</latexit>

| i =
<latexit sha1_base64="4xoU/JJ0DwPm9/V9yCoL3AvF4IA="></latexit>0

@cij 2 C,
X

i,j

|cij |2 = 1

1

A
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• Consider a measurement of an observable  on a pure state .̂A |ψ⟩
<latexit sha1_base64="4Ol0FrLPTgMGmyD5cGUvN0rhqPw=">AAACEnicbVDLSsNAFJ34rPUVdelmsAi6KYlIdSNU3bisYB/QhHIznbRDJ5MwMxFK7De48VfcuFDErSt3/o3TNgttPXCZwzn3cueeIOFMacf5thYWl5ZXVgtrxfWNza1te2e3oeJUElonMY9lKwBFORO0rpnmtJVIClHAaTMYXI/95j2VisXiTg8T6kfQEyxkBLSROvax1weNL/EF9lQadQADfjDlSRA9TrHHp69RO3bJKTsT4Hni5qSEctQ69pfXjUkaUaEJB6XarpNoPwOpGeF0VPRSRRMgA+jRtqECIqr8bHLSCB8apYvDWJoSGk/U3xMZREoNo8B0RqD7atYbi/957VSH537GRJJqKsh0UZhyrGM8zgd3maRE86EhQCQzf8WkDxKINikWTQju7MnzpHFSdivlyu1pqXqVx1FA++gAHSEXnaEqukE1VEcEPaJn9IrerCfrxXq3PqatC1Y+s4f+wPr8AQIum9c=</latexit>

Â =
∑

a

a|a→↑a|

<latexit sha1_base64="yThytz9tdz/E9+EgqCjQsA/17YA=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiuCozItWNUHXjsoK9QGcoZ9K0Dc1khiQjlLF7N76KGxeKuPUF3Pk2pu0sausPgS//OYfk/EHMmdKO82PlVlbX1jfym4Wt7Z3dPXv/oKGiRBJaJxGPZCsARTkTtK6Z5rQVSwphwGkzGN5M6s0HKhWLxL0exdQPoS9YjxHQxurYRW8AGl/hRwzYkyD6nOJLw3P3jl1yys5UeBncDEooU61jf3vdiCQhFZpwUKrtOrH2U5CaEU7HBS9RNAYyhD5tGxQQUuWn013G+Ng4XdyLpDlC46k7P5FCqNQoDExnCHqgFmsT879aO9G9Cz9lIk40FWT2UC/hWEd4EgzuMkmJ5iMDQCQzf8VkABKINvEVTAju4srL0Dgtu5Vy5e6sVL3O4sijI1REJ8hF56iKblEN1RFBT+gFvaF369l6tT6sz1lrzspmDtEfWV+/y3CZBg==</latexit>

Â|a→ = a|a→
<latexit sha1_base64="c6MAYvzoqZdy0R3oh3Bzbq3EtfU=">AAACD3icbVC7SgNBFJ31GeMramkzGHxUYVck2ghBG8sI5gHZEO5ObpIhs7PLzKwQ1vyBjb9iY6GIra2df+PkUWjigQtnzrmXufcEseDauO63s7C4tLyymlnLrm9sbm3ndnarOkoUwwqLRKTqAWgUXGLFcCOwHiuEMBBYC/rXI792j0rzSN6ZQYzNELqSdzgDY6VW7sgXILsCKdAHCsfUV5PnJfXbKAy0UrDysJXLuwV3DDpPvCnJkynKrdyX345YEqI0TIDWDc+NTTMFZTgTOMz6icYYWB+62LBUQoi6mY7vGdJDq7RpJ1K2pKFj9fdECqHWgzCwnSGYnp71RuJ/XiMxnYtmymWcGJRs8lEnEdREdBQObXOFzIiBJcAUt7tS1gMFzNgIszYEb/bkeVI9LXjFQvH2LF+6msaRIfvkgJwQj5yTErkhZVIhjDySZ/JK3pwn58V5dz4mrQvOdGaP/IHz+QNb1Zr+</latexit>

→a|a→↑ = ωaa→
<latexit sha1_base64="lPaemziSVSM0V+ELxsw2V/6sbLE=">AAACIXicbVDLSgMxFM3UV62vqks3F4ugmzJTpHYjFN24rGAf0NZyJ01rMJMZkoxQpv0VN/6KGxeKdCf+jOljoa0HAodzzuXmHj8SXBvX/XJSK6tr6xvpzczW9s7uXnb/oKbDWFFWpaEIVcNHzQSXrGq4EawRKYaBL1jdf7ye+PUnpjQP5Z0ZRKwdYF/yHqdorNTJliqdZAitSHNoKZR9wUZwimdwCVYVUwEQ/iYAhveFTjbn5t0pYJl4c5Ijc1Q62XGrG9I4YNJQgVo3PTcy7QSV4dRuzbRizSKkj9hnTUslBky3k+mFIzixShd6obJPGpiqvycSDLQeBL5NBmge9KI3Ef/zmrHpldoJl1FsmKSzRb1YgAlhUhd0uWLUiIElSBW3fwX6gAqpsaVmbAne4snLpFbIe8V88fY8V76a15EmR+SYnBKPXJAyuSEVUiWUPJNX8k4+nBfnzfl0xrNoypnPHJI/cL5/ACKYoaY=</latexit>

P|ω→(a) = |→a|ω↑|2

<latexit sha1_base64="14pbX71FKkY+Rz2znV9+ZRUn0YQ="></latexit>

→Â↑|ω→ =
∑

a

aP|ω→(a) = →ω|Â|ω↑

<latexit sha1_base64="FZFOa+ayLtnNy0hB1zoBjcvWHZQ=">AAACF3icbVBNS8NAEN34WetX1aOXxSLUS0lEqhdB9OKxgq1CU8tkO2kXN5uwuxFK7L/w4l/x4kERr3rz37htg/j1YODx3gwz84JEcG1c98OZmp6ZnZsvLBQXl5ZXVktr600dp4phg8UiVpcBaBRcYsNwI/AyUQhRIPAiuD4Z+Rc3qDSP5bkZJNiOoCd5yBkYK3VK1VvqJ5pTX4HsCexkvooohAbV8CqrwM6QHtJbCl9+qexW3THoX+LlpExy1Duld78bszRCaZgArVuem5h2BspwJnBY9FONCbBr6GHLUgkR6nY2/mtIt63SpWGsbElDx+r3iQwirQdRYDsjMH392xuJ/3mt1IQH7YzLJDUo2WRRmApqYjoKiXa5QmbEwBJgittbKeuDAmZz0UUbgvf75b+kuVv1atXa2V756DiPo0A2yRapEI/skyNySuqkQRi5Iw/kiTw7986j8+K8TlqnnHxmg/yA8/YJn1ee9g==</latexit>

|ω→(a)after = |a→

probability to find  →a

post-measurement state →

expectation value →

Quantum Mechanics



Density operator (matrix)
• Consider a statistical ensemble of pure states: 

<latexit sha1_base64="Cr/PWxRB5JvYnYT6IgUy0dbE+LU=">AAACJXicbZDLSsNAFIYnXmu9RV26GSyCCylJkSrooujGZQV7gSaEyWTSDp1MwsxEKLEv48ZXcePCIoIrX8VpmoVtPTDw83/ncOb8fsKoVJb1baysrq1vbJa2yts7u3v75sFhW8apwKSFYxaLro8kYZSTlqKKkW4iCIp8Rjr+8G7KO09ESBrzRzVKiBuhPqchxUhpyzNvnAwmnn397CSSejZ0BOJ9RqAzPoc5qhWoNo9YECvpmRWrauUFl4VdiAooqumZEyeIcRoRrjBDUvZsK1FuhoSimJFx2UklSRAeoj7paclRRKSb5VeO4al2AhjGQj+uYO7+nchQJOUo8nVnhNRALrKp+R/rpSq8cjPKk1QRjmeLwpRBFcNpZDCggmDFRlogLKj+K8QDJBBWOtiyDsFePHlZtGtVu16tP1xUGrdFHCVwDE7AGbDBJWiAe9AELYDBC3gDH2BivBrvxqfxNWtdMYqZIzBXxs8vGOSj0g==</latexit>

{p1; |ω1→}, {p2; |ω2→}, . . .
<latexit sha1_base64="CHUYrQiW8kHvGhCxUcZTnfZttWc=">AAACBnicbZBNS8MwGMdTX+d8q3oUITgEDzJakelFGHrxOMG9wFpKmqVbWJLWJBVG2cmLX8WLB0W8+hm8+W1Mtx508yGBP7//85A8/zBhVGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLzO/fYDkYrG4k6PEuJz1Bc0ohhpgwL7IAko9PrkHjon0DNHpdyQnF5CN7ArTtWZFJwXbiEqoKhGYH95vRinnAiNGVKq6zqJ9jMkNcWMjMteqkiC8BD1SddIgThRfjZZYwyPDOnBKJbmCg0n9PdEhrhSIx6aTo70QM16OfzP66Y6uvAzKpJUE4GnD0UpgzqGeSawRyXBmo2MQFhS81eIB0girE1yZROCO7vyvGidVt1atXZ7VqlfFXGUwD44BMfABeegDm5AAzQBBo/gGbyCN+vJerHerY9p64JVzOyBP2V9/gBqRJaM</latexit>

pi → 0,
∑

i

pi = 1

• We define the state is represented by the density operator (matrix)

<latexit sha1_base64="4aOwLdeNlSssioP1/JiQSk+BgF4=">AAACJXicbVDLTgIxFO3gC/GFunTTSExcEDJjDLpwQXTjEhN5JJSQTrlAQ6czth0SAvyMG3/FjQuJMXHlr1hgFgqe5KYn59yb23v8SHBtXPfLSa2tb2xupbczO7t7+wfZw6OqDmPFoMJCEaq6TzUILqFiuBFQjxTQwBdQ8/t3M782AKV5KB/NMIJmQLuSdzijxkqt7A1RvRCTPIGnmA9IHhMdBy2OI1tjTCLNLSGKyq4ATETyLuRxK5tzC+4ceJV4CcmhBOVWdkraIYsDkIYJqnXDcyPTHFFlOBMwyZBYQ0RZn3ahYamkAejmaH7lBJ9ZpY07obIlDZ6rvydGNNB6GPi2M6Cmp5e9mfif14hN57o54jKKDUi2WNSJBTYhnkWG21wBM2JoCWWK279i1qOKMmODzdgQvOWTV0n1ouAVC8WHy1zpNokjjU7QKTpHHrpCJXSPyqiCGHpGr+gdTZ0X5835cD4XrSknmTlGf+B8/wBZJKSW</latexit>

ω →
∑

i

pi|εi↑↓εi|
<latexit sha1_base64="yA0Hl9lgtpQkQ908xE7EzlM0ED4="></latexit>

ω = ω†, Trω = 1, →ε|ω|ε↑ ↓ 0, ↔|ε↑
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Density operator (matrix)
• Consider a statistical ensemble of pure states: 

<latexit sha1_base64="Cr/PWxRB5JvYnYT6IgUy0dbE+LU=">AAACJXicbZDLSsNAFIYnXmu9RV26GSyCCylJkSrooujGZQV7gSaEyWTSDp1MwsxEKLEv48ZXcePCIoIrX8VpmoVtPTDw83/ncOb8fsKoVJb1baysrq1vbJa2yts7u3v75sFhW8apwKSFYxaLro8kYZSTlqKKkW4iCIp8Rjr+8G7KO09ESBrzRzVKiBuhPqchxUhpyzNvnAwmnn397CSSejZ0BOJ9RqAzPoc5qhWoNo9YECvpmRWrauUFl4VdiAooqumZEyeIcRoRrjBDUvZsK1FuhoSimJFx2UklSRAeoj7paclRRKSb5VeO4al2AhjGQj+uYO7+nchQJOUo8nVnhNRALrKp+R/rpSq8cjPKk1QRjmeLwpRBFcNpZDCggmDFRlogLKj+K8QDJBBWOtiyDsFePHlZtGtVu16tP1xUGrdFHCVwDE7AGbDBJWiAe9AELYDBC3gDH2BivBrvxqfxNWtdMYqZIzBXxs8vGOSj0g==</latexit>

{p1; |ω1→}, {p2; |ω2→}, . . .
<latexit sha1_base64="CHUYrQiW8kHvGhCxUcZTnfZttWc=">AAACBnicbZBNS8MwGMdTX+d8q3oUITgEDzJakelFGHrxOMG9wFpKmqVbWJLWJBVG2cmLX8WLB0W8+hm8+W1Mtx508yGBP7//85A8/zBhVGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLzO/fYDkYrG4k6PEuJz1Bc0ohhpgwL7IAko9PrkHjon0DNHpdyQnF5CN7ArTtWZFJwXbiEqoKhGYH95vRinnAiNGVKq6zqJ9jMkNcWMjMteqkiC8BD1SddIgThRfjZZYwyPDOnBKJbmCg0n9PdEhrhSIx6aTo70QM16OfzP66Y6uvAzKpJUE4GnD0UpgzqGeSawRyXBmo2MQFhS81eIB0girE1yZROCO7vyvGidVt1atXZ7VqlfFXGUwD44BMfABeegDm5AAzQBBo/gGbyCN+vJerHerY9p64JVzOyBP2V9/gBqRJaM</latexit>

pi → 0,
∑

i

pi = 1

• We define the state is represented by the density operator (matrix)

<latexit sha1_base64="4aOwLdeNlSssioP1/JiQSk+BgF4=">AAACJXicbVDLTgIxFO3gC/GFunTTSExcEDJjDLpwQXTjEhN5JJSQTrlAQ6czth0SAvyMG3/FjQuJMXHlr1hgFgqe5KYn59yb23v8SHBtXPfLSa2tb2xupbczO7t7+wfZw6OqDmPFoMJCEaq6TzUILqFiuBFQjxTQwBdQ8/t3M782AKV5KB/NMIJmQLuSdzijxkqt7A1RvRCTPIGnmA9IHhMdBy2OI1tjTCLNLSGKyq4ATETyLuRxK5tzC+4ceJV4CcmhBOVWdkraIYsDkIYJqnXDcyPTHFFlOBMwyZBYQ0RZn3ahYamkAejmaH7lBJ9ZpY07obIlDZ6rvydGNNB6GPi2M6Cmp5e9mfif14hN57o54jKKDUi2WNSJBTYhnkWG21wBM2JoCWWK279i1qOKMmODzdgQvOWTV0n1ouAVC8WHy1zpNokjjU7QKTpHHrpCJXSPyqiCGHpGr+gdTZ0X5835cD4XrSknmTlGf+B8/wBZJKSW</latexit>

ω →
∑

i

pi|εi↑↓εi|
<latexit sha1_base64="yA0Hl9lgtpQkQ908xE7EzlM0ED4="></latexit>

ω = ω†, Trω = 1, →ε|ω|ε↑ ↓ 0, ↔|ε↑

probability to find  →a

post-measurement state →

expectation value →

<latexit sha1_base64="Cm2PCreFyOh73QAPyMibULNuf9w=">AAACDXicbZDLTgIxFIY7eEO8oS7dNKKJKzJjDLokunGJiVwShpAz5QANnc7YdkgI8AJufBU3LjTGrXt3vo3lslDwJE2//P85ac8fxIJr47rfTmpldW19I72Z2dre2d3L7h9UdJQohmUWiUjVAtAouMSy4UZgLVYIYSCwGvRuJn61j0rzSN6bQYyNEDqStzkDY6Vm9sQv8SZQHx8S3qcjalGB7AikvpjdQEfNbM7Nu9Oiy+DNIUfmVWpmv/xWxJIQpWECtK57bmwaQ1CGM4HjjJ9ojIH1oIN1ixJC1I3hdJsxPbVKi7YjZY80dKr+nhhCqPUgDGxnCKarF72J+J9XT0z7qjHkMk4MSjZ7qJ0IaiI6iYa2uEJmxMACMMXtXynrggJmbIAZG4K3uPIyVM7zXiFfuLvIFa/ncaTJETkmZ8Qjl6RIbkmJlAkjj+SZvJI358l5cd6dj1lrypnPHJI/5Xz+ALS2mrc=</latexit>

!a → |a↑↓a|
<latexit sha1_base64="k62I/lUaHVZTfDykgo0KiN9LpZM="></latexit>

Pω(a) =
∑

i

piP|ωi→
(a) = →a|ω|a↑ = Tr [!aω]

<latexit sha1_base64="3pCkPwwvDBhG0f2bZUpR/WB2dPk="></latexit>

ω(a)after = |a→↑a| = !aω!a

Pω(a)

<latexit sha1_base64="oDJZJPeabvgP7lNtQighPRXYml8="></latexit>

→Â↑ω =
∑

a

aPω(a) =
∑

a

a→a|ω|a↑ = Tr
[
Âω

]
projective 
measurement 
operator

• If the state is pure, 
<latexit sha1_base64="UzvVFYf0DZLjYcZfyNPyYgRGO+4=">AAACEnicbVDLSsNAFL3xWesr6tLNYBF0UxKR6kYounFZwT6gCWEynbZDJ5MwMxFK2m9w46+4caGIW1fu/BunbRbaeuByD+fcy8w9YcKZ0o7zbS0tr6yurRc2iptb2zu79t5+Q8WpJLROYh7LVogV5UzQumaa01YiKY5CTpvh4GbiNx+oVCwW93qYUD/CPcG6jGBtpMA+9WQ/RldohLxEscBFnsSixynyeN5n8ggFdskpO1OgReLmpAQ5aoH95XVikkZUaMKxUm3XSbSfYakZ4XRc9FJFE0wGuEfbhgocUeVn05PG6NgoHdSNpSmh0VT9vZHhSKlhFJrJCOu+mvcm4n9eO9XdSz9jIkk1FWT2UDflSMdokg/qMEmJ5kNDMJHM/BWRPpaYaJNi0YTgzp+8SBpnZbdSrtydl6rXeRwFOIQjOAEXLqAKt1CDOhB4hGd4hTfryXqx3q2P2eiSle8cwB9Ynz+ujJw+</latexit>

ω = |ε1→↑ε1| ,  has only one nonzero eigenvalue, ρ
<latexit sha1_base64="2WFy6egolYGC+lsy9Y4xNZtTWqk=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mIVC9C0YvHCvYD2qVk02wbms2GJCuUpT/CiwdFvPp7vPlvTNs9aOuDgcd7M8zMC5Xgxvr+t1dYW9/Y3Cpul3Z29/YPyodHLZOkmrImTUSiOyExTHDJmpZbwTpKMxKHgrXD8d3Mbz8xbXgiH+1EsSAmQ8kjTol1Ulv1MbpBuF+u+FV/DrRKcE4qkKPRL3/1BglNYyYtFcSYLvaVDTKiLaeCTUu91DBF6JgMWddRSWJmgmx+7hSdOWWAokS7khbN1d8TGYmNmcSh64yJHZllbyb+53VTG10HGZcqtUzSxaIoFcgmaPY7GnDNqBUTRwjV3N2K6IhoQq1LqORCwMsvr5LWRRXXqrWHy0r9No+jCCdwCueA4QrqcA8NaAKFMTzDK7x5ynvx3r2PRWvBy2eO4Q+8zx+jf455</latexit>

p1 = 1
<latexit sha1_base64="hBCrgZVHNepKA2iHDlEPLM5v44k=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclaRIdSMU3bis0Bc0sUym03boPMLMRAih/oobF4q49UPc+TdO2yy09cCFwzn3cu89UcyoNp737aytb2xubRd2irt7+weH7tFxW8tEYdLCkknVjZAmjArSMtQw0o0VQTxipBNNbmd+55EoTaVomjQmIUcjQYcUI2OlvlvKAsVhU01hoMbyoQqvod93y17FmwOuEj8nZZCj0Xe/goHECSfCYIa07vlebMIMKUMxI9NikGgSIzxBI9KzVCBOdJjNj5/CM6sM4FAqW8LAufp7IkNc65RHtpMjM9bL3kz8z+slZngVZlTEiSECLxYNEwaNhLMk4IAqgg1LLUFYUXsrxGOkEDY2r6INwV9+eZW0qxW/VqndX5TrN3kcBXACTsE58MElqIM70AAtgEEKnsEreHOenBfn3flYtK45+UwJ/IHz+QPGkJOQ</latexit>

Trω2 = 1

• If the state is mixed, 

• Maximally mixed state 

<latexit sha1_base64="Iszc6BrCZ7wWlgkH+QfZaApwGkE=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJCYqgShwljB0rFI9CE1UeU4TmvVdoLtVKqiDCz8CgsDCLHyEWz8DW6bAVqOZOnonHt1fU6QMKq043xba+sbm1vbpZ3y7t7+waF9dNxRcSoxaeOYxbIXIEUYFaStqWakl0iCeMBINxjfzvzuhEhFY3GvpwnxORoKGlGMtJEGdiWEHnlI6QRmnuQwpDw3DCMGm/nArjo1Zw64StyCVEGB1sD+8sIYp5wIjRlSqu86ifYzJDXFjORlL1UkQXiMhqRvqECcKD+bh8jhmVFCGMXSPKHhXP29kSGu1JQHZpIjPVLL3kz8z+unOrr2MyqSVBOBF4eilEEdw1kjJrMkWLOpIQhLav4K8QhJhLXprWxKcJcjr5LORc2t1+p3l9XGTVFHCVTAKTgHLrgCDdAELdAGGDyCZ/AK3qwn68V6tz4Wo2tWsXMC/sD6/AG6vJeH</latexit>

d → dimH

<latexit sha1_base64="FzkhqkeLAjKGup8iMDJRXHtylAs=">AAACDnicbVC7TsMwFHV4lvIKMLJYVJWYqqRChYGhgoWxSH1JTagc12mtOnawHaQqyhew8CssDCDEyszG3+C2GaDlSFc6Pude+d4TxIwq7Tjf1srq2vrGZmGruL2zu7dvHxy2lUgkJi0smJDdACnCKCctTTUj3VgSFAWMdILx9dTvPBCpqOBNPYmJH6EhpyHFSBupb5c9HUqEUzdLBxn0GLmHqScj2JTmJUfirgovodu3S07FmQEuEzcnJZCj0be/vIHASUS4xgwp1XOdWPspkppiRrKilygSIzxGQ9IzlKOIKD+dnZPBslEGMBTSFNdwpv6eSFGk1CQKTGeE9EgtelPxP6+X6PDCTymPE004nn8UJgxqAafZwAGVBGs2MQRhSc2uEI+QiUebBIsmBHfx5GXSrlbcWqV2e1aqX+VxFMAxOAGnwAXnoA5uQAO0AAaP4Bm8gjfryXqx3q2PeeuKlc8cgT+wPn8Ac7GbEg==</latexit>

1
d → Trω2 < 1

<latexit sha1_base64="9IqTn1j8ei5Qjlehpp2t34sKP3U="></latexit>

ωmaxmix = 1
d · 1d→d
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<latexit sha1_base64="9OU+JrB/u3g9xUMbDM+gZvjVQbA="></latexit>

|ω→ = 1→
2
[| ↑z→+ | ↓z→]

<latexit sha1_base64="fua3jXlguXeP7DIXVAU7d4Dt8KY=">AAACDnicbVDLTsJAFJ3iC/FVdelmIiHBxJDWKLokunGJiYAJbZrpMIUJ02kzM5Vggz/gxl9x40Jj3Lp25984QBcCnuQmJ+fcO3Pv8WNGpbKsHyO3tLyyupZfL2xsbm3vmLt7TRklApMGjlgk7nwkCaOcNBRVjNzFgqDQZ6Tl96/GfuueCEkjfquGMXFD1OU0oBgpLXlmyUliJEQ08B7KZ5ZTOjqGj04nGvAZ0TOLVsWaAC4SOyNFkKHumd/6EZyEhCvMkJRt24qVmyKhKGZkVHASSWKE+6hL2ppyFBLpppNzRrCklQ4MIqGLKzhR/06kKJRyGPq6M0SqJ+e9sfif105UcOGmlMeJIhxPPwoSBlUEx9nADhUEKzbUBGFB9a4Q95BAWOkECzoEe/7kRdI8qdjVSvXmtFi7zOLIgwNwCMrABuegBq5BHTQABk/gBbyBd+PZeDU+jM9pa87IZvbBDIyvX+Temr0=</latexit>

→z (50%), ↑z (50%)

<latexit sha1_base64="fua3jXlguXeP7DIXVAU7d4Dt8KY=">AAACDnicbVDLTsJAFJ3iC/FVdelmIiHBxJDWKLokunGJiYAJbZrpMIUJ02kzM5Vggz/gxl9x40Jj3Lp25984QBcCnuQmJ+fcO3Pv8WNGpbKsHyO3tLyyupZfL2xsbm3vmLt7TRklApMGjlgk7nwkCaOcNBRVjNzFgqDQZ6Tl96/GfuueCEkjfquGMXFD1OU0oBgpLXlmyUliJEQ08B7KZ5ZTOjqGj04nGvAZ0TOLVsWaAC4SOyNFkKHumd/6EZyEhCvMkJRt24qVmyKhKGZkVHASSWKE+6hL2ppyFBLpppNzRrCklQ4MIqGLKzhR/06kKJRyGPq6M0SqJ+e9sfif105UcOGmlMeJIhxPPwoSBlUEx9nADhUEKzbUBGFB9a4Q95BAWOkECzoEe/7kRdI8qdjVSvXmtFi7zOLIgwNwCMrABuegBq5BHTQABk/gBbyBd+PZeDU+jM9pa87IZvbBDIyvX+Temr0=</latexit>

→z (50%), ↑z (50%)

measure -componentz

• A classical ensemble is different from a coherent superposition.

<latexit sha1_base64="bmeXVb+wAJDNIeiKw7UGyNZ/Rm0="></latexit>

ωmaxmix = 1
2 | →z↑↓→z |+ 1

2 | ↔z↑↓↔z |
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<latexit sha1_base64="9OU+JrB/u3g9xUMbDM+gZvjVQbA="></latexit>

|ω→ = 1→
2
[| ↑z→+ | ↓z→]

<latexit sha1_base64="bmeXVb+wAJDNIeiKw7UGyNZ/Rm0="></latexit>

ωmaxmix = 1
2 | →z↑↓→z |+ 1

2 | ↔z↑↓↔z | <latexit sha1_base64="fua3jXlguXeP7DIXVAU7d4Dt8KY=">AAACDnicbVDLTsJAFJ3iC/FVdelmIiHBxJDWKLokunGJiYAJbZrpMIUJ02kzM5Vggz/gxl9x40Jj3Lp25984QBcCnuQmJ+fcO3Pv8WNGpbKsHyO3tLyyupZfL2xsbm3vmLt7TRklApMGjlgk7nwkCaOcNBRVjNzFgqDQZ6Tl96/GfuueCEkjfquGMXFD1OU0oBgpLXlmyUliJEQ08B7KZ5ZTOjqGj04nGvAZ0TOLVsWaAC4SOyNFkKHumd/6EZyEhCvMkJRt24qVmyKhKGZkVHASSWKE+6hL2ppyFBLpppNzRrCklQ4MIqGLKzhR/06kKJRyGPq6M0SqJ+e9sfif105UcOGmlMeJIhxPPwoSBlUEx9nADhUEKzbUBGFB9a4Q95BAWOkECzoEe/7kRdI8qdjVSvXmtFi7zOLIgwNwCMrABuegBq5BHTQABk/gBbyBd+PZeDU+jM9pa87IZvbBDIyvX+Temr0=</latexit>

→z (50%), ↑z (50%)

<latexit sha1_base64="fua3jXlguXeP7DIXVAU7d4Dt8KY=">AAACDnicbVDLTsJAFJ3iC/FVdelmIiHBxJDWKLokunGJiYAJbZrpMIUJ02kzM5Vggz/gxl9x40Jj3Lp25984QBcCnuQmJ+fcO3Pv8WNGpbKsHyO3tLyyupZfL2xsbm3vmLt7TRklApMGjlgk7nwkCaOcNBRVjNzFgqDQZ6Tl96/GfuueCEkjfquGMXFD1OU0oBgpLXlmyUliJEQ08B7KZ5ZTOjqGj04nGvAZ0TOLVsWaAC4SOyNFkKHumd/6EZyEhCvMkJRt24qVmyKhKGZkVHASSWKE+6hL2ppyFBLpppNzRrCklQ4MIqGLKzhR/06kKJRyGPq6M0SqJ+e9sfif105UcOGmlMeJIhxPPwoSBlUEx9nADhUEKzbUBGFB9a4Q95BAWOkECzoEe/7kRdI8qdjVSvXmtFi7zOLIgwNwCMrABuegBq5BHTQABk/gBbyBd+PZeDU+jM9pa87IZvbBDIyvX+Temr0=</latexit>

→z (50%), ↑z (50%)

measure -componentz

• A classical ensemble is different from a coherent superposition.

<latexit sha1_base64="ktjMQQ2E5AGUihZ5CkU1SBWqri4=">AAACDnicbVDLTsJAFJ3iC/FVdelmIiHBxJDWKLokunGJiYAJbZrpMIUJ02kzMxVJgz/gxl9x40Jj3Lp25984QBcCnuQmJ+fcO3Pv8WNGpbKsHyO3tLyyupZfL2xsbm3vmLt7TRklApMGjlgk7nwkCaOcNBRVjNzFgqDQZ6Tl96/GfuueCEkjfquGMXFD1OU0oBgpLXlmyUliJEQ08B7KZ5ZTOjqGj04nGvAZ0TOLVsWaAC4SOyNFkKHumd/6EZyEhCvMkJRt24qVmyKhKGZkVHASSWKE+6hL2ppyFBLpppNzRrCklQ4MIqGLKzhR/06kKJRyGPq6M0SqJ+e9sfif105UcOGmlMeJIhxPPwoSBlUEx9nADhUEKzbUBGFB9a4Q95BAWOkECzoEe/7kRdI8qdjVSvXmtFi7zOLIgwNwCMrABuegBq5BHTQABk/gBbyBd+PZeDU+jM9pa87IZvbBDIyvX96Mmrk=</latexit>

→x (50%), ↑x (50%)

<latexit sha1_base64="M1WfUhKYKQvEBGMRYgPeNSc/onA=">AAAB+nicdVDLTgIxFO3gC/E16NJNIyHBzaQzIOCO6MYlJvJIgEw6pUBD55G2IxLkU9y40Bi3fok7/8YOYKJGT3KTk3Puzb33eBFnUiH0YaTW1jc2t9LbmZ3dvf0DM3vYlGEsCG2QkIei7WFJOQtoQzHFaTsSFPsepy1vfJn4rVsqJAuDGzWNaM/Hw4ANGMFKS66Z7cYRFiKcuHcFG6Fu/tQ1c8g6r5adMwciC6GKUywnxKmUnCK0tZIgB1aou+Z7tx+S2KeBIhxL2bFRpHozLBQjnM4z3VjSCJMxHtKOpgH2qezNFqfPYV4rfTgIha5AwYX6fWKGfSmnvqc7faxG8reXiH95nVgNqr0ZC6JY0YAsFw1iDlUIkxxgnwlKFJ9qgolg+lZIRlhgonRaGR3C16fwf9J0LLtsla9LudrFKo40OAYnoABsUAE1cAXqoAEImIAH8ASejXvj0XgxXpetKWM1cwR+wHj7BCMAk0o=</latexit>

→x (100%)

measure -componentx
<latexit sha1_base64="g7bx9utzVHnmA9I0jkzCnnsFmfg=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQi1WXRjcsK9gFNCJPptB06mYSZiVpj8VfcuFDErf/hzr9x2mahrQcuHM65l3vvCRPOlHacb2thcWl5ZbWwVlzf2Nzatnd2GypOJaF1EvNYtkKsKGeC1jXTnLYSSXEUctoMB5djv3lLpWKxuNHDhPoR7gnWZQRrIwX2/iPy0gRLGd8F98iTWPQ4DeySU3YmQPPEzUkJctQC+8vrxCSNqNCEY6XarpNoP8NSM8LpqOiliiaYDHCPtg0VOKLKzybXj9CRUTqoG0tTQqOJ+nsiw5FSwyg0nRHWfTXrjcX/vHaqu+d+xkSSairIdFE35UjHaBwF6jBJieZDQzCRzNyKSB9LTLQJrGhCcGdfnieNk7JbKVeuT0vVizyOAhzAIRyDC2dQhSuoQR0IPMAzvMKb9WS9WO/Wx7R1wcpn9uAPrM8fklqVUg==</latexit>

| →x↑

<latexit sha1_base64="sunoQv17T8A6sOaxxXmSoxc/HIs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq1au7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB58WjXA=</latexit>

{
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<latexit sha1_base64="9OU+JrB/u3g9xUMbDM+gZvjVQbA="></latexit>

|ω→ = 1→
2
[| ↑z→+ | ↓z→]

<latexit sha1_base64="bmeXVb+wAJDNIeiKw7UGyNZ/Rm0="></latexit>

ωmaxmix = 1
2 | →z↑↓→z |+ 1

2 | ↔z↑↓↔z | <latexit sha1_base64="fua3jXlguXeP7DIXVAU7d4Dt8KY=">AAACDnicbVDLTsJAFJ3iC/FVdelmIiHBxJDWKLokunGJiYAJbZrpMIUJ02kzM5Vggz/gxl9x40Jj3Lp25984QBcCnuQmJ+fcO3Pv8WNGpbKsHyO3tLyyupZfL2xsbm3vmLt7TRklApMGjlgk7nwkCaOcNBRVjNzFgqDQZ6Tl96/GfuueCEkjfquGMXFD1OU0oBgpLXlmyUliJEQ08B7KZ5ZTOjqGj04nGvAZ0TOLVsWaAC4SOyNFkKHumd/6EZyEhCvMkJRt24qVmyKhKGZkVHASSWKE+6hL2ppyFBLpppNzRrCklQ4MIqGLKzhR/06kKJRyGPq6M0SqJ+e9sfif105UcOGmlMeJIhxPPwoSBlUEx9nADhUEKzbUBGFB9a4Q95BAWOkECzoEe/7kRdI8qdjVSvXmtFi7zOLIgwNwCMrABuegBq5BHTQABk/gBbyBd+PZeDU+jM9pa87IZvbBDIyvX+Temr0=</latexit>

→z (50%), ↑z (50%)

<latexit sha1_base64="fua3jXlguXeP7DIXVAU7d4Dt8KY=">AAACDnicbVDLTsJAFJ3iC/FVdelmIiHBxJDWKLokunGJiYAJbZrpMIUJ02kzM5Vggz/gxl9x40Jj3Lp25984QBcCnuQmJ+fcO3Pv8WNGpbKsHyO3tLyyupZfL2xsbm3vmLt7TRklApMGjlgk7nwkCaOcNBRVjNzFgqDQZ6Tl96/GfuueCEkjfquGMXFD1OU0oBgpLXlmyUliJEQ08B7KZ5ZTOjqGj04nGvAZ0TOLVsWaAC4SOyNFkKHumd/6EZyEhCvMkJRt24qVmyKhKGZkVHASSWKE+6hL2ppyFBLpppNzRrCklQ4MIqGLKzhR/06kKJRyGPq6M0SqJ+e9sfif105UcOGmlMeJIhxPPwoSBlUEx9nADhUEKzbUBGFB9a4Q95BAWOkECzoEe/7kRdI8qdjVSvXmtFi7zOLIgwNwCMrABuegBq5BHTQABk/gBbyBd+PZeDU+jM9pa87IZvbBDIyvX+Temr0=</latexit>

→z (50%), ↑z (50%)

measure -componentz

• A classical ensemble is different from a coherent superposition.

<latexit sha1_base64="ktjMQQ2E5AGUihZ5CkU1SBWqri4=">AAACDnicbVDLTsJAFJ3iC/FVdelmIiHBxJDWKLokunGJiYAJbZrpMIUJ02kzMxVJgz/gxl9x40Jj3Lp25984QBcCnuQmJ+fcO3Pv8WNGpbKsHyO3tLyyupZfL2xsbm3vmLt7TRklApMGjlgk7nwkCaOcNBRVjNzFgqDQZ6Tl96/GfuueCEkjfquGMXFD1OU0oBgpLXlmyUliJEQ08B7KZ5ZTOjqGj04nGvAZ0TOLVsWaAC4SOyNFkKHumd/6EZyEhCvMkJRt24qVmyKhKGZkVHASSWKE+6hL2ppyFBLpppNzRrCklQ4MIqGLKzhR/06kKJRyGPq6M0SqJ+e9sfif105UcOGmlMeJIhxPPwoSBlUEx9nADhUEKzbUBGFB9a4Q95BAWOkECzoEe/7kRdI8qdjVSvXmtFi7zOLIgwNwCMrABuegBq5BHTQABk/gBbyBd+PZeDU+jM9pa87IZvbBDIyvX96Mmrk=</latexit>

→x (50%), ↑x (50%)

<latexit sha1_base64="M1WfUhKYKQvEBGMRYgPeNSc/onA=">AAAB+nicdVDLTgIxFO3gC/E16NJNIyHBzaQzIOCO6MYlJvJIgEw6pUBD55G2IxLkU9y40Bi3fok7/8YOYKJGT3KTk3Puzb33eBFnUiH0YaTW1jc2t9LbmZ3dvf0DM3vYlGEsCG2QkIei7WFJOQtoQzHFaTsSFPsepy1vfJn4rVsqJAuDGzWNaM/Hw4ANGMFKS66Z7cYRFiKcuHcFG6Fu/tQ1c8g6r5adMwciC6GKUywnxKmUnCK0tZIgB1aou+Z7tx+S2KeBIhxL2bFRpHozLBQjnM4z3VjSCJMxHtKOpgH2qezNFqfPYV4rfTgIha5AwYX6fWKGfSmnvqc7faxG8reXiH95nVgNqr0ZC6JY0YAsFw1iDlUIkxxgnwlKFJ9qgolg+lZIRlhgonRaGR3C16fwf9J0LLtsla9LudrFKo40OAYnoABsUAE1cAXqoAEImIAH8ASejXvj0XgxXpetKWM1cwR+wHj7BCMAk0o=</latexit>

→x (100%)

measure -componentx
<latexit sha1_base64="g7bx9utzVHnmA9I0jkzCnnsFmfg=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQi1WXRjcsK9gFNCJPptB06mYSZiVpj8VfcuFDErf/hzr9x2mahrQcuHM65l3vvCRPOlHacb2thcWl5ZbWwVlzf2Nzatnd2GypOJaF1EvNYtkKsKGeC1jXTnLYSSXEUctoMB5djv3lLpWKxuNHDhPoR7gnWZQRrIwX2/iPy0gRLGd8F98iTWPQ4DeySU3YmQPPEzUkJctQC+8vrxCSNqNCEY6XarpNoP8NSM8LpqOiliiaYDHCPtg0VOKLKzybXj9CRUTqoG0tTQqOJ+nsiw5FSwyg0nRHWfTXrjcX/vHaqu+d+xkSSairIdFE35UjHaBwF6jBJieZDQzCRzNyKSB9LTLQJrGhCcGdfnieNk7JbKVeuT0vVizyOAhzAIRyDC2dQhSuoQR0IPMAzvMKb9WS9WO/Wx7R1wcpn9uAPrM8fklqVUg==</latexit>

| →x↑

<latexit sha1_base64="sunoQv17T8A6sOaxxXmSoxc/HIs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Mv65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq1au7+s1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB58WjXA=</latexit>

{
<latexit sha1_base64="hG1j4ousPmwVYHu/+vy4blpnva4="></latexit>

= 1
2 | →x↑↓→x |+ 1

2 | ↔x↑↓↔x |

<latexit sha1_base64="j58+nIEPuXyigPWjUF687a1dvW8=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqheh6MVjBfshbSibzaZdupsNuxOhhP4KLx4U8erP8ea/cdPmoNUHA4/3ZpiZFySCG3DdL6e0srq2vlHerGxt7+zuVfcPOkalmrI2VULpXkAMEzxmbeAgWC/RjMhAsG4wucn97iPThqv4HqYJ8yUZxTzilICVHq7wgIYKTGVYrbl1dw78l3gFqaECrWH1cxAqmkoWAxXEmL7nJuBnRAOngs0qg9SwhNAJGbG+pTGRzPjZ/OAZPrFKiCOlbcWA5+rPiYxIY6YysJ2SwNgse7n4n9dPIbr0Mx4nKbCYLhZFqcCgcP49DrlmFMTUEkI1t7diOiaaULAZ5SF4yy//JZ2zuteoN+7Oa83rIo4yOkLH6BR56AI10S1qoTaiSKIn9IJeHe08O2/O+6K15BQzh+gXnI9vwiWPvw==</latexit>= · · ·
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beam

 pp → tt̄, τ+τ−

Two-qubit system

<latexit sha1_base64="FsMsq5k2+QcT4tB+HdvOlWebwnA="></latexit>

⇢ =
1

4

⇣
1AB +Bi ·

⇥
�i ⌦ 1B

⇤
+Bi ·

⇥
1A ⌦ �i

⇤
+ Cij ·

⇥
�i ⌦ �j

⇤⌘

• For a 2-qubit system, the density matrix can be expanded by two independent Pauli matrices: 

<latexit sha1_base64="amQlZzCevGCGVdWVp1Y/jTQsz70="></latexit>

Bi, Bi, Cij 2 R (i, j = 1, 2, 3)• There are 15 parameters: <latexit sha1_base64="TXy3C6FRM9Udeqb2JvlO4tfUV8k=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIVBGEohuXFewDmhBuptN26EwSZiZCDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvSdMOFPacb6twtLyyupacb20sbm1vWPv7jVVnEpCGyTmsWyHoChnEW1opjltJ5KCCDlthcObid96oFKxOLrXo4T6AvoR6zEC2kiBfeANQGMVMHx5hT3F+gICFthlp+JMgReJm5MyylEP7C+vG5NU0EgTDkp1XCfRfgZSM8LpuOSliiZAhtCnHUMjEFT52fT6MT42Shf3Ymkq0niq/p7IQCg1EqHpFKAHat6biP95nVT3LvyMRUmqaURmi3opxzrGkyhwl0lKNB8ZAkQycysmA5BAtAmsZEJw519eJM3TilutVO/OyrXrPI4iOkRH6AS56BzV0C2qowYi6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzBxadlF4=</latexit>

ŝi := �i
<latexit sha1_base64="KfQSWz1s/CyptI7tnt7N2zsdzcU=">AAACFHicbZDLSsNAFIYnXmu9RV26GSyCIJSkSHUjFN24rNAbNCFMJpN22pkkzEyEEvIQbnwVNy4UcevCnW/jtM1CW38Y+PjPOZw5v58wKpVlfRsrq2vrG5ulrfL2zu7evnlw2JFxKjBp45jFoucjSRiNSFtRxUgvEQRxn5GuP76d1rsPREgaRy01SYjL0SCiIcVIacszzzNHcNgSed+RdMCRR2EBIxdewxp0AsIU8jI6yj2zYlWtmeAy2AVUQKGmZ345QYxTTiKFGZKyb1uJcjMkFMWM5GUnlSRBeIwGpK8xQpxIN5sdlcNT7QQwjIV+kYIz9/dEhriUE+7rTo7UUC7WpuZ/tX6qwis3o1GSKhLh+aIwZVDFcJoQDKggWLGJBoQF1X+FeIgEwkrnWNYh2IsnL0OnVrXr1fr9RaVxU8RRAsfgBJwBG1yCBrgDTdAGGDyCZ/AK3own48V4Nz7mrStGMXME/sj4/AHp054f</latexit>

Tr[�i�j ] = 2�ij<latexit sha1_base64="r+W3btBxijR/+IpwEG8ObK1jciA="></latexit>

Bi = Tr[ ⇢ ŝAi ] = hŝAi i
<latexit sha1_base64="HcoRGH/dIbVTk1DiCnbbBas8i8Q="></latexit>

Bi = Tr[ ⇢ ŝBi ] = hŝBi i
<latexit sha1_base64="6PYch/VNExKlcrnmtzcHTx09oVo="></latexit>

Cij = Tr[ ⇢ ŝAi s
B
i ] = hŝAi ŝBj i

spin polarisation of A and B

A B

spin-spin correlation

• An experimental reconstruction of the density matrix is called ``Quantum State Tomography’’ 
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beam

 pp → tt̄, τ+τ−

How to measure spin?

Two-qubit system

<latexit sha1_base64="FsMsq5k2+QcT4tB+HdvOlWebwnA="></latexit>

⇢ =
1

4

⇣
1AB +Bi ·

⇥
�i ⌦ 1B

⇤
+Bi ·

⇥
1A ⌦ �i

⇤
+ Cij ·

⇥
�i ⌦ �j

⇤⌘

• For a 2-qubit system, the density matrix can be expanded by two independent Pauli matrices: 

<latexit sha1_base64="amQlZzCevGCGVdWVp1Y/jTQsz70="></latexit>

Bi, Bi, Cij 2 R (i, j = 1, 2, 3)• There are 15 parameters: <latexit sha1_base64="TXy3C6FRM9Udeqb2JvlO4tfUV8k=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIVBGEohuXFewDmhBuptN26EwSZiZCDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvSdMOFPacb6twtLyyupacb20sbm1vWPv7jVVnEpCGyTmsWyHoChnEW1opjltJ5KCCDlthcObid96oFKxOLrXo4T6AvoR6zEC2kiBfeANQGMVMHx5hT3F+gICFthlp+JMgReJm5MyylEP7C+vG5NU0EgTDkp1XCfRfgZSM8LpuOSliiZAhtCnHUMjEFT52fT6MT42Shf3Ymkq0niq/p7IQCg1EqHpFKAHat6biP95nVT3LvyMRUmqaURmi3opxzrGkyhwl0lKNB8ZAkQycysmA5BAtAmsZEJw519eJM3TilutVO/OyrXrPI4iOkRH6AS56BzV0C2qowYi6BE9o1f0Zj1ZL9a79TFrLVj5zD76A+vzBxadlF4=</latexit>

ŝi := �i
<latexit sha1_base64="KfQSWz1s/CyptI7tnt7N2zsdzcU=">AAACFHicbZDLSsNAFIYnXmu9RV26GSyCIJSkSHUjFN24rNAbNCFMJpN22pkkzEyEEvIQbnwVNy4UcevCnW/jtM1CW38Y+PjPOZw5v58wKpVlfRsrq2vrG5ulrfL2zu7evnlw2JFxKjBp45jFoucjSRiNSFtRxUgvEQRxn5GuP76d1rsPREgaRy01SYjL0SCiIcVIacszzzNHcNgSed+RdMCRR2EBIxdewxp0AsIU8jI6yj2zYlWtmeAy2AVUQKGmZ345QYxTTiKFGZKyb1uJcjMkFMWM5GUnlSRBeIwGpK8xQpxIN5sdlcNT7QQwjIV+kYIz9/dEhriUE+7rTo7UUC7WpuZ/tX6qwis3o1GSKhLh+aIwZVDFcJoQDKggWLGJBoQF1X+FeIgEwkrnWNYh2IsnL0OnVrXr1fr9RaVxU8RRAsfgBJwBG1yCBrgDTdAGGDyCZ/AK3own48V4Nz7mrStGMXME/sj4/AHp054f</latexit>

Tr[�i�j ] = 2�ij<latexit sha1_base64="r+W3btBxijR/+IpwEG8ObK1jciA="></latexit>

Bi = Tr[ ⇢ ŝAi ] = hŝAi i
<latexit sha1_base64="HcoRGH/dIbVTk1DiCnbbBas8i8Q="></latexit>

Bi = Tr[ ⇢ ŝBi ] = hŝBi i
<latexit sha1_base64="6PYch/VNExKlcrnmtzcHTx09oVo="></latexit>

Cij = Tr[ ⇢ ŝAi s
B
i ] = hŝAi ŝBj i

spin polarisation of A and B

A B

spin-spin correlation

• An experimental reconstruction of the density matrix is called ``Quantum State Tomography’’ 
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t⇒

s
m

measurement axis

p( + |m) = |⟨ +m | +s ⟩ |2

=
1 + (m ⋅ s)

2

• Consider  at the top’s rest frame. t → bνℓ+

dΓ
dΩ

=
1 + ( ⃗ℓ+ ⋅ s)

2

⇒

s

t

ℓ+

Works for weakly decaying particles in the SM: τ, t, W±, Z0

Particles with chiral decays are their own polarimeters

by measuring the direction of  at the top’s rest 
frame, we can infer the spin of the top 

ℓ+

unit vector of 
lepton’s direction

<latexit sha1_base64="giX4jazC00QEvlGE4BNHI9hZ9xE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqBP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwByHOM8Q==</latexit>

b
<latexit sha1_base64="fEYB18708xNLzyXDtxlc6Ix7+eA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBidY3i</latexit>ω
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: spin analyzing powerαx ∈ [−1, + 1]

τ− → π−ν : α ≃ 1
τ− → ρ−ν : α ≃ 0.45

τ− → e−νν̄ : α ≃ − 0.33

t → bνℓ+ : α ≃ 1
t → bνℓ+ : α ≃ 0.39

t → bud̄ : α ≃ − 0.32
t → bud̄ : α ≃ 0.97

Eur. Phys. J. C (2022) 82 :285 Page 3 of 9 285

Fig. 2 Schematic representation of the decay of a top quark that ulti-
mately leads to the emission of a charged lepton, in the top rest frame

of the weak interactions, the charged lepton emerging from
the two-step decay t → Wb and W → ℓν turns out to be
100% correlated with the spin of the mother top quark, i.e.
the top quark differential width is given by:

1
#

d#

d cos ϕ
= 1 + α cos ϕ

2
, (5)

with the spin analyzing power α attaining the largest possible
values, i.e., ±1. We denote ϕ the angle between the top spin
and the direction of the emitted lepton in the top quark rest
frame, see Fig. 2. As a result, the lepton can be considered as
a proxy for the spin of the corresponding top quark and the
correlations between the leptons as a proxy for those between
the top quark spins.

Assuming no net polarisation is present,2 the density
matrix for the spin of a t t̄ pair can be written as:

ρ = 1
4

(
1 ⊗ 1+

3∑

i, j=1

Ci j σi ⊗ σ j

)
. (6)

where the first term in the tensor product refers to the top and
the second term to the anti-top quark. TheCi j matrix encodes
spin correlations, and it is measurable. Note that Eq. (6),
which will be used in the following, is more general than the
simple density matrix in Eq. (4) considered in Sect. 2, since
C is allowed to have off-diagonal entries. However, since
in practice Ci j ≈ C ji , the C matrix can be made (almost)
diagonal with an appropriate choice of basis, thus reducing
the t t̄ system to Eq. (4). The differential cross section for
pp → t t̄ → ℓ+ℓ−bb̄νν̄ can be expressed as [12]:

1
σ

dσ

dxi j
= Ci j xi j − 1

2
log

∣∣xi j
∣∣, (7)

where xi j ≡ cos θi cos θ̄ j , θi is the angle between the antilep-
ton momentum and the i-th axis in its parent top rest frame,

2 Strong t t̄ production does not lead to polarised top quarks, as parity
is conserved [10]. EW effects (and possibly also absorptive parts from
loops), on the other hand, can give rise to a net top quark polarisation.
However, they have been estimated to be very small [11], and therefore
are neglected here.

Fig. 3 Schematic representation of a pp → t t̄ event in the center of
mass frame, with the helicity basis {k̂, r̂ , n̂} drawn, together with the
scattering angle θ . The n̂ axis is into the page

and θ̄ j the angle between the lepton momentum and the j-th
axis in its parent anti-top rest frame. In particular, Eq. (7)
implies:

− 9⟨xi j ⟩ = Ci j , (8)

a relation that allows direct measurement of the C matrix.
Spin is measured fixing a suitable reference frame. An advan-
tageous choice is the helicity basis {k̂, r̂ , n̂},
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

k̂ = top direction

r̂ = p̂ − k̂ cos θ

sin θ

n̂ = k̂ × r̂ ,

(9)

where p̂ is the beam axis and θ is the top scattering angle in
the center of mass frame, see also Fig. 3. The helicity basis
is defined in terms of the top quark and also applies to the
antitop.3 Relevant reference frames are reached in a two step
process: a ẑ boost from the laboratory to the t t̄ center of mass
frame, then a k̂ boost to each top’s rest frame.

The amount and type of spin correlations strongly depend
on the production mechanism as well as the phase space
region (energy and angle) of the top quarks. Two comple-
mentary regimes are important: at threshold, i.e., when the
top quarks are slow in their rest frame, and when they are
ultra-relativistic. At threshold, gluon fusion gg → t t̄ leads
to an entangled spin-0 state while qq̄ → t t̄ to a spin-1 state.
The latter is subdominant at the LHC and acts as an irre-
ducible background [2].

4 Observation of entanglement

It can be shown [8] that the t t̄ spin density matrix in Eq. (6)
is separable (that is, not entangled) if and only if the partial
transpose (1 ⊗ T ) ρ, obtained by acting with the identity
on the first term of the tensor product and transposing the
second, is positive definite. As shown in [2], this implies that
∣∣C11 + C22

∣∣ − C33 > 1 (10)

3 We follow the sign convention of [2].

123

A

B

x

y

helicity basis

<latexit sha1_base64="tZL+UClo7z8LDtf1aXxnp8K6gzQ="></latexit>

Cij = h(sA · ei)(sB · ej)i =
9

↵x↵y
h(x · ei)(y · ej)i

<latexit sha1_base64="ER0txE1InmeQ+Q3X+60Tz1wVv5E="></latexit>

Bi = hsA · eii =
3

↵x
hx · eii

<latexit sha1_base64="5D4HFOhW3HkX7IJCeNvSsHboGmE="></latexit>

Bi = hsB · eii =
3

↵y
hy · eii

observable

<latexit sha1_base64="FsMsq5k2+QcT4tB+HdvOlWebwnA="></latexit>

⇢ =
1

4

⇣
1AB +Bi ·

⇥
�i ⌦ 1B

⇤
+Bi ·

⇥
1A ⌦ �i

⇤
+ Cij ·

⇥
�i ⌦ �j

⇤⌘

<latexit sha1_base64="N8JJaxYiG9+X3EQJdhpPciEJ+lk=">AAACJXicbZBNS8MwGMdTX2d9q3r0EhzCBjLaKdODwtCLxwnuBbYy0izdwtK0JKkwSr+MF7+KFw8OETz5VWzXKrr5QMiP//95SJ6/EzAqlWl+aEvLK6tr64UNfXNre2fX2NtvST8UmDSxz3zRcZAkjHLSVFQx0gkEQZ7DSNsZ36R++4EISX1+ryYBsT005NSlGKlE6huXpajnuJDEfevkm6o/dFrWr/Ssg8eZKvJ7HJf1vlE0K+as4CJYORRBXo2+Me0NfBx6hCvMkJRdywyUHSGhKGYk1nuhJAHCYzQk3QQ58oi0o9mWMTxOlAF0fZEcruBM/T0RIU/KiecknR5SIznvpeJ/XjdU7oUdUR6EinCcPeSGDCofppHBARUEKzZJAGFBk79CPEICYZUEm4Zgza+8CK1qxapVandnxfp1HkcBHIIjUAIWOAd1cAsaoAkweATP4BVMtSftRXvT3rPWJS2fOQB/Svv8ArAlolA=</latexit>

(e1, e2, e3) = (n, r,k)

<latexit sha1_base64="WU7BBNdxhNf0S1qraaAiSWKGNec="></latexit>

1

!

d!

d(x · s) =
1 + ωx · (x · s)

2

<latexit sha1_base64="L/Env6bwFHLueY6ktHXtptv9QYI=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4KjOiVVwV3bisYB/QDiWT3mlDM5khyQhlaH/Ejb/ixoUigiv9GzPtCNp64MLhnHuTe48Xcaa0bX9ZuaXlldW1/HphY3Nre6e4u9dQYSwp1GnIQ9nyiALOBNQ10xxakQQSeBya3vA69Zv3IBULxZ0eReAGpC+YzyjRRuoWz5KO52M1vkw6MsAqYmLSYxJo6k5Cf6IHMOkBJSMm+jgiUjPKYdwtluyyPQVeJE5GSihDrVv86PRCGgcgNOVEqbZjR9pNft4rdGIFEaFD0oe2oYIEoNxket4YHxmlh/1QmhIaT9XfEwkJlBoFnukMiB6oeS8V//PasfYv3ISJKNYg6OwjP+ZYhzjNCs+S4CNDCJXM7IrpgEhCtUm0YEJw5k9eJI2TslMpV25PS9WrLI48OkCH6Bg56BxV0Q2qoTqi6AE9oRf0aj1az9ab9T5rzVnZzD76A+vzG/OPpEU=</latexit>

s : spin direction of the decayingparticle
<latexit sha1_base64="6m/I1J6pQ8tnwoVkdZXhcvR7gzc="></latexit>

x : direction of decay product x (unit vector)
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Fig. 2 Schematic representation of the decay of a top quark that ulti-
mately leads to the emission of a charged lepton, in the top rest frame

of the weak interactions, the charged lepton emerging from
the two-step decay t → Wb and W → ℓν turns out to be
100% correlated with the spin of the mother top quark, i.e.
the top quark differential width is given by:

1
#

d#

d cos ϕ
= 1 + α cos ϕ

2
, (5)

with the spin analyzing power α attaining the largest possible
values, i.e., ±1. We denote ϕ the angle between the top spin
and the direction of the emitted lepton in the top quark rest
frame, see Fig. 2. As a result, the lepton can be considered as
a proxy for the spin of the corresponding top quark and the
correlations between the leptons as a proxy for those between
the top quark spins.

Assuming no net polarisation is present,2 the density
matrix for the spin of a t t̄ pair can be written as:

ρ = 1
4

(
1 ⊗ 1+

3∑

i, j=1

Ci j σi ⊗ σ j

)
. (6)

where the first term in the tensor product refers to the top and
the second term to the anti-top quark. TheCi j matrix encodes
spin correlations, and it is measurable. Note that Eq. (6),
which will be used in the following, is more general than the
simple density matrix in Eq. (4) considered in Sect. 2, since
C is allowed to have off-diagonal entries. However, since
in practice Ci j ≈ C ji , the C matrix can be made (almost)
diagonal with an appropriate choice of basis, thus reducing
the t t̄ system to Eq. (4). The differential cross section for
pp → t t̄ → ℓ+ℓ−bb̄νν̄ can be expressed as [12]:

1
σ

dσ

dxi j
= Ci j xi j − 1

2
log

∣∣xi j
∣∣, (7)

where xi j ≡ cos θi cos θ̄ j , θi is the angle between the antilep-
ton momentum and the i-th axis in its parent top rest frame,

2 Strong t t̄ production does not lead to polarised top quarks, as parity
is conserved [10]. EW effects (and possibly also absorptive parts from
loops), on the other hand, can give rise to a net top quark polarisation.
However, they have been estimated to be very small [11], and therefore
are neglected here.

Fig. 3 Schematic representation of a pp → t t̄ event in the center of
mass frame, with the helicity basis {k̂, r̂ , n̂} drawn, together with the
scattering angle θ . The n̂ axis is into the page

and θ̄ j the angle between the lepton momentum and the j-th
axis in its parent anti-top rest frame. In particular, Eq. (7)
implies:

− 9⟨xi j ⟩ = Ci j , (8)

a relation that allows direct measurement of the C matrix.
Spin is measured fixing a suitable reference frame. An advan-
tageous choice is the helicity basis {k̂, r̂ , n̂},
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

k̂ = top direction

r̂ = p̂ − k̂ cos θ

sin θ

n̂ = k̂ × r̂ ,

(9)

where p̂ is the beam axis and θ is the top scattering angle in
the center of mass frame, see also Fig. 3. The helicity basis
is defined in terms of the top quark and also applies to the
antitop.3 Relevant reference frames are reached in a two step
process: a ẑ boost from the laboratory to the t t̄ center of mass
frame, then a k̂ boost to each top’s rest frame.

The amount and type of spin correlations strongly depend
on the production mechanism as well as the phase space
region (energy and angle) of the top quarks. Two comple-
mentary regimes are important: at threshold, i.e., when the
top quarks are slow in their rest frame, and when they are
ultra-relativistic. At threshold, gluon fusion gg → t t̄ leads
to an entangled spin-0 state while qq̄ → t t̄ to a spin-1 state.
The latter is subdominant at the LHC and acts as an irre-
ducible background [2].

4 Observation of entanglement

It can be shown [8] that the t t̄ spin density matrix in Eq. (6)
is separable (that is, not entangled) if and only if the partial
transpose (1 ⊗ T ) ρ, obtained by acting with the identity
on the first term of the tensor product and transposing the
second, is positive definite. As shown in [2], this implies that
∣∣C11 + C22

∣∣ − C33 > 1 (10)

3 We follow the sign convention of [2].
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ω̄ neutrino momenta must be reconstructed (by 
solving kinematics) to reconstruct the top and 
antitop rest frames.
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Let p̂ be the unit vector along the direction of one of the incoming beams in the CM frame and k̂ the direction of
the momentum of one of the produced particles in the same frame. Then the remaining unit vectors of the basis can be
defined as

n̂ =
1

sin!

(
p̂→ k̂

)
, r̂ =

1

sin!

(
p̂↑ cos!k̂

)
, (3.1)

with ! being the scattering angle satisfying p̂ · k̂ = cos!. This basis is then used to decompose the spin components
of a particle in the corresponding rest frame (reached via a boost along the ±k̂ direction, which leaves the basis vectors
unchanged) as illustrated for the case of two particles V1 and V2 in Figure 3.1; it is customary to take the spin quantization
axis along k̂.

Figure 3.1: Unit vectors and momenta in the CM system [19], here specified for the production p p → ωω̄. The angles ε→i define the

directions of the final lepton in the rest frame of the fermion ω with respect to the quantization axis. The same holds for ω̄.

3.2. Polarization density matrices

3.2.1. Qubit polarization matrices: Spin-half fermions

The density matrix describing the polarization state ω of a spin-half fermion εω can be computed straightforwardly from
the amplitude of the underlying production process

M(ω) = [ūωA], (3.2)

with polarization ω ↓ {↑ 1
2 ,

1
2} along a given quantization direction. In the above formula we have indicated with A the

term in the amplitude that multiplies the spinor ūω of the produced fermion and we used square brackets to track the
contractions of spinor indices.

The outgoing particle is then described by a state

|ε↔ =
∑

ω

M(ω) |uω↔ (3.3)

where |uω↔ is the Hilbert space representation of the spinor. The spinor-space density matrix is then obtained as

ϑ̃ε =
|ε↔↗ε|
↗ε|ε↔ =

∑
ωω→ [ūωA][ūω→A]† |uω↔↗ūω→ |

∑
ωω→ [ūωA][ūω→A]† ↗ūω→ |uω↔

. (3.4)

By using the orthogonality relation ↗ūω→ |uω↔ ↘ [ūω→uω] = 2mϖω→ω the denominator can be rewritten as

ϑ̃ε =

∑
ωω→ [ūωA][ūω→A]† |uω↔↗ūω→ |
2m

∑
ω
[ūωA][ūωA]†

=

∑
ωω→ [ūωA][ūω→A]† |uω↔↗ūω→ |

2m |M|2
, (3.5)

where m is the mass of the fermion and |M|2 is the squared amplitude for the production process summed over the spin.
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weighted again by the di!erential cross section. For the case of measuring the spin of tt̄ or ω→ω+ systems from the final
particle angular distributions in their parents’ respective rest frames, the spin analysing powers in Eqs. (3.32)–(3.33) are
ε+ = +1.0 and = ε→ = →1.0 for the positive and negative leptons respectively.

Alternatively, quantum tomography can be performed if the following distributions can be reconstructed

1

ϑ

dϑ

d cos ϖ±
i

=
1

2

(
1↑B±

i
cos ϖ±

i

)
, (3.34)

1

ϑ

dϑ

d cos ϖ+
i
d cos ϖ→

j

=
1

4

(
1 + Cij cos ϖ+

i
cos ϖ→

j

)
, (3.35)

in which cos ϖ±
i

are the projections of the spin vector (or, equivalently, of the polarimetric vector) on the {n̂, r̂, k̂} basis
as computed in the rest frame of the qubit of interest. An example of the distributions obtained for the B±

i
and Cij

coe"cients through Monte Carlo simulations of the e+e→ ↓ ω+ω→ process can be found in Figure 3.2 for the case of the
ω leptons. Non-vanishing values of the coe"cients are signaled by asymmetric distributions.

3.3.2. Qutrits

The spin 1 gauge bosons also act as their own polarimeters. For instance, in the decay W+ ↓ ϱ+ςω the lepton ϱ+ is
produced in the positive helicity state while the neutrino ςω in the negative helicity state. The polarization of the W+

is therefore measured to be +1 in the direction of the lepton ϱ+. The opposite holds for the decay W→ ↓ ϱ→ς̄ω and the
polarization of the W→ is therefore measured to be →1 in the direction of the lepton ϱ→. In both the cases, the momenta
of the final leptons (as in Fig. 3.1) provide a measurement of the gauge boson polarizations. The same is true for final
jets from d and s quarks. These momenta are the only information that we need to extract from the numerical simulation
or the actual data.

The challenge of reconstructing the correlation coe"cients hab, fa and ga has of the density matrix of the final leptons
has recently been discussed in [137], which we mostly follow in the remainder of this section.

The cross section we are interested in can be written as [138]

1

ϑ

dϑ
d!+ d!→ =

(
3

4φ

)2

Tr
[
↼V1V2 (”+ ↔”→)

]
, (3.36)

in which the angular volumes d!± = sin ϖ±dϖ± d↽± are written in terms of the spherical coordinates (with independent
polar axes) for the momenta of the final charged leptons in the respective rest frames of the decaying particles. The
dependence on the invariant mass mV V and scattering angle # in Eq. (3.36) is implied. The density matrix ↼V1V2 in
Eq. (3.36) is that for the production of two gauge bosons given in Eq. (2.58).

The density matrices ”± describe the polarization of the decaying gauge bosons. The final leptons are taken to be
massless—for their masses are negligible with respect to that of the gauge boson. They are projectors in the case of the
W -bosons because of their chiral coupling to leptons. These matrices can be computed by rotating to an arbitrary polar
axis the spin ±1 states of the weak gauge bosons taken in the z direction and are given, in the Gell-Mann basis, as

”± =
1

3
1 +

1

2

8∑

i=a

qa± T a , (3.37)

where the Wigner functions qa± can be written in terms of the respective spherical coordinates, as reported in Eq. (B.5)
of Appendix B.2, for the decay of W -bosons.

We can define another set of functions
pn± =

∑

m

(m→1
± )n

m
qm± (3.38)

orthogonal to those in Eq. (B.5): (
3

4φ

)∫
pn± qm± d!± = 2 ⇀nm . (3.39)

In Eq. (3.38), m→1 is the inverse of the matrix

(m±)
nm =

(
3

8φ

)∫
qn± qm± d!± , (3.40)

which is assumed to exist. The explicit form of the functions pn± are given in Appendix B.2 Eq. (B.6).
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Alternatively, one can fit the angular 
distributions to obtain  B±

i , Cij

[A.J.Barr, M.Fabbrichesi, R.Floreanini, 
E.Gabrielli, L.Marzola 2402.07972]

A bipartite quantum system, made of two spin-1/2 particles is described in quantum mechanics in terms of the
4-dimensional Hilbert space H4 = H2 → H2 ↑ C4, the tensor product of two, 2-dimensional Hilbert spaces H2 ↑ C2

representing a single spin-1/2 particle. As already remarked, any observable Ô of the full system can then be expressed
in a tensor product form, Ô = Ô1 → Ô2, where Ô1, Ô2 are each single-spin observables, for instance they could be spin
projections each acting on one of the two particles, and in general in di!erent spatial directions.

The state of the two spin-1/2 system is in general described by a density matrix ω, that is an operator acting on
H4, that can be represented by a non-negative, 4 ↓ 4 matrix of unit trace. As already mentioned, when the density
matrix is a projector operator, ω2 = ω, than the state of the system can be represented by a state vector |ε↔ ↗ H4, such
that ω = |ε↔↘ε|. Knowing ω allows one to compute the average of any two-spin observable Ô through its trace with ω,
↘Ô↔ = Tr[ω Ô]; these expectation values are the quantities measurable in experiments.

The quantum state of a spin-1/2 pair can then be expressed as

ω =
1

4

[
12 → 12 +

3∑

i=1

B+
i
(ϑi → 12) +

3∑

i=1

B→
j
(12 → ϑj) +

3∑

i,j=1

Cij(ϑi → ϑj)
]
, (2.39)

where ϑi are the Pauli matrices, 12 is the unit 2 ↓ 2 matrix; the indices i, j, running over 1, 2, 3, represent any three
orthogonal directions in three-dimensional space. The real coe"cients

B+
i
= Tr[ω (ϑi → 1)] and B→

j
= Tr[ω (1→ ϑj)] , (2.40)

represent the polarization of the two particles, while the real matrix

Cij = Tr[ω (ϑi → ϑj)] (2.41)

gives their spin correlations. The labels ‘+’ and ‘≃’ on the B coe"cients simply serve to indicate which particle they
refer to; in what follows they are often distinguished by their respective electric charges. In the case of a collider setting,
B+

i
, B→

i
and Cij will be functions of the parameters describing the kinematics of the pair of spin-1/2 production, the

total energy
⇐
s in the center of mass reference frame and the corresponding scattering angle ϖ. Note that while the

density matrix in (2.39) is normalized, Tr[ω] = 1, extra constraints on B+
i

, B→
i

and Cij need to be enforced to guarantee
its positivity; these extra conditions are in general non-trivial, as they originate from requiring all principal minors of ω
to be non-negative.

The density matrix in Eq. (2.39) can be used to re-write the upper bound on the concurrence in Eq. (2.26) as

(
C [ω]

)2 ⇒ min
[
1≃

∑

i

(B+
i
)2, 1≃

∑

j

(B→
j
)2
]
. (2.42)

Eq. (2.42) makes clear that the larger the polarization of each individual particle (as found in the size of the coe"-
cients B±

i
), the smaller the largest possible value of the polarization entanglement between them, as described by C [ω].

More precisely, the entanglement in the final state spin correlations is maximal for vanishing polarizations, progressively
diminishes as the polarizations increase and vanishes for fully polarized final state particles.

Let us now express the combination of expectation values appearing in (2.37) in the language of spin, and choose
as observables Â1 and Â2, for the first spin-1/2 particle, and B̂1, B̂2 for the second one, spin projections along four
di!erent unit vectors, say ϱn1, ϱn3 for Alice, and ϱn2, ϱn4 for Bob, so that Â1 = ϱn1 · ϱϑ and similarly for the remaining three
observables. Only the correlation matrix C is involved in the combinations in (2.37), that can be conveniently expressed
as I2 = Tr[ωB] where the quantum Bell operator is given by

B = ϱn1 · ϱϑ → (ϱn2 ≃ ϱn4) · ϱϑ + ϱn3 · ϱϑ → (ϱn2 + ϱn4) · ϱϑ . (2.43)

The Bell inequality (2.38) then becomes

ϱn1 · C ·
(
ϱn2 ≃ ϱn4

)
+ ϱn3 · C ·

(
ϱn2 + ϱn4

)
⇒ 2 . (2.44)

Combining this condition with the analogous one obtained by reversing the direction of ϱn1 and ϱn3 one finally gets the
following constraint: ∣∣∣ϱn1 · C ·

(
ϱn2 ≃ ϱn4

)
+ ϱn3 · C ·

(
ϱn2 + ϱn4

)∣∣∣ ⇒ 2 . (2.45)

When the spins of the two particle are perfectly anticorrelated, as it happens for a pure singlet state,

|!↔ = 1⇐
2

(
| ⇑ωn↔ → | ⇓ωn↔ ≃ | ⇓ωn↔ → | ⇑ωn↔

)
, (2.46)
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Figure 4.6: Parton level distribution of cos ✓i cos ✓̄j in helicity basis, i, j = k, r, n. The
value of Cij is extracted by fitting the function in (2.19) and using the expectation value
relation (2.20). Plots use 1300 fb�1 of simulated luminosity and cover the whole tt̄ phase
space without kinematic cuts. Statistical uncertainty is always beyond the quoted digits.
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Figure 17: Results of the inclusive full matrix measurement obtained by combining the bins of
the m(tt) vs. |cos(q)| (upper) and pT(t) vs. |cos(q)| (lower) measurements. The measurements
(markers) are shown with the statistical uncertainty (inner error bars) and total uncertainty
(outer error bars) and compared to the predictions of POWHEG+PYTHIA, POWHEG+HERWIG,
MADGRAPH5 aMC@NLO+PYTHIA and MINNLO+PYTHIA. In the right panels, results are pre-
sented with the POWHEG+PYTHIA predictions subtracted. The POWHEG+PYTHIA prediction is
displayed with ME scale and PDF uncertainties. The values of DE are displayed for each mea-
surement.
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ω =
1

4

(
1tt̄ + Pi ·

[
εi → 1t̄

]
+ P i ·

[
1t → εi

]
+ Cij ·

[
εi → εj

])

Quantum State Tomography of the  spin state at LHC tt̄
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Figure 2: (a): Calibration curve for the dependence between the particle-level value of ⇡ and the detector-level value
of ⇡, in the signal region. The yellow band represents the statistical uncertainty, while the grey band represents
the total uncertainty obtained by adding the statistical and systematic uncertainties in quadrature. The measured
values and expected values from Powheg + Pythia8 (hvq) are marked with black and red circles, respectively, and the
entanglement limit is shown as a dashed line. (b): The particle-level ⇡ results in the signal and validation regions
compared with various MC models. The entanglement limit shown is a conversion from its parton-level value of
⇡ = �1/3 to the corresponding value at particle level, and the uncertainties which are considered for the band are
described in the text.

absence of these effects in the MC simulation used to derive the calibration curve is expected to be minimal.
Additionally, the impact of the enhancement of the cross-section due to pseudo-bound-state effects on the
calibration curve and particle-level measurement has been assessed in a stress test, and found to be small
compared to the modelling uncertainties already included in the measurement.

In the signal region the P�����+P����� and P�����+H����� generators yield different predictions. The
size of the observed difference is consistent with changing the method of shower ordering and is discussed
in detail in Methods A.6.

In the signal region, the observed and expected significances with respect to the entanglement limit are
well beyond five standard deviations, independently of the MC model used to correct the entanglement
limit to account for the fiducial phase space of the measurement. This is illustrated in Figure 2(b), where
the hypothesis of no entanglement is shown. The observed result in the region with 340 < <

C C̄
< 380 GeV

establishes the formation of entangled CC̄ states. This constitutes the first observation of entanglement in a
quark–antiquark pair.

Apart from the fundamental interest in testing quantum entanglement in a new environment, this
measurement in top quarks paves the way to use high-energy colliders, such as the LHC, as a laboratory to
study quantum information and foundational problems in quantum mechanics. From a quantum information
perspective, high energy colliders are particularly interesting due to their relativistic nature, and the richness
of the interactions and symmetries that can be probed there. Furthermore, highly demanding measurements,
such as measuring quantum discord and reconstructing the steering ellipsoid, can be naturally implemented
at the LHC due to the vast number of available CC̄ events [45]. From a high-energy physics perspective,

10

entangled

[ATLAS 2311.07288]

24

Figure 9: Summary of the measurement of the entanglement proxy D in data (black filled or
open point) compared with MC predictions including (solid line) or not including (dashed
line) contributions from the h t state. The legend denotes MC predictions without the h t state
with a slash through h t . Inner error bars represent the statistical uncertainty, while the outer
error bars represent the total uncertainty for data. The statistical uncertainty in the MC predic-
tions is denoted by the light shaded region and the total uncertainty, including scale and PDF
uncertainties, is represented by the darker shaded region. The boundary for entanglement is
indicated by the shaded region at D = �1/3.
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The highest-energy observation of entanglement!
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FIG. 5. Left: Statistical deviation from the null hypothesis (D = −1/3) for different assumptions of relative uncertainty on D.
The contour shows the number of measurement uncertainties differing between the measured value of D and the null hypothesis,
n∆. Right: The value of D within the mass window [2mt,Mtt̄]. The LO analytical values are calculated using the methods
presented in this work, while the MadGraph + MadSpin values are calculated numerically by using Monte Carlo simulation.
The horizontal line represents the critical value D = −1/3.

stance, by computing the concurrence). However, inter-
estingly, at the LHC a direct experimental entanglement
signature is provided by the measurable observable

D =
tr[C]

3
= −

1 + δ

3
, (33)

which can be extracted from the differential cross sec-
tion characterizing the angular separation between the
leptons

1

σ

dσ

d cosϕ
=

1

2
(1−D cosϕ) (34)

where ϕ is the angle between the lepton directions in each
one of the parent top and antitop rest frames [see also Eq.
(32)]. This quantity, also represented in Fig. 4c, provides
a simple entanglement criterion since the condition δ >
0 translates into D < −1/3. The concurrence is also
readily measured from D as C[ρ] = max(−1− 3D, 0)/2.
The detection of entanglement is more non-trivial than

could naively be expected since, even though entangle-
ment is present in a wide region of phase space, the sta-
tistical averaging over all possible directions induces the
necessity of a selection in the mass spectrum. This obser-
vation was already evident from the recent measurement
of the CMS collaboration [51], in which it was obtained
D = −0.237 ± 0.011 > −1/3 without any requirements
on the mass window.
Our proposal for the experimental detection of entan-

glement is similar to the quantum tomography protocol
developed in the previous section. The idea is to mea-
sure D from the cross section of Eq. (34), also apply-
ing an upper cut in the invariant mass spectrum. Left
Fig. 5 presents an experimental perspective for the en-
tanglement detection at the LHC. The null hypothesis

is defined to be the upper limit where D does not sig-
nal entanglement, D = −1/3. We represent the number
of measurement uncertainties n∆ differing between the
expected measurement and the null hypothesis,

n∆ ≡ max

[

D + 1/3

∆D
, 0

]

, (35)

as a function of the upper cut in the invariant mass spec-
trum, Mtt̄, and the relative uncertainty, |∆D/D|, where
D is the expected value [computed theoretically from Eq.
(33)] and ∆D the uncertainty of the measurement.
Any measurement with n∆ > 5 implies a detection of

entanglement within 5 statistical deviations (5σ). In par-
ticular, the recent measurement of D above quoted has
a relative uncertainty of 4.6% [51], allowing a measure-
ment of entanglement with more than 5σ. We note high
enough statistics is expected even with hard selection on
the tt̄ invariant mass spectrum. For instance, with a
total integrated luminosity of 139 fb−1, which is the cur-
rent data recorded by the LHC, we deduce that a selec-
tion of [2mt,Mtt̄] with Mtt̄ = 450 GeV leaves ∼ 5 · 104
events [47], accounting for selection efficiency and de-
tector acceptance. For this selection, entanglement can
be measured within 5σ if the relative uncertainty is up
to 6%. Lower selection of Mtt̄ decrease the value of D,
allowing higher relative uncertainties to have similar sta-
tistical significance.
We note that a full estimation of the background pro-

cesses at the LHC is beyond the scope of this work. Nev-
ertheless, the estimation above is done using a result of an
analysis performed by the CMS collaboration [51], while
similar analyses have been performed by the ATLAS and
CMS collaborations [42–50]. Those analyses estimated
the background processes for the suggested measurement
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<latexit sha1_base64="Uo0w+rLcxn3bnhGBLSVmaoIoZ2Q=">AAAB7XicdVBNSwMxEM3Wr1q/qh69BIvgxWV3W7f1VvTisYJthXYt2TTbxmaTJckKpfQ/ePGgiFf/jzf/jdm2goo+GHi8N8PMvDBhVGnH+bByS8srq2v59cLG5tb2TnF3r6VEKjFpYsGEvAmRIoxy0tRUM3KTSILikJF2OLrI/PY9kYoKfq3HCQliNOA0ohhpI7W6hLHbk16x5NhnNd879aBjO07VK/sZ8aoVrwxdo2QogQUaveJ7ty9wGhOuMUNKdVwn0cEESU0xI9NCN1UkQXiEBqRjKEcxUcFkdu0UHhmlDyMhTXENZ+r3iQmKlRrHoemMkR6q314m/uV1Uh3VggnlSaoJx/NFUcqgFjB7HfapJFizsSEIS2puhXiIJMLaBFQwIXx9Cv8nLc92fdu/qpTq54s48uAAHIJj4IIqqINL0ABNgMEdeABP4NkS1qP1Yr3OW3PWYmYf/ID19gmUAo8p</latexit>

`�

<latexit sha1_base64="JbbV4CLzAhTOrmADUs0leah7svs=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI9FLx4r2A9ol5JNs21oNhuSbKEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZeqAQ31vO+UWFjc2t7p7hb2ts/ODwqH5+0TJJqypo0EYnuhMQwwSVrWm4F6yjNSBwK1g7H93O/PWHa8EQ+2aliQUyGkkecEuukdm9CtBrxfrniVb0F8Drxc1KBHI1++as3SGgaM2mpIMZ0fU/ZICPacirYrNRLDVOEjsmQdR2VJGYmyBbnzvCFUwY4SrQrafFC/T2RkdiYaRy6zpjYkVn15uJ/Xje10W2QcalSyyRdLopSgW2C57/jAdeMWjF1hFDN3a2Yjogm1LqESi4Ef/XlddK6qvq1au3xulK/y+MowhmcwyX4cAN1eIAGNIHCGJ7hFd6QQi/oHX0sWwsonzmFP0CfP37cj7E=</latexit>'

<latexit sha1_base64="o5kd5WHf6ue77K3hhBabWyJ9cVk=">AAAB7XicdVBNSwMxEM36WetX1aOXYBE8ld0ia3srevFYwX5Au5Rsmm1js8mSzApl6X/w4kERr/4fb/4bs20FFX0w8Hhvhpl5YSK4Adf9cFZW19Y3Ngtbxe2d3b390sFh26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gknV7nfuWfacCVvYZqwICYjySNOCVip3Q+JxjAold2Ka+H7OCdezfUsqddr1Wode3PLdctoieag9N4fKprGTAIVxJie5yYQZEQDp4LNiv3UsITQCRmxnqWSxMwE2fzaGT61yhBHStuSgOfq94mMxMZM49B2xgTG5reXi395vRSiWpBxmaTAJF0silKBQeH8dTzkmlEQU0sI1dzeiumYaELBBlS0IXx9iv8n7WrF8yv+zXm5cbmMo4CO0Qk6Qx66QA10jZqohSi6Qw/oCT07ynl0XpzXReuKs5w5Qj/gvH0CiYOPIw==</latexit>

t̄
<latexit sha1_base64="iJxCmMeJ7zB7at83d89FzowK3rI=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgKcwGWZNb0IvHBMwDkiXMTnqTMbOzy8ysEJZ8gRcPinj1k7z5N04egooWNBRV3XR3BYng2hDy4eTW1jc2t/LbhZ3dvf2D4uFRW8epYtBisYhVN6AaBJfQMtwI6CYKaBQI6AST67nfuQeleSxvzTQBP6IjyUPOqLFS0wyKJVImFp6H58StEteSWq1aqdSwu7AIKaEVGoPie38YszQCaZigWvdckhg/o8pwJmBW6KcaEsomdAQ9SyWNQPvZ4tAZPrPKEIexsiUNXqjfJzIaaT2NAtsZUTPWv725+JfXS01Y9TMuk9SAZMtFYSqwifH8azzkCpgRU0soU9zeitmYKsqMzaZgQ/j6FP9P2pWy65W95kWpfrWKI49O0Ck6Ry66RHV0gxqohRgC9ICe0LNz5zw6L87rsjXnrGaO0Q84b587D41A</latexit>

t <latexit sha1_base64="giX4jazC00QEvlGE4BNHI9hZ9xE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqBP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwByHOM8Q==</latexit>

b<latexit sha1_base64="XhDxnwoPO7qiMfAB6ikoyuVqbrY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/QLiVJs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDOPJIIb6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNIdgg0TXLKm5VawTqIZjolgbTK+nfntJ6YNV/LBThIWxngoecQptk5q9QjWiPTLFb/qz4FWSZCTCuRo9MtfvYGiacykpQIb0w38xIYZ1pZTwaalXmpYgukYD1nXUYljZsJsfu0UnTllgCKlXUmL5urviQzHxkxi4jpjbEdm2ZuJ/3nd1EbXYcZlklom6WJRlApkFZq9jgZcM2rFxBFMNXe3IjrCGlPrAiq5EILll1dJ66Ia1Kq1+8tK/SaPowgncArnEMAV1OEOGtAECo/wDK/w5invxXv3PhatBS+fOYY/8D5/ABb2jtQ=</latexit>

b̄
<latexit sha1_base64="fEYB18708xNLzyXDtxlc6Ix7+eA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBidY3i</latexit>ω<latexit sha1_base64="d6aj63SBGL6GyRMykeLUeTD5N7Q=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oWy2k3bpZhN3N0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqzU8UOqiC+zXrniVt05yCrxclKBHI1e+cvvJyyLURomqNZdz01NMKHKcCZwWvIzjSllIzrArqWSxqiDyfzeKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif181MdB1MuEwzg5ItFkWZICYhs+dJnytkRowtoUxxeythQ6ooMzaikg3BW355lbQuql6tWru/rNRv8jiKcAKncA4eXEEd7qABTWAg4Ble4c15dF6cd+dj0Vpw8plj+APn8we0X4/F</latexit>

ω̄

is a sufficient condition for entanglement [Y.Afik, J.R.M.Nova 2003.02280]

<latexit sha1_base64="w+3DAcTVh90ERNeb5UEk5oPLlvg=">AAACGXicbVC7TsMwFHV4lvIKMLJYVEgsVAmgwsBQUQbGIvUlNVHluE5r1U6C7VSqovwGC7/CwgBCjDDxNzhtBmg50pWOz7lXvvd4EaNSWda3sbS8srq2Xtgobm5t7+yae/stGcYCkyYOWSg6HpKE0YA0FVWMdCJBEPcYaXujWua3x0RIGgYNNYmIy9EgoD7FSGmpZ1q30CEPMR1DxxcIJ4kjOGyIFHZr0E2T8xRew9Pcs7N3zyxZZWsKuEjsnJRAjnrP/HT6IY45CRRmSMqubUXKTZBQFDOSFp1YkgjhERqQrqYB4kS6yfSyFB5rpQ/9UOgKFJyqvycSxKWccE93cqSGct7LxP+8bqz8KzehQRQrEuDZR37MoAphFhPsU0GwYhNNEBZU7wrxEOkUlA6zqEOw509eJK2zsl0pV+4vStWbPI4COARH4ATY4BJUwR2ogybA4BE8g1fwZjwZL8a78TFrXTLymQPwB8bXDx/+nyQ=</latexit>

D → Tr[C]

3
< ↑1

3
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<latexit sha1_base64="QhaWXmnGoOlgmZu6DZZxvnONEzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVqqNq3LtNo+jAKdwBhfgwTXU4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A47uNAw==</latexit>

t

<latexit sha1_base64="LvKNrtmrN5M5xsPQphvETLf3Lnk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3btJht2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqGZVqxptMSaU7ATVcipg3UaDknURzGgWSt4Px7cxvP3FthIofcJJwP6LDWISCUbRSqxdQTbBfrrhVdw6ySrycVCBHo1/+6g0USyMeI5PUmK7nJuhnVKNgkk9LvdTwhLIxHfKupTGNuPGz+bVTcmaVAQmVthUjmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UzESYo8ZotFYSoJKjJ7nQyE5gzlxBLKtLC3EjaimjK0AZVsCN7yy6ukdVH1atXa/WWlfpPHUYQTOIVz8OAK6nAHDWgCg0d4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/Mj6O5g==</latexit>

t̄
<latexit sha1_base64="/Zn7JXPfx9QLR/mR6vUf4ryNJ7g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXiMaB6QrGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzDhGP6QDyfucUWOle3w86xZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGedmrlCt3F6XqdRZHHo7gGE7Bg0uowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8A6qyNkw==</latexit>

e�

<latexit sha1_base64="37IrB7Gp1ZV6Nc/lKF++tA1A6GM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevEY0TwgWcPspJMMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGN1O/+YRK80g+mHGMfkgHkvc5o8ZK9/h41i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaN87JXKVfuLkrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4A56SNkQ==</latexit>

e+
<latexit sha1_base64="6UGmWcx1mQ/HdtxKe0H2sl3iEYg=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4KpkiY7srunFZwT6gM5RMmmlDM8mYZApl6He4caGIWz/GnX9jpq2gogcuHM65l3vvCRPOtEHowymsrW9sbhW3Szu7e/sH5cOjjpapIrRNJJeqF2JNORO0bZjhtJcoiuOQ0244uc797pQqzaS4M7OEBjEeCRYxgo2VAl+N5SDzVQyZmA/KFVRFFp4Hc+LWkWtJo1Gv1RrQXVgIVcAKrUH53R9KksZUGMKx1n0XJSbIsDKMcDov+ammCSYTPKJ9SwWOqQ6yxdFzeGaVIYyksiUMXKjfJzIcaz2LQ9sZYzPWv71c/MvrpyaqBxkTSWqoIMtFUcqhkTBPAA6ZosTwmSWYKGZvhWSMFSbG5lSyIXx9Cv8nnVrV9are7UWlebWKowhOwCk4By64BE1wA1qgDQi4Bw/gCTw7U+fReXFel60FZzVzDH7AefsEP+qScg==</latexit>⇢in

<latexit sha1_base64="ZiLiVpzegV/blguQSiBUx4rBYYQ=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKqRpTeuu6MZlBfuAtobJdNoOnWTCzERaQn7FjQtF3Poj7vwbJ20FFT1w4XDOvdx7jx8xKpVtfxi5tfWNza38dmFnd2//wDwstiWPBSYtzBkXXR9JwmhIWooqRrqRICjwGen406vM79wTISkPb9U8IoMAjUM6ohgpLXlmsS8m3EuSvgggj1Wa3s08s2RbF3XXOXegbdl2zam4GXFqVacCy1rJUAIrND3zvT/kOA5IqDBDUvbKdqQGCRKKYkbSQj+WJEJ4isakp2mIAiIHyeL2FJ5qZQhHXOgKFVyo3ycSFEg5D3zdGSA1kb+9TPzL68VqVB8kNIxiRUK8XDSKGVQcZkHAIRUEKzbXBGFB9a0QT5BAWOm4CjqEr0/h/6TtWGXXcm+qpcblKo48OAYn4AyUQQ00wDVoghbAYAYewBN4NlLj0XgxXpetOWM1cwR+wHj7BBwZlSs=</latexit>

⇢xout

• collide  with a certain initial spin sate,  e+e− ρin

• reconstruct the  spin state tt̄ ρx
out

collision = unitary time evolution by ̂S

What we do:

• observe the  final state in a certain momentum region,  tt̄ x measurement
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<latexit sha1_base64="QhaWXmnGoOlgmZu6DZZxvnONEzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVqqNq3LtNo+jAKdwBhfgwTXU4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A47uNAw==</latexit>

t

<latexit sha1_base64="LvKNrtmrN5M5xsPQphvETLf3Lnk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3btJht2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqGZVqxptMSaU7ATVcipg3UaDknURzGgWSt4Px7cxvP3FthIofcJJwP6LDWISCUbRSqxdQTbBfrrhVdw6ySrycVCBHo1/+6g0USyMeI5PUmK7nJuhnVKNgkk9LvdTwhLIxHfKupTGNuPGz+bVTcmaVAQmVthUjmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UzESYo8ZotFYSoJKjJ7nQyE5gzlxBLKtLC3EjaimjK0AZVsCN7yy6ukdVH1atXa/WWlfpPHUYQTOIVz8OAK6nAHDWgCg0d4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/Mj6O5g==</latexit>

t̄
<latexit sha1_base64="/Zn7JXPfx9QLR/mR6vUf4ryNJ7g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXiMaB6QrGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzDhGP6QDyfucUWOle3w86xZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGedmrlCt3F6XqdRZHHo7gGE7Bg0uowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8A6qyNkw==</latexit>

e�

<latexit sha1_base64="37IrB7Gp1ZV6Nc/lKF++tA1A6GM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevEY0TwgWcPspJMMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGN1O/+YRK80g+mHGMfkgHkvc5o8ZK9/h41i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaN87JXKVfuLkrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4A56SNkQ==</latexit>

e+
<latexit sha1_base64="6UGmWcx1mQ/HdtxKe0H2sl3iEYg=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4KpkiY7srunFZwT6gM5RMmmlDM8mYZApl6He4caGIWz/GnX9jpq2gogcuHM65l3vvCRPOtEHowymsrW9sbhW3Szu7e/sH5cOjjpapIrRNJJeqF2JNORO0bZjhtJcoiuOQ0244uc797pQqzaS4M7OEBjEeCRYxgo2VAl+N5SDzVQyZmA/KFVRFFp4Hc+LWkWtJo1Gv1RrQXVgIVcAKrUH53R9KksZUGMKx1n0XJSbIsDKMcDov+ammCSYTPKJ9SwWOqQ6yxdFzeGaVIYyksiUMXKjfJzIcaz2LQ9sZYzPWv71c/MvrpyaqBxkTSWqoIMtFUcqhkTBPAA6ZosTwmSWYKGZvhWSMFSbG5lSyIXx9Cv8nnVrV9are7UWlebWKowhOwCk4By64BE1wA1qgDQi4Bw/gCTw7U+fReXFel60FZzVzDH7AefsEP+qScg==</latexit>⇢in

<latexit sha1_base64="ZiLiVpzegV/blguQSiBUx4rBYYQ=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKqRpTeuu6MZlBfuAtobJdNoOnWTCzERaQn7FjQtF3Poj7vwbJ20FFT1w4XDOvdx7jx8xKpVtfxi5tfWNza38dmFnd2//wDwstiWPBSYtzBkXXR9JwmhIWooqRrqRICjwGen406vM79wTISkPb9U8IoMAjUM6ohgpLXlmsS8m3EuSvgggj1Wa3s08s2RbF3XXOXegbdl2zam4GXFqVacCy1rJUAIrND3zvT/kOA5IqDBDUvbKdqQGCRKKYkbSQj+WJEJ4isakp2mIAiIHyeL2FJ5qZQhHXOgKFVyo3ycSFEg5D3zdGSA1kb+9TPzL68VqVB8kNIxiRUK8XDSKGVQcZkHAIRUEKzbXBGFB9a0QT5BAWOm4CjqEr0/h/6TtWGXXcm+qpcblKo48OAYn4AyUQQ00wDVoghbAYAYewBN4NlLj0XgxXpetOWM1cwR+wHj7BBwZlSs=</latexit>

⇢xout

• collide  with a certain initial spin sate,  e+e− ρin

• reconstruct the  spin state tt̄ ρx
out

What we do:

Mathematical formulation:

• for each , the above procedure defines a function (or a map),      , that takes  to x ρin ρx
out

<latexit sha1_base64="E5IuMEXGjIvWtTDriJgFAXtLpXE=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwVBKR6rHopccK9gPaEDbbTbt0swm7G6XE/BQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvSDhT2nG+rbX1jc2t7dJOeXdv/+DQrhx1VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbmd+94FKxWJxr6cJ9SI8EixkBGsj+XYlGxDMUTP3s4GMEBO5b1edmjMHWiVuQapQoOXbX4NhTNKICk04VqrvOon2Miw1I5zm5UGqaILJBI9o31CBI6q8bH56js6MMkRhLE0Jjebq74kMR0pNo8B0RliP1bI3E//z+qkOr72MiSTVVJDFojDlSMdolgMaMkmJ5lNDMJHM3IrIGEtMtEmrbEJwl19eJZ2Lmluv1e8uq42bIo4SnMApnIMLV9CAJrSgDQQe4Rle4c16sl6sd+tj0bpmFTPH8AfW5w/4MZPV</latexit>

Hin

<latexit sha1_base64="CEeGclpPYQjyziNY+OLdW2gA9Pw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00OOyX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWqtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1BAjdY=</latexit> → <latexit sha1_base64="CEeGclpPYQjyziNY+OLdW2gA9Pw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00OOyX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWqtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1BAjdY=</latexit> →

<latexit sha1_base64="5YVyW1PiiBPc4yVboL2/a5nHqg4=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1WXRTZcV7AOaECbTaTt0HmFmIpaQX3HjQhG3/og7/8Zpm4W2HrhwOOde7r0nThjVxvO+ndLG5tb2Tnm3srd/cHjkHle7WqYKkw6WTKp+jDRhVJCOoYaRfqII4jEjvXh6N/d7j0RpKsWDmSUk5Ggs6IhiZKwUudUswIjBVh5lgeJQpiaP3JpX9xaA68QvSA0UaEfuVzCUOOVEGMyQ1gPfS0yYIWUoZiSvBKkmCcJTNCYDSwXiRIfZ4vYcnltlCEdS2RIGLtTfExniWs94bDs5MhO96s3F/7xBakY3YUZFkhoi8HLRKGXQSDgPAg6pItiwmSUIK2pvhXiCFMLGxlWxIfirL6+T7mXdb9Qb91e15m0RRxmcgjNwAXxwDZqgBdqgAzB4As/gFbw5ufPivDsfy9aSU8ycgD9wPn8A53OUYA==</latexit>

Hout

<latexit sha1_base64="Bxk7GIPJbFEuxFw9GnMFHKbbiGM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3qLYB6YLGF20kmGzM4uM7NiWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffESleSTvzThGP6QDyfucUWOlh7TDqCC3k+5Tt1hyy+4MZJl4GSlBhlq3+NXpRSwJURomqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqWShqj9dHbxhJxYpUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+mnXMaJQcnmi/qJICYi0/dJjytkRowtoUxxeythQ6ooMzakgg3BW3x5mTTOyl6lXLk7L1WvsjjycATHcAoeXEAVbqAGdWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gBGrpCt</latexit>Ix
<latexit sha1_base64="fmQZds9VVowjWuvSrChr6rVt3zU="></latexit>

Ix(ωin) = ωxout

collision = unitary time evolution by ̂S

• observe the  final state in a certain momentum region,  tt̄ x measurement
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<latexit sha1_base64="QhaWXmnGoOlgmZu6DZZxvnONEzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVqqNq3LtNo+jAKdwBhfgwTXU4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A47uNAw==</latexit>

t

<latexit sha1_base64="LvKNrtmrN5M5xsPQphvETLf3Lnk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3btJht2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqGZVqxptMSaU7ATVcipg3UaDknURzGgWSt4Px7cxvP3FthIofcJJwP6LDWISCUbRSqxdQTbBfrrhVdw6ySrycVCBHo1/+6g0USyMeI5PUmK7nJuhnVKNgkk9LvdTwhLIxHfKupTGNuPGz+bVTcmaVAQmVthUjmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UzESYo8ZotFYSoJKjJ7nQyE5gzlxBLKtLC3EjaimjK0AZVsCN7yy6ukdVH1atXa/WWlfpPHUYQTOIVz8OAK6nAHDWgCg0d4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/Mj6O5g==</latexit>

t̄
<latexit sha1_base64="/Zn7JXPfx9QLR/mR6vUf4ryNJ7g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXiMaB6QrGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzDhGP6QDyfucUWOle3w86xZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGedmrlCt3F6XqdRZHHo7gGE7Bg0uowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8A6qyNkw==</latexit>

e�

<latexit sha1_base64="37IrB7Gp1ZV6Nc/lKF++tA1A6GM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevEY0TwgWcPspJMMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGN1O/+YRK80g+mHGMfkgHkvc5o8ZK9/h41i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaN87JXKVfuLkrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4A56SNkQ==</latexit>

e+
<latexit sha1_base64="6UGmWcx1mQ/HdtxKe0H2sl3iEYg=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4KpkiY7srunFZwT6gM5RMmmlDM8mYZApl6He4caGIWz/GnX9jpq2gogcuHM65l3vvCRPOtEHowymsrW9sbhW3Szu7e/sH5cOjjpapIrRNJJeqF2JNORO0bZjhtJcoiuOQ0244uc797pQqzaS4M7OEBjEeCRYxgo2VAl+N5SDzVQyZmA/KFVRFFp4Hc+LWkWtJo1Gv1RrQXVgIVcAKrUH53R9KksZUGMKx1n0XJSbIsDKMcDov+ammCSYTPKJ9SwWOqQ6yxdFzeGaVIYyksiUMXKjfJzIcaz2LQ9sZYzPWv71c/MvrpyaqBxkTSWqoIMtFUcqhkTBPAA6ZosTwmSWYKGZvhWSMFSbG5lSyIXx9Cv8nnVrV9are7UWlebWKowhOwCk4By64BE1wA1qgDQi4Bw/gCTw7U+fReXFel60FZzVzDH7AefsEP+qScg==</latexit>⇢in

<latexit sha1_base64="ZiLiVpzegV/blguQSiBUx4rBYYQ=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKqRpTeuu6MZlBfuAtobJdNoOnWTCzERaQn7FjQtF3Poj7vwbJ20FFT1w4XDOvdx7jx8xKpVtfxi5tfWNza38dmFnd2//wDwstiWPBSYtzBkXXR9JwmhIWooqRrqRICjwGen406vM79wTISkPb9U8IoMAjUM6ohgpLXlmsS8m3EuSvgggj1Wa3s08s2RbF3XXOXegbdl2zam4GXFqVacCy1rJUAIrND3zvT/kOA5IqDBDUvbKdqQGCRKKYkbSQj+WJEJ4isakp2mIAiIHyeL2FJ5qZQhHXOgKFVyo3ycSFEg5D3zdGSA1kb+9TPzL68VqVB8kNIxiRUK8XDSKGVQcZkHAIRUEKzbXBGFB9a0QT5BAWOm4CjqEr0/h/6TtWGXXcm+qpcblKo48OAYn4AyUQQ00wDVoghbAYAYewBN4NlLj0XgxXpetOWM1cwR+wHj7BBwZlSs=</latexit>

⇢xout

• collide  with a certain initial spin sate,  e+e− ρin

• reconstruct the  spin state tt̄ ρx
out

What we do:

Mathematical formulation:

• for each , the above procedure defines a function (or a map),      , that takes  to x ρin ρx
out

<latexit sha1_base64="E5IuMEXGjIvWtTDriJgFAXtLpXE=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwVBKR6rHopccK9gPaEDbbTbt0swm7G6XE/BQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvSDhT2nG+rbX1jc2t7dJOeXdv/+DQrhx1VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbmd+94FKxWJxr6cJ9SI8EixkBGsj+XYlGxDMUTP3s4GMEBO5b1edmjMHWiVuQapQoOXbX4NhTNKICk04VqrvOon2Miw1I5zm5UGqaILJBI9o31CBI6q8bH56js6MMkRhLE0Jjebq74kMR0pNo8B0RliP1bI3E//z+qkOr72MiSTVVJDFojDlSMdolgMaMkmJ5lNDMJHM3IrIGEtMtEmrbEJwl19eJZ2Lmluv1e8uq42bIo4SnMApnIMLV9CAJrSgDQQe4Rle4c16sl6sd+tj0bpmFTPH8AfW5w/4MZPV</latexit>

Hin

<latexit sha1_base64="CEeGclpPYQjyziNY+OLdW2gA9Pw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00OOyX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWqtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1BAjdY=</latexit> → <latexit sha1_base64="CEeGclpPYQjyziNY+OLdW2gA9Pw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00OOyX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWqtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1BAjdY=</latexit> →

<latexit sha1_base64="5YVyW1PiiBPc4yVboL2/a5nHqg4=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1WXRTZcV7AOaECbTaTt0HmFmIpaQX3HjQhG3/og7/8Zpm4W2HrhwOOde7r0nThjVxvO+ndLG5tb2Tnm3srd/cHjkHle7WqYKkw6WTKp+jDRhVJCOoYaRfqII4jEjvXh6N/d7j0RpKsWDmSUk5Ggs6IhiZKwUudUswIjBVh5lgeJQpiaP3JpX9xaA68QvSA0UaEfuVzCUOOVEGMyQ1gPfS0yYIWUoZiSvBKkmCcJTNCYDSwXiRIfZ4vYcnltlCEdS2RIGLtTfExniWs94bDs5MhO96s3F/7xBakY3YUZFkhoi8HLRKGXQSDgPAg6pItiwmSUIK2pvhXiCFMLGxlWxIfirL6+T7mXdb9Qb91e15m0RRxmcgjNwAXxwDZqgBdqgAzB4As/gFbw5ufPivDsfy9aSU8ycgD9wPn8A53OUYA==</latexit>

Hout

• understand the conditions of       , which must be satisfied in any quantum theories.

<latexit sha1_base64="Bxk7GIPJbFEuxFw9GnMFHKbbiGM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3qLYB6YLGF20kmGzM4uM7NiWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffESleSTvzThGP6QDyfucUWOlh7TDqCC3k+5Tt1hyy+4MZJl4GSlBhlq3+NXpRSwJURomqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqWShqj9dHbxhJxYpUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+mnXMaJQcnmi/qJICYi0/dJjytkRowtoUxxeythQ6ooMzakgg3BW3x5mTTOyl6lXLk7L1WvsjjycATHcAoeXEAVbqAGdWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gBGrpCt</latexit>Ix

<latexit sha1_base64="Bxk7GIPJbFEuxFw9GnMFHKbbiGM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3qLYB6YLGF20kmGzM4uM7NiWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffESleSTvzThGP6QDyfucUWOlh7TDqCC3k+5Tt1hyy+4MZJl4GSlBhlq3+NXpRSwJURomqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqWShqj9dHbxhJxYpUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+mnXMaJQcnmi/qJICYi0/dJjytkRowtoUxxeythQ6ooMzakgg3BW3x5mTTOyl6lXLk7L1WvsjjycATHcAoeXEAVbqAGdWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gBGrpCt</latexit>Ix
<latexit sha1_base64="G60T4ouz5kZRbOYmKM68M+ZvrSc=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGK/YA2lM120y7dZMPuRCmhP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bRqWa8QZTUul2QA2XIuYNFCh5O9GcRoHkrWB0M/Vbj1wboeIHHCfcj+ggFqFgFK3U6d6LwRCp1uqpVyq7FXcGsky8nJQhR71X+ur2FUsjHiOT1JiO5yboZ1SjYJJPit3U8ISyER3wjqUxjbjxs9nJE3JqlT4JlbYVI5mpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMxEmKPGbzRWEqCSoy/Z/0heYM5dgSyrSwtxI2pJoytCkVbQje4svLpHle8aqV6t1FuXadx1GAYziBM/DgEmpwC3VoAAMFz/AKbw46L8678zFvXXHymSP4A+fzB5StkXg=</latexit>→ If one of the conditions is violated, QM will be falsified!

<latexit sha1_base64="fmQZds9VVowjWuvSrChr6rVt3zU="></latexit>

Ix(ωin) = ωxout

collision = unitary time evolution by ̂S

• observe the  final state in a certain momentum region,  tt̄ x measurement
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<latexit sha1_base64="QhaWXmnGoOlgmZu6DZZxvnONEzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVqqNq3LtNo+jAKdwBhfgwTXU4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A47uNAw==</latexit>

t

<latexit sha1_base64="LvKNrtmrN5M5xsPQphvETLf3Lnk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3btJht2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqGZVqxptMSaU7ATVcipg3UaDknURzGgWSt4Px7cxvP3FthIofcJJwP6LDWISCUbRSqxdQTbBfrrhVdw6ySrycVCBHo1/+6g0USyMeI5PUmK7nJuhnVKNgkk9LvdTwhLIxHfKupTGNuPGz+bVTcmaVAQmVthUjmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UzESYo8ZotFYSoJKjJ7nQyE5gzlxBLKtLC3EjaimjK0AZVsCN7yy6ukdVH1atXa/WWlfpPHUYQTOIVz8OAK6nAHDWgCg0d4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/Mj6O5g==</latexit>

t̄
<latexit sha1_base64="/Zn7JXPfx9QLR/mR6vUf4ryNJ7g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXiMaB6QrGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzDhGP6QDyfucUWOle3w86xZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGedmrlCt3F6XqdRZHHo7gGE7Bg0uowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8A6qyNkw==</latexit>

e�

<latexit sha1_base64="37IrB7Gp1ZV6Nc/lKF++tA1A6GM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevEY0TwgWcPspJMMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGN1O/+YRK80g+mHGMfkgHkvc5o8ZK9/h41i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaN87JXKVfuLkrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4A56SNkQ==</latexit>

e+
<latexit sha1_base64="6UGmWcx1mQ/HdtxKe0H2sl3iEYg=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4KpkiY7srunFZwT6gM5RMmmlDM8mYZApl6He4caGIWz/GnX9jpq2gogcuHM65l3vvCRPOtEHowymsrW9sbhW3Szu7e/sH5cOjjpapIrRNJJeqF2JNORO0bZjhtJcoiuOQ0244uc797pQqzaS4M7OEBjEeCRYxgo2VAl+N5SDzVQyZmA/KFVRFFp4Hc+LWkWtJo1Gv1RrQXVgIVcAKrUH53R9KksZUGMKx1n0XJSbIsDKMcDov+ammCSYTPKJ9SwWOqQ6yxdFzeGaVIYyksiUMXKjfJzIcaz2LQ9sZYzPWv71c/MvrpyaqBxkTSWqoIMtFUcqhkTBPAA6ZosTwmSWYKGZvhWSMFSbG5lSyIXx9Cv8nnVrV9are7UWlebWKowhOwCk4By64BE1wA1qgDQi4Bw/gCTw7U+fReXFel60FZzVzDH7AefsEP+qScg==</latexit>⇢in

<latexit sha1_base64="ZiLiVpzegV/blguQSiBUx4rBYYQ=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKqRpTeuu6MZlBfuAtobJdNoOnWTCzERaQn7FjQtF3Poj7vwbJ20FFT1w4XDOvdx7jx8xKpVtfxi5tfWNza38dmFnd2//wDwstiWPBSYtzBkXXR9JwmhIWooqRrqRICjwGen406vM79wTISkPb9U8IoMAjUM6ohgpLXlmsS8m3EuSvgggj1Wa3s08s2RbF3XXOXegbdl2zam4GXFqVacCy1rJUAIrND3zvT/kOA5IqDBDUvbKdqQGCRKKYkbSQj+WJEJ4isakp2mIAiIHyeL2FJ5qZQhHXOgKFVyo3ycSFEg5D3zdGSA1kb+9TPzL68VqVB8kNIxiRUK8XDSKGVQcZkHAIRUEKzbXBGFB9a0QT5BAWOm4CjqEr0/h/6TtWGXXcm+qpcblKo48OAYn4AyUQQ00wDVoghbAYAYewBN4NlLj0XgxXpetOWM1cwR+wHj7BBwZlSs=</latexit>

⇢xout

• collide  with a certain initial spin sate,  e+e− ρin

• reconstruct the  spin state tt̄ ρx
out

What we do:

Mathematical formulation:

• for each , the above procedure defines a function (or a map),      , that takes  to x ρin ρx
out

<latexit sha1_base64="E5IuMEXGjIvWtTDriJgFAXtLpXE=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwVBKR6rHopccK9gPaEDbbTbt0swm7G6XE/BQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvSDhT2nG+rbX1jc2t7dJOeXdv/+DQrhx1VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbmd+94FKxWJxr6cJ9SI8EixkBGsj+XYlGxDMUTP3s4GMEBO5b1edmjMHWiVuQapQoOXbX4NhTNKICk04VqrvOon2Miw1I5zm5UGqaILJBI9o31CBI6q8bH56js6MMkRhLE0Jjebq74kMR0pNo8B0RliP1bI3E//z+qkOr72MiSTVVJDFojDlSMdolgMaMkmJ5lNDMJHM3IrIGEtMtEmrbEJwl19eJZ2Lmluv1e8uq42bIo4SnMApnIMLV9CAJrSgDQQe4Rle4c16sl6sd+tj0bpmFTPH8AfW5w/4MZPV</latexit>

Hin

<latexit sha1_base64="CEeGclpPYQjyziNY+OLdW2gA9Pw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00OOyX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWqtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1BAjdY=</latexit> → <latexit sha1_base64="CEeGclpPYQjyziNY+OLdW2gA9Pw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00OOyX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWqtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1BAjdY=</latexit> →

<latexit sha1_base64="5YVyW1PiiBPc4yVboL2/a5nHqg4=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1WXRTZcV7AOaECbTaTt0HmFmIpaQX3HjQhG3/og7/8Zpm4W2HrhwOOde7r0nThjVxvO+ndLG5tb2Tnm3srd/cHjkHle7WqYKkw6WTKp+jDRhVJCOoYaRfqII4jEjvXh6N/d7j0RpKsWDmSUk5Ggs6IhiZKwUudUswIjBVh5lgeJQpiaP3JpX9xaA68QvSA0UaEfuVzCUOOVEGMyQ1gPfS0yYIWUoZiSvBKkmCcJTNCYDSwXiRIfZ4vYcnltlCEdS2RIGLtTfExniWs94bDs5MhO96s3F/7xBakY3YUZFkhoi8HLRKGXQSDgPAg6pItiwmSUIK2pvhXiCFMLGxlWxIfirL6+T7mXdb9Qb91e15m0RRxmcgjNwAXxwDZqgBdqgAzB4As/gFbw5ufPivDsfy9aSU8ycgD9wPn8A53OUYA==</latexit>

Hout

• understand the conditions of       , which must be satisfied in any quantum theories.

<latexit sha1_base64="Bxk7GIPJbFEuxFw9GnMFHKbbiGM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3qLYB6YLGF20kmGzM4uM7NiWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffESleSTvzThGP6QDyfucUWOlh7TDqCC3k+5Tt1hyy+4MZJl4GSlBhlq3+NXpRSwJURomqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqWShqj9dHbxhJxYpUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+mnXMaJQcnmi/qJICYi0/dJjytkRowtoUxxeythQ6ooMzakgg3BW3x5mTTOyl6lXLk7L1WvsjjycATHcAoeXEAVbqAGdWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gBGrpCt</latexit>Ix

<latexit sha1_base64="Bxk7GIPJbFEuxFw9GnMFHKbbiGM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3qLYB6YLGF20kmGzM4uM7NiWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffESleSTvzThGP6QDyfucUWOlh7TDqCC3k+5Tt1hyy+4MZJl4GSlBhlq3+NXpRSwJURomqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqWShqj9dHbxhJxYpUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+mnXMaJQcnmi/qJICYi0/dJjytkRowtoUxxeythQ6ooMzakgg3BW3x5mTTOyl6lXLk7L1WvsjjycATHcAoeXEAVbqAGdWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gBGrpCt</latexit>Ix
<latexit sha1_base64="G60T4ouz5kZRbOYmKM68M+ZvrSc=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGK/YA2lM120y7dZMPuRCmhP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bRqWa8QZTUul2QA2XIuYNFCh5O9GcRoHkrWB0M/Vbj1wboeIHHCfcj+ggFqFgFK3U6d6LwRCp1uqpVyq7FXcGsky8nJQhR71X+ur2FUsjHiOT1JiO5yboZ1SjYJJPit3U8ISyER3wjqUxjbjxs9nJE3JqlT4JlbYVI5mpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMxEmKPGbzRWEqCSoy/Z/0heYM5dgSyrSwtxI2pJoytCkVbQje4svLpHle8aqV6t1FuXadx1GAYziBM/DgEmpwC3VoAAMFz/AKbw46L8678zFvXXHymSP4A+fzB5StkXg=</latexit>→ If one of the conditions is violated, QM will be falsified!

• through       , we can calculate the output  for any input  , meaning      is the theory itself!  ρx
out ρin

<latexit sha1_base64="Bxk7GIPJbFEuxFw9GnMFHKbbiGM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3qLYB6YLGF20kmGzM4uM7NiWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffESleSTvzThGP6QDyfucUWOlh7TDqCC3k+5Tt1hyy+4MZJl4GSlBhlq3+NXpRSwJURomqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqWShqj9dHbxhJxYpUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+mnXMaJQcnmi/qJICYi0/dJjytkRowtoUxxeythQ6ooMzakgg3BW3x5mTTOyl6lXLk7L1WvsjjycATHcAoeXEAVbqAGdWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gBGrpCt</latexit>Ix
<latexit sha1_base64="Bxk7GIPJbFEuxFw9GnMFHKbbiGM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3qLYB6YLGF20kmGzM4uM7NiWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffESleSTvzThGP6QDyfucUWOlh7TDqCC3k+5Tt1hyy+4MZJl4GSlBhlq3+NXpRSwJURomqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqWShqj9dHbxhJxYpUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+mnXMaJQcnmi/qJICYi0/dJjytkRowtoUxxeythQ6ooMzakgg3BW3x5mTTOyl6lXLk7L1WvsjjycATHcAoeXEAVbqAGdWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gBGrpCt</latexit>Ix

<latexit sha1_base64="fmQZds9VVowjWuvSrChr6rVt3zU="></latexit>

Ix(ωin) = ωxout

collision = unitary time evolution by ̂S

• observe the  final state in a certain momentum region,  tt̄ x measurement
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<latexit sha1_base64="QhaWXmnGoOlgmZu6DZZxvnONEzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVqqNq3LtNo+jAKdwBhfgwTXU4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A47uNAw==</latexit>

t

<latexit sha1_base64="LvKNrtmrN5M5xsPQphvETLf3Lnk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3btJht2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqGZVqxptMSaU7ATVcipg3UaDknURzGgWSt4Px7cxvP3FthIofcJJwP6LDWISCUbRSqxdQTbBfrrhVdw6ySrycVCBHo1/+6g0USyMeI5PUmK7nJuhnVKNgkk9LvdTwhLIxHfKupTGNuPGz+bVTcmaVAQmVthUjmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UzESYo8ZotFYSoJKjJ7nQyE5gzlxBLKtLC3EjaimjK0AZVsCN7yy6ukdVH1atXa/WWlfpPHUYQTOIVz8OAK6nAHDWgCg0d4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/Mj6O5g==</latexit>

t̄
<latexit sha1_base64="/Zn7JXPfx9QLR/mR6vUf4ryNJ7g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXiMaB6QrGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzDhGP6QDyfucUWOle3w86xZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGedmrlCt3F6XqdRZHHo7gGE7Bg0uowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8A6qyNkw==</latexit>

e�

<latexit sha1_base64="37IrB7Gp1ZV6Nc/lKF++tA1A6GM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevEY0TwgWcPspJMMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGN1O/+YRK80g+mHGMfkgHkvc5o8ZK9/h41i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaN87JXKVfuLkrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4A56SNkQ==</latexit>

e+
<latexit sha1_base64="6UGmWcx1mQ/HdtxKe0H2sl3iEYg=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4KpkiY7srunFZwT6gM5RMmmlDM8mYZApl6He4caGIWz/GnX9jpq2gogcuHM65l3vvCRPOtEHowymsrW9sbhW3Szu7e/sH5cOjjpapIrRNJJeqF2JNORO0bZjhtJcoiuOQ0244uc797pQqzaS4M7OEBjEeCRYxgo2VAl+N5SDzVQyZmA/KFVRFFp4Hc+LWkWtJo1Gv1RrQXVgIVcAKrUH53R9KksZUGMKx1n0XJSbIsDKMcDov+ammCSYTPKJ9SwWOqQ6yxdFzeGaVIYyksiUMXKjfJzIcaz2LQ9sZYzPWv71c/MvrpyaqBxkTSWqoIMtFUcqhkTBPAA6ZosTwmSWYKGZvhWSMFSbG5lSyIXx9Cv8nnVrV9are7UWlebWKowhOwCk4By64BE1wA1qgDQi4Bw/gCTw7U+fReXFel60FZzVzDH7AefsEP+qScg==</latexit>⇢in

<latexit sha1_base64="ZiLiVpzegV/blguQSiBUx4rBYYQ=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKqRpTeuu6MZlBfuAtobJdNoOnWTCzERaQn7FjQtF3Poj7vwbJ20FFT1w4XDOvdx7jx8xKpVtfxi5tfWNza38dmFnd2//wDwstiWPBSYtzBkXXR9JwmhIWooqRrqRICjwGen406vM79wTISkPb9U8IoMAjUM6ohgpLXlmsS8m3EuSvgggj1Wa3s08s2RbF3XXOXegbdl2zam4GXFqVacCy1rJUAIrND3zvT/kOA5IqDBDUvbKdqQGCRKKYkbSQj+WJEJ4isakp2mIAiIHyeL2FJ5qZQhHXOgKFVyo3ycSFEg5D3zdGSA1kb+9TPzL68VqVB8kNIxiRUK8XDSKGVQcZkHAIRUEKzbXBGFB9a0QT5BAWOm4CjqEr0/h/6TtWGXXcm+qpcblKo48OAYn4AyUQQ00wDVoghbAYAYewBN4NlLj0XgxXpetOWM1cwR+wHj7BBwZlSs=</latexit>

⇢xout

• collide  with a certain initial spin sate,  e+e− ρin

• reconstruct the  spin state tt̄ ρx
out

What we do:

Mathematical formulation:

• for each , the above procedure defines a function (or a map),      , that takes  to x ρin ρx
out

<latexit sha1_base64="E5IuMEXGjIvWtTDriJgFAXtLpXE=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwVBKR6rHopccK9gPaEDbbTbt0swm7G6XE/BQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvSDhT2nG+rbX1jc2t7dJOeXdv/+DQrhx1VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbmd+94FKxWJxr6cJ9SI8EixkBGsj+XYlGxDMUTP3s4GMEBO5b1edmjMHWiVuQapQoOXbX4NhTNKICk04VqrvOon2Miw1I5zm5UGqaILJBI9o31CBI6q8bH56js6MMkRhLE0Jjebq74kMR0pNo8B0RliP1bI3E//z+qkOr72MiSTVVJDFojDlSMdolgMaMkmJ5lNDMJHM3IrIGEtMtEmrbEJwl19eJZ2Lmluv1e8uq42bIo4SnMApnIMLV9CAJrSgDQQe4Rle4c16sl6sd+tj0bpmFTPH8AfW5w/4MZPV</latexit>

Hin

<latexit sha1_base64="CEeGclpPYQjyziNY+OLdW2gA9Pw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00OOyX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWqtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1BAjdY=</latexit> → <latexit sha1_base64="CEeGclpPYQjyziNY+OLdW2gA9Pw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00OOyX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWqtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1BAjdY=</latexit> →

<latexit sha1_base64="5YVyW1PiiBPc4yVboL2/a5nHqg4=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1WXRTZcV7AOaECbTaTt0HmFmIpaQX3HjQhG3/og7/8Zpm4W2HrhwOOde7r0nThjVxvO+ndLG5tb2Tnm3srd/cHjkHle7WqYKkw6WTKp+jDRhVJCOoYaRfqII4jEjvXh6N/d7j0RpKsWDmSUk5Ggs6IhiZKwUudUswIjBVh5lgeJQpiaP3JpX9xaA68QvSA0UaEfuVzCUOOVEGMyQ1gPfS0yYIWUoZiSvBKkmCcJTNCYDSwXiRIfZ4vYcnltlCEdS2RIGLtTfExniWs94bDs5MhO96s3F/7xBakY3YUZFkhoi8HLRKGXQSDgPAg6pItiwmSUIK2pvhXiCFMLGxlWxIfirL6+T7mXdb9Qb91e15m0RRxmcgjNwAXxwDZqgBdqgAzB4As/gFbw5ufPivDsfy9aSU8ycgD9wPn8A53OUYA==</latexit>

Hout

• understand the conditions of       , which must be satisfied in any quantum theories.

<latexit sha1_base64="Bxk7GIPJbFEuxFw9GnMFHKbbiGM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3qLYB6YLGF20kmGzM4uM7NiWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffESleSTvzThGP6QDyfucUWOlh7TDqCC3k+5Tt1hyy+4MZJl4GSlBhlq3+NXpRSwJURomqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqWShqj9dHbxhJxYpUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+mnXMaJQcnmi/qJICYi0/dJjytkRowtoUxxeythQ6ooMzakgg3BW3x5mTTOyl6lXLk7L1WvsjjycATHcAoeXEAVbqAGdWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gBGrpCt</latexit>Ix

<latexit sha1_base64="Bxk7GIPJbFEuxFw9GnMFHKbbiGM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3qLYB6YLGF20kmGzM4uM7NiWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffESleSTvzThGP6QDyfucUWOlh7TDqCC3k+5Tt1hyy+4MZJl4GSlBhlq3+NXpRSwJURomqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqWShqj9dHbxhJxYpUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+mnXMaJQcnmi/qJICYi0/dJjytkRowtoUxxeythQ6ooMzakgg3BW3x5mTTOyl6lXLk7L1WvsjjycATHcAoeXEAVbqAGdWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gBGrpCt</latexit>Ix
<latexit sha1_base64="G60T4ouz5kZRbOYmKM68M+ZvrSc=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGK/YA2lM120y7dZMPuRCmhP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bRqWa8QZTUul2QA2XIuYNFCh5O9GcRoHkrWB0M/Vbj1wboeIHHCfcj+ggFqFgFK3U6d6LwRCp1uqpVyq7FXcGsky8nJQhR71X+ur2FUsjHiOT1JiO5yboZ1SjYJJPit3U8ISyER3wjqUxjbjxs9nJE3JqlT4JlbYVI5mpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMxEmKPGbzRWEqCSoy/Z/0heYM5dgSyrSwtxI2pJoytCkVbQje4svLpHle8aqV6t1FuXadx1GAYziBM/DgEmpwC3VoAAMFz/AKbw46L8678zFvXXHymSP4A+fzB5StkXg=</latexit>→ If one of the conditions is violated, QM will be falsified!

<latexit sha1_base64="Bxk7GIPJbFEuxFw9GnMFHKbbiGM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3qLYB6YLGF20kmGzM4uM7NiWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffESleSTvzThGP6QDyfucUWOlh7TDqCC3k+5Tt1hyy+4MZJl4GSlBhlq3+NXpRSwJURomqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqWShqj9dHbxhJxYpUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+mnXMaJQcnmi/qJICYi0/dJjytkRowtoUxxeythQ6ooMzakgg3BW3x5mTTOyl6lXLk7L1WvsjjycATHcAoeXEAVbqAGdWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gBGrpCt</latexit>Ix

<latexit sha1_base64="fmQZds9VVowjWuvSrChr6rVt3zU="></latexit>

Ix(ωin) = ωxout

collision = unitary time evolution by ̂S

• observe the  final state in a certain momentum region,  tt̄ x measurement

• through       , we can calculate the output  for any input  , meaning      is the theory itself!  ρx
out ρin

<latexit sha1_base64="Bxk7GIPJbFEuxFw9GnMFHKbbiGM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3qLYB6YLGF20kmGzM4uM7NiWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffESleSTvzThGP6QDyfucUWOlh7TDqCC3k+5Tt1hyy+4MZJl4GSlBhlq3+NXpRSwJURomqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqWShqj9dHbxhJxYpUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+mnXMaJQcnmi/qJICYi0/dJjytkRowtoUxxeythQ6ooMzakgg3BW3x5mTTOyl6lXLk7L1WvsjjycATHcAoeXEAVbqAGdWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gBGrpCt</latexit>Ix
<latexit sha1_base64="Bxk7GIPJbFEuxFw9GnMFHKbbiGM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3qLYB6YLGF20kmGzM4uM7NiWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffESleSTvzThGP6QDyfucUWOlh7TDqCC3k+5Tt1hyy+4MZJl4GSlBhlq3+NXpRSwJURomqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqWShqj9dHbxhJxYpUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+mnXMaJQcnmi/qJICYi0/dJjytkRowtoUxxeythQ6ooMzakgg3BW3x5mTTOyl6lXLk7L1WvsjjycATHcAoeXEAVbqAGdWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gBGrpCt</latexit>Ix

• directly reconstruct       using polarised lepton colliders   “direct reconstruction of the theory”!⇒
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<latexit sha1_base64="QhaWXmnGoOlgmZu6DZZxvnONEzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVqqNq3LtNo+jAKdwBhfgwTXU4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A47uNAw==</latexit>

t

<latexit sha1_base64="LvKNrtmrN5M5xsPQphvETLf3Lnk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3btJht2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqGZVqxptMSaU7ATVcipg3UaDknURzGgWSt4Px7cxvP3FthIofcJJwP6LDWISCUbRSqxdQTbBfrrhVdw6ySrycVCBHo1/+6g0USyMeI5PUmK7nJuhnVKNgkk9LvdTwhLIxHfKupTGNuPGz+bVTcmaVAQmVthUjmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UzESYo8ZotFYSoJKjJ7nQyE5gzlxBLKtLC3EjaimjK0AZVsCN7yy6ukdVH1atXa/WWlfpPHUYQTOIVz8OAK6nAHDWgCg0d4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/Mj6O5g==</latexit>

t̄
<latexit sha1_base64="/Zn7JXPfx9QLR/mR6vUf4ryNJ7g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXiMaB6QrGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzDhGP6QDyfucUWOle3w86xZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGedmrlCt3F6XqdRZHHo7gGE7Bg0uowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8A6qyNkw==</latexit>

e�

<latexit sha1_base64="37IrB7Gp1ZV6Nc/lKF++tA1A6GM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevEY0TwgWcPspJMMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGN1O/+YRK80g+mHGMfkgHkvc5o8ZK9/h41i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaN87JXKVfuLkrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4A56SNkQ==</latexit>

e+
<latexit sha1_base64="6UGmWcx1mQ/HdtxKe0H2sl3iEYg=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4KpkiY7srunFZwT6gM5RMmmlDM8mYZApl6He4caGIWz/GnX9jpq2gogcuHM65l3vvCRPOtEHowymsrW9sbhW3Szu7e/sH5cOjjpapIrRNJJeqF2JNORO0bZjhtJcoiuOQ0244uc797pQqzaS4M7OEBjEeCRYxgo2VAl+N5SDzVQyZmA/KFVRFFp4Hc+LWkWtJo1Gv1RrQXVgIVcAKrUH53R9KksZUGMKx1n0XJSbIsDKMcDov+ammCSYTPKJ9SwWOqQ6yxdFzeGaVIYyksiUMXKjfJzIcaz2LQ9sZYzPWv71c/MvrpyaqBxkTSWqoIMtFUcqhkTBPAA6ZosTwmSWYKGZvhWSMFSbG5lSyIXx9Cv8nnVrV9are7UWlebWKowhOwCk4By64BE1wA1qgDQi4Bw/gCTw7U+fReXFel60FZzVzDH7AefsEP+qScg==</latexit>⇢in

<latexit sha1_base64="ZiLiVpzegV/blguQSiBUx4rBYYQ=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKqRpTeuu6MZlBfuAtobJdNoOnWTCzERaQn7FjQtF3Poj7vwbJ20FFT1w4XDOvdx7jx8xKpVtfxi5tfWNza38dmFnd2//wDwstiWPBSYtzBkXXR9JwmhIWooqRrqRICjwGen406vM79wTISkPb9U8IoMAjUM6ohgpLXlmsS8m3EuSvgggj1Wa3s08s2RbF3XXOXegbdl2zam4GXFqVacCy1rJUAIrND3zvT/kOA5IqDBDUvbKdqQGCRKKYkbSQj+WJEJ4isakp2mIAiIHyeL2FJ5qZQhHXOgKFVyo3ycSFEg5D3zdGSA1kb+9TPzL68VqVB8kNIxiRUK8XDSKGVQcZkHAIRUEKzbXBGFB9a0QT5BAWOm4CjqEr0/h/6TtWGXXcm+qpcblKo48OAYn4AyUQQ00wDVoghbAYAYewBN4NlLj0XgxXpetOWM1cwR+wHj7BBwZlSs=</latexit>

⇢xout

• collide  with a certain initial spin sate,  e+e− ρin

• observe the  final state in a certain momentum region,  tt̄ x

• reconstruct the  spin state tt̄ ρx
out

measurement

What we do:

Mathematical formulation:

• for each , the above procedure defines a function (or a map),      , that takes  to x ρin ρx
out

<latexit sha1_base64="E5IuMEXGjIvWtTDriJgFAXtLpXE=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwVBKR6rHopccK9gPaEDbbTbt0swm7G6XE/BQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvSDhT2nG+rbX1jc2t7dJOeXdv/+DQrhx1VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbmd+94FKxWJxr6cJ9SI8EixkBGsj+XYlGxDMUTP3s4GMEBO5b1edmjMHWiVuQapQoOXbX4NhTNKICk04VqrvOon2Miw1I5zm5UGqaILJBI9o31CBI6q8bH56js6MMkRhLE0Jjebq74kMR0pNo8B0RliP1bI3E//z+qkOr72MiSTVVJDFojDlSMdolgMaMkmJ5lNDMJHM3IrIGEtMtEmrbEJwl19eJZ2Lmluv1e8uq42bIo4SnMApnIMLV9CAJrSgDQQe4Rle4c16sl6sd+tj0bpmFTPH8AfW5w/4MZPV</latexit>

Hin

<latexit sha1_base64="CEeGclpPYQjyziNY+OLdW2gA9Pw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00OOyX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWqtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1BAjdY=</latexit> → <latexit sha1_base64="CEeGclpPYQjyziNY+OLdW2gA9Pw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00OOyX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWqtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1BAjdY=</latexit> →

<latexit sha1_base64="5YVyW1PiiBPc4yVboL2/a5nHqg4=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1WXRTZcV7AOaECbTaTt0HmFmIpaQX3HjQhG3/og7/8Zpm4W2HrhwOOde7r0nThjVxvO+ndLG5tb2Tnm3srd/cHjkHle7WqYKkw6WTKp+jDRhVJCOoYaRfqII4jEjvXh6N/d7j0RpKsWDmSUk5Ggs6IhiZKwUudUswIjBVh5lgeJQpiaP3JpX9xaA68QvSA0UaEfuVzCUOOVEGMyQ1gPfS0yYIWUoZiSvBKkmCcJTNCYDSwXiRIfZ4vYcnltlCEdS2RIGLtTfExniWs94bDs5MhO96s3F/7xBakY3YUZFkhoi8HLRKGXQSDgPAg6pItiwmSUIK2pvhXiCFMLGxlWxIfirL6+T7mXdb9Qb91e15m0RRxmcgjNwAXxwDZqgBdqgAzB4As/gFbw5ufPivDsfy9aSU8ycgD9wPn8A53OUYA==</latexit>

Hout

• understand the conditions of       , which must be satisfied in any quantum theories.

<latexit sha1_base64="Bxk7GIPJbFEuxFw9GnMFHKbbiGM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3qLYB6YLGF20kmGzM4uM7NiWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffESleSTvzThGP6QDyfucUWOlh7TDqCC3k+5Tt1hyy+4MZJl4GSlBhlq3+NXpRSwJURomqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqWShqj9dHbxhJxYpUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+mnXMaJQcnmi/qJICYi0/dJjytkRowtoUxxeythQ6ooMzakgg3BW3x5mTTOyl6lXLk7L1WvsjjycATHcAoeXEAVbqAGdWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gBGrpCt</latexit>Ix

<latexit sha1_base64="Bxk7GIPJbFEuxFw9GnMFHKbbiGM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3qLYB6YLGF20kmGzM4uM7NiWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffESleSTvzThGP6QDyfucUWOlh7TDqCC3k+5Tt1hyy+4MZJl4GSlBhlq3+NXpRSwJURomqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqWShqj9dHbxhJxYpUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+mnXMaJQcnmi/qJICYi0/dJjytkRowtoUxxeythQ6ooMzakgg3BW3x5mTTOyl6lXLk7L1WvsjjycATHcAoeXEAVbqAGdWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gBGrpCt</latexit>Ix
<latexit sha1_base64="G60T4ouz5kZRbOYmKM68M+ZvrSc=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGK/YA2lM120y7dZMPuRCmhP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bRqWa8QZTUul2QA2XIuYNFCh5O9GcRoHkrWB0M/Vbj1wboeIHHCfcj+ggFqFgFK3U6d6LwRCp1uqpVyq7FXcGsky8nJQhR71X+ur2FUsjHiOT1JiO5yboZ1SjYJJPit3U8ISyER3wjqUxjbjxs9nJE3JqlT4JlbYVI5mpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMxEmKPGbzRWEqCSoy/Z/0heYM5dgSyrSwtxI2pJoytCkVbQje4svLpHle8aqV6t1FuXadx1GAYziBM/DgEmpwC3VoAAMFz/AKbw46L8678zFvXXHymSP4A+fzB5StkXg=</latexit>→ If one of the conditions is violated, QM will be falsified!

• directly reconstruct       using polarised lepton colliders   “direct reconstruction of the theory”!⇒
<latexit sha1_base64="Bxk7GIPJbFEuxFw9GnMFHKbbiGM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3qLYB6YLGF20kmGzM4uM7NiWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffESleSTvzThGP6QDyfucUWOlh7TDqCC3k+5Tt1hyy+4MZJl4GSlBhlq3+NXpRSwJURomqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqWShqj9dHbxhJxYpUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+mnXMaJQcnmi/qJICYi0/dJjytkRowtoUxxeythQ6ooMzakgg3BW3x5mTTOyl6lXLk7L1WvsjjycATHcAoeXEAVbqAGdWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gBGrpCt</latexit>Ix

• provides a new framework for the SM test, as well as the test of the QM itself!

<latexit sha1_base64="fmQZds9VVowjWuvSrChr6rVt3zU="></latexit>

Ix(ωin) = ωxout

collision = unitary time evolution by ̂S

• through       , we can calculate the output  for any input  , meaning      is the theory itself!  ρx
out ρin

<latexit sha1_base64="Bxk7GIPJbFEuxFw9GnMFHKbbiGM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3qLYB6YLGF20kmGzM4uM7NiWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffESleSTvzThGP6QDyfucUWOlh7TDqCC3k+5Tt1hyy+4MZJl4GSlBhlq3+NXpRSwJURomqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqWShqj9dHbxhJxYpUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+mnXMaJQcnmi/qJICYi0/dJjytkRowtoUxxeythQ6ooMzakgg3BW3x5mTTOyl6lXLk7L1WvsjjycATHcAoeXEAVbqAGdWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gBGrpCt</latexit>Ix
<latexit sha1_base64="Bxk7GIPJbFEuxFw9GnMFHKbbiGM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3qLYB6YLGF20kmGzM4uM7NiWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffESleSTvzThGP6QDyfucUWOlh7TDqCC3k+5Tt1hyy+4MZJl4GSlBhlq3+NXpRSwJURomqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqWShqj9dHbxhJxYpUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+mnXMaJQcnmi/qJICYi0/dJjytkRowtoUxxeythQ6ooMzakgg3BW3x5mTTOyl6lXLk7L1WvsjjycATHcAoeXEAVbqAGdWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gBGrpCt</latexit>Ix
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<latexit sha1_base64="QhaWXmnGoOlgmZu6DZZxvnONEzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVqqNq3LtNo+jAKdwBhfgwTXU4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A47uNAw==</latexit>

t

<latexit sha1_base64="LvKNrtmrN5M5xsPQphvETLf3Lnk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3btJht2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqGZVqxptMSaU7ATVcipg3UaDknURzGgWSt4Px7cxvP3FthIofcJJwP6LDWISCUbRSqxdQTbBfrrhVdw6ySrycVCBHo1/+6g0USyMeI5PUmK7nJuhnVKNgkk9LvdTwhLIxHfKupTGNuPGz+bVTcmaVAQmVthUjmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UzESYo8ZotFYSoJKjJ7nQyE5gzlxBLKtLC3EjaimjK0AZVsCN7yy6ukdVH1atXa/WWlfpPHUYQTOIVz8OAK6nAHDWgCg0d4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/Mj6O5g==</latexit>

t̄
<latexit sha1_base64="/Zn7JXPfx9QLR/mR6vUf4ryNJ7g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXiMaB6QrGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzDhGP6QDyfucUWOle3w86xZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9K/8lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5PGedmrlCt3F6XqdRZHHo7gGE7Bg0uowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8A6qyNkw==</latexit>

e�

<latexit sha1_base64="37IrB7Gp1ZV6Nc/lKF++tA1A6GM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevEY0TwgWcPspJMMmZ1dZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGN1O/+YRK80g+mHGMfkgHkvc5o8ZK9/h41i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaN87JXKVfuLkrV6yyOPBzBMZyCB5dQhVuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4A56SNkQ==</latexit>

e+
<latexit sha1_base64="6UGmWcx1mQ/HdtxKe0H2sl3iEYg=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4KpkiY7srunFZwT6gM5RMmmlDM8mYZApl6He4caGIWz/GnX9jpq2gogcuHM65l3vvCRPOtEHowymsrW9sbhW3Szu7e/sH5cOjjpapIrRNJJeqF2JNORO0bZjhtJcoiuOQ0244uc797pQqzaS4M7OEBjEeCRYxgo2VAl+N5SDzVQyZmA/KFVRFFp4Hc+LWkWtJo1Gv1RrQXVgIVcAKrUH53R9KksZUGMKx1n0XJSbIsDKMcDov+ammCSYTPKJ9SwWOqQ6yxdFzeGaVIYyksiUMXKjfJzIcaz2LQ9sZYzPWv71c/MvrpyaqBxkTSWqoIMtFUcqhkTBPAA6ZosTwmSWYKGZvhWSMFSbG5lSyIXx9Cv8nnVrV9are7UWlebWKowhOwCk4By64BE1wA1qgDQi4Bw/gCTw7U+fReXFel60FZzVzDH7AefsEP+qScg==</latexit>⇢in

<latexit sha1_base64="ZiLiVpzegV/blguQSiBUx4rBYYQ=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovgKqRpTeuu6MZlBfuAtobJdNoOnWTCzERaQn7FjQtF3Poj7vwbJ20FFT1w4XDOvdx7jx8xKpVtfxi5tfWNza38dmFnd2//wDwstiWPBSYtzBkXXR9JwmhIWooqRrqRICjwGen406vM79wTISkPb9U8IoMAjUM6ohgpLXlmsS8m3EuSvgggj1Wa3s08s2RbF3XXOXegbdl2zam4GXFqVacCy1rJUAIrND3zvT/kOA5IqDBDUvbKdqQGCRKKYkbSQj+WJEJ4isakp2mIAiIHyeL2FJ5qZQhHXOgKFVyo3ycSFEg5D3zdGSA1kb+9TPzL68VqVB8kNIxiRUK8XDSKGVQcZkHAIRUEKzbXBGFB9a0QT5BAWOm4CjqEr0/h/6TtWGXXcm+qpcblKo48OAYn4AyUQQ00wDVoghbAYAYewBN4NlLj0XgxXpetOWM1cwR+wHj7BBwZlSs=</latexit>

⇢xout

• collide  with a certain initial spin sate,  e+e− ρin

• observe the  final state in a certain momentum region,  tt̄ x

• reconstruct the  spin state tt̄ ρx
out

measurement

What we do:

Mathematical formulation:

• for each , the above procedure defines a function (or a map),      , that takes  to x ρin ρx
out

<latexit sha1_base64="E5IuMEXGjIvWtTDriJgFAXtLpXE=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwVBKR6rHopccK9gPaEDbbTbt0swm7G6XE/BQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvSDhT2nG+rbX1jc2t7dJOeXdv/+DQrhx1VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbmd+94FKxWJxr6cJ9SI8EixkBGsj+XYlGxDMUTP3s4GMEBO5b1edmjMHWiVuQapQoOXbX4NhTNKICk04VqrvOon2Miw1I5zm5UGqaILJBI9o31CBI6q8bH56js6MMkRhLE0Jjebq74kMR0pNo8B0RliP1bI3E//z+qkOr72MiSTVVJDFojDlSMdolgMaMkmJ5lNDMJHM3IrIGEtMtEmrbEJwl19eJZ2Lmluv1e8uq42bIo4SnMApnIMLV9CAJrSgDQQe4Rle4c16sl6sd+tj0bpmFTPH8AfW5w/4MZPV</latexit>

Hin

<latexit sha1_base64="CEeGclpPYQjyziNY+OLdW2gA9Pw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00OOyX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWqtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1BAjdY=</latexit> → <latexit sha1_base64="CEeGclpPYQjyziNY+OLdW2gA9Pw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00OOyX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6tWqtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP1BAjdY=</latexit> →

<latexit sha1_base64="5YVyW1PiiBPc4yVboL2/a5nHqg4=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1WXRTZcV7AOaECbTaTt0HmFmIpaQX3HjQhG3/og7/8Zpm4W2HrhwOOde7r0nThjVxvO+ndLG5tb2Tnm3srd/cHjkHle7WqYKkw6WTKp+jDRhVJCOoYaRfqII4jEjvXh6N/d7j0RpKsWDmSUk5Ggs6IhiZKwUudUswIjBVh5lgeJQpiaP3JpX9xaA68QvSA0UaEfuVzCUOOVEGMyQ1gPfS0yYIWUoZiSvBKkmCcJTNCYDSwXiRIfZ4vYcnltlCEdS2RIGLtTfExniWs94bDs5MhO96s3F/7xBakY3YUZFkhoi8HLRKGXQSDgPAg6pItiwmSUIK2pvhXiCFMLGxlWxIfirL6+T7mXdb9Qb91e15m0RRxmcgjNwAXxwDZqgBdqgAzB4As/gFbw5ufPivDsfy9aSU8ycgD9wPn8A53OUYA==</latexit>

Hout

• understand the conditions of       , which must be satisfied in any quantum theories.

<latexit sha1_base64="Bxk7GIPJbFEuxFw9GnMFHKbbiGM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3qLYB6YLGF20kmGzM4uM7NiWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffESleSTvzThGP6QDyfucUWOlh7TDqCC3k+5Tt1hyy+4MZJl4GSlBhlq3+NXpRSwJURomqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqWShqj9dHbxhJxYpUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+mnXMaJQcnmi/qJICYi0/dJjytkRowtoUxxeythQ6ooMzakgg3BW3x5mTTOyl6lXLk7L1WvsjjycATHcAoeXEAVbqAGdWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gBGrpCt</latexit>Ix

<latexit sha1_base64="Bxk7GIPJbFEuxFw9GnMFHKbbiGM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3qLYB6YLGF20kmGzM4uM7NiWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffESleSTvzThGP6QDyfucUWOlh7TDqCC3k+5Tt1hyy+4MZJl4GSlBhlq3+NXpRSwJURomqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqWShqj9dHbxhJxYpUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+mnXMaJQcnmi/qJICYi0/dJjytkRowtoUxxeythQ6ooMzakgg3BW3x5mTTOyl6lXLk7L1WvsjjycATHcAoeXEAVbqAGdWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gBGrpCt</latexit>Ix
<latexit sha1_base64="G60T4ouz5kZRbOYmKM68M+ZvrSc=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGK/YA2lM120y7dZMPuRCmhP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bRqWa8QZTUul2QA2XIuYNFCh5O9GcRoHkrWB0M/Vbj1wboeIHHCfcj+ggFqFgFK3U6d6LwRCp1uqpVyq7FXcGsky8nJQhR71X+ur2FUsjHiOT1JiO5yboZ1SjYJJPit3U8ISyER3wjqUxjbjxs9nJE3JqlT4JlbYVI5mpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMxEmKPGbzRWEqCSoy/Z/0heYM5dgSyrSwtxI2pJoytCkVbQje4svLpHle8aqV6t1FuXadx1GAYziBM/DgEmpwC3VoAAMFz/AKbw46L8678zFvXXHymSP4A+fzB5StkXg=</latexit>→ If one of the conditions is violated, QM will be falsified!

• directly reconstruct       using polarised lepton colliders   “direct reconstruction of the theory”!⇒
<latexit sha1_base64="Bxk7GIPJbFEuxFw9GnMFHKbbiGM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3qLYB6YLGF20kmGzM4uM7NiWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffESleSTvzThGP6QDyfucUWOlh7TDqCC3k+5Tt1hyy+4MZJl4GSlBhlq3+NXpRSwJURomqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqWShqj9dHbxhJxYpUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+mnXMaJQcnmi/qJICYi0/dJjytkRowtoUxxeythQ6ooMzakgg3BW3x5mTTOyl6lXLk7L1WvsjjycATHcAoeXEAVbqAGdWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gBGrpCt</latexit>Ix

• provides a new framework for the SM test, as well as the test of the QM itself!

<latexit sha1_base64="fmQZds9VVowjWuvSrChr6rVt3zU="></latexit>

Ix(ωin) = ωxout

collision = unitary time evolution by ̂S

• through       , we can calculate the output  for any input  , meaning      is the theory itself!  ρx
out ρin

<latexit sha1_base64="Bxk7GIPJbFEuxFw9GnMFHKbbiGM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3qLYB6YLGF20kmGzM4uM7NiWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffESleSTvzThGP6QDyfucUWOlh7TDqCC3k+5Tt1hyy+4MZJl4GSlBhlq3+NXpRSwJURomqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqWShqj9dHbxhJxYpUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+mnXMaJQcnmi/qJICYi0/dJjytkRowtoUxxeythQ6ooMzakgg3BW3x5mTTOyl6lXLk7L1WvsjjycATHcAoeXEAVbqAGdWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gBGrpCt</latexit>Ix
<latexit sha1_base64="Bxk7GIPJbFEuxFw9GnMFHKbbiGM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL3qLYB6YLGF20kmGzM4uM7NiWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAaj66nffESleSTvzThGP6QDyfucUWOlh7TDqCC3k+5Tt1hyy+4MZJl4GSlBhlq3+NXpRSwJURomqNZtz42Nn1JlOBM4KXQSjTFlIzrAtqWShqj9dHbxhJxYpUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+mnXMaJQcnmi/qJICYi0/dJjytkRowtoUxxeythQ6ooMzakgg3BW3x5mTTOyl6lXLk7L1WvsjjycATHcAoeXEAVbqAGdWAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gBGrpCt</latexit>Ix
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<latexit sha1_base64="20KbOWfHJOsiL/Go7sdcFjHUJJY=">AAACCnicbZC7TsMwFIadcivlFmBkMVRIZakShApjBUvHIuhFaqLIcd3WqmNHtoNURZlZeBUWBhBi5QnYeBvcNgO0/JKlT/85R8fnD2NGlXacb6uwsrq2vlHcLG1t7+zu2fsHbSUSiUkLCyZkN0SKMMpJS1PNSDeWBEUhI51wfDOtdx6IVFTwez2JiR+hIacDipE2VmAfe3IkAgd6lMPUw4jBu6wyh0YWpE52Fthlp+rMBJfBzaEMcjUD+8vrC5xEhGvMkFI914m1nyKpKWYkK3mJIjHCYzQkPYMcRUT56eyUDJ4apw8HQprHNZy5vydSFCk1iULTGSE9Uou1qflfrZfowZWfUh4nmnA8XzRIGNQCTnOBfSoJ1mxiAGFJzV8hHiGJsDbplUwI7uLJy9A+r7q1au32oly/zuMogiNwAirABZegDhqgCVoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgj6zPH0fNmWI=</latexit>

⇢0 2 S(H0)

Quantum Instrument
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<latexit sha1_base64="xMtFFUQ/E54raL07LdyOD8thofo=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DEogscI5gHZJcxOepMhs7PLzKwQ1vyGFw+KePVnvPk3Th4HTSxoKKq66e4KU8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZIphg2WiES1Q6pRcIkNw43AdqqQxqHAVji8mfitR1SaJ/LBjFIMYtqXPOKMGiv5Ty7xFZV9gd3bbqnsVtwpyDLx5qQMc9S7pS+/l7AsRmmYoFp3PDc1QU6V4UzguOhnGlPKhrSPHUsljVEH+fTmMTm1So9EibIlDZmqvydyGms9ikPbGVMz0IveRPzP62QmugpyLtPMoGSzRVEmiEnIJADS4wqZESNLKFPc3krYgCrKjI2paEPwFl9eJs3ziletVO8vyrXreRwFOIYTOAMPLqEGd1CHBjBI4Rle4c3JnBfn3fmYta4485kj+APn8wdZ+JFC</latexit>

|0iE
<latexit sha1_base64="1ul/fgyCQo4HCWinLVMcYw14UPI=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi1WNRhB4r2A/oriWbZtvQbLIkWaUs/R9ePCji1f/izX9j2u5BWx8MPN6bYWZemHCmjet+Oyura+sbm4Wt4vbO7t5+6eCwpWWqCG0SyaXqhFhTzgRtGmY47SSK4jjktB2ObqZ++5EqzaS4N+OEBjEeCBYxgo2VHnwmUOYTzFF90rvtlcpuxZ0BLRMvJ2XI0eiVvvy+JGlMhSEca9313MQEGVaGEU4nRT/VNMFkhAe0a6nAMdVBNrt6gk6t0keRVLaEQTP190SGY63HcWg7Y2yGetGbiv953dREV0HGRJIaKsh8UZRyZCSaRoD6TFFi+NgSTBSztyIyxAoTY4Mq2hC8xZeXSeu84lUr1buLcu06j6MAx3ACZ+DBJdSgDg1oAgEFz/AKb86T8+K8Ox/z1hUnnzmCP3A+fwCdO5H0</latexit>

2 HE

<latexit sha1_base64="20KbOWfHJOsiL/Go7sdcFjHUJJY=">AAACCnicbZC7TsMwFIadcivlFmBkMVRIZakShApjBUvHIuhFaqLIcd3WqmNHtoNURZlZeBUWBhBi5QnYeBvcNgO0/JKlT/85R8fnD2NGlXacb6uwsrq2vlHcLG1t7+zu2fsHbSUSiUkLCyZkN0SKMMpJS1PNSDeWBEUhI51wfDOtdx6IVFTwez2JiR+hIacDipE2VmAfe3IkAgd6lMPUw4jBu6wyh0YWpE52Fthlp+rMBJfBzaEMcjUD+8vrC5xEhGvMkFI914m1nyKpKWYkK3mJIjHCYzQkPYMcRUT56eyUDJ4apw8HQprHNZy5vydSFCk1iULTGSE9Uou1qflfrZfowZWfUh4nmnA8XzRIGNQCTnOBfSoJ1mxiAGFJzV8hHiGJsDbplUwI7uLJy9A+r7q1au32oly/zuMogiNwAirABZegDhqgCVoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgj6zPH0fNmWI=</latexit>

⇢0 2 S(H0)

<latexit sha1_base64="RYvPskulY1wjpc6WCSYCtID5hEE=">AAAB+XicbVDLSgMxFM3UV62vUZdugkVwVWZEqsuiG5cV7APaoWTSO21okhmSTKEM/RM3LhRx65+482/MtLPQ1gOBwzn3cG9OmHCmjed9O6WNza3tnfJuZW//4PDIPT5p6zhVFFo05rHqhkQDZxJahhkO3UQBESGHTji5z/3OFJRmsXwyswQCQUaSRYwSY6WB6/aVwCCnTMVSgDR44Fa9mrcAXid+QaqoQHPgfvWHMU3zMOVE657vJSbIiDKMcphX+qmGhNAJGUHPUkkE6CBbXD7HF1YZ4ihW9tnlC/V3IiNC65kI7aQgZqxXvVz8z+ulJroNMiaT1ICky0VRyrGJcV4DHjIF1PCZJYQqZm/FdEwUocaWVbEl+KtfXiftq5pfr9Ufr6uNu6KOMjpD5+gS+egGNdADaqIWomiKntErenMy58V5dz6WoyWnyJyiP3A+fwBmLJOG</latexit>

environment

Quantum Instrument

<latexit sha1_base64="dBr3zsVAEcoMluyMwE2d7apuOe4=">AAACIHicbVDLSgMxFM3UV62vqks3wSK4KjMirRuhKILLCvYBnTJk0rQNzSRDckcobT/Fjb/ixoUiutOvMW1noa0XQg7nnMu994Sx4AZc98vJrKyurW9kN3Nb2zu7e/n9g7pRiaasRpVQuhkSwwSXrAYcBGvGmpEoFKwRDq6neuOBacOVvIdhzNoR6Une5ZSApYJ82QcuOgz7uq8CF1/isWsxkT1hOTH/XTwObrCvgEfMpM4gX3CL7qzwMvBSUEBpVYP8p99RNImYBCqIMS3PjaE9Iho4FWyS8xPDYkIHpMdaFkpiZ7VHswMn+MQyHdxV2j4JeMb+7hiRyJhhFFpnRKBvFrUp+Z/WSqB70R5xGSfAJJ0P6iYCg8LTtHCHa0ZBDC0gVHO7K6Z9ogkFm2nOhuAtnrwM6mdFr1Qs3Z0XKldpHFl0hI7RKfJQGVXQLaqiGqLoET2jV/TmPDkvzrvzMbdmnLTnEP0p5/sH6YShnA==</latexit>

⇢̃0 = |0ih0|E ⌦ ⇢0
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<latexit sha1_base64="BNcnUwGJZ+qeneaMIHG3VTcC6ho=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwVBKR6kUoeumxgmkLTSyb7aZduvlgdyKUkIMX/4oXD4p49Ud489+4bXPQ1gcDj/dmmJnnJ4IrsKxvY2V1bX1js7RV3t7Z3ds3Dw7bKk4lZQ6NRSy7PlFM8Ig5wEGwbiIZCX3BOv74Zup3HphUPI7uYJIwLyTDiAecEtBS36w4+Aqz+4xjN5CEZs08c0c+kTmGvG9WrZo1A14mdkGqqECrb365g5imIYuACqJUz7YS8DIigVPB8rKbKpYQOiZD1tM0IiFTXjZ7IscnWhngIJa6IsAz9fdERkKlJqGvO0MCI7XoTcX/vF4KwaWX8ShJgUV0vihIBYYYTxPBAy4ZBTHRhFDJ9a2YjogOA3RuZR2CvfjyMmmf1ex6rX57Xm1cF3GUUAUdo1NkowvUQE3UQg6i6BE9o1f0ZjwZL8a78TFvXTGKmSP0B8bnD8mAl5c=</latexit>

U = ei
H

~ t

<latexit sha1_base64="xMtFFUQ/E54raL07LdyOD8thofo=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DEogscI5gHZJcxOepMhs7PLzKwQ1vyGFw+KePVnvPk3Th4HTSxoKKq66e4KU8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZIphg2WiES1Q6pRcIkNw43AdqqQxqHAVji8mfitR1SaJ/LBjFIMYtqXPOKMGiv5Ty7xFZV9gd3bbqnsVtwpyDLx5qQMc9S7pS+/l7AsRmmYoFp3PDc1QU6V4UzguOhnGlPKhrSPHUsljVEH+fTmMTm1So9EibIlDZmqvydyGms9ikPbGVMz0IveRPzP62QmugpyLtPMoGSzRVEmiEnIJADS4wqZESNLKFPc3krYgCrKjI2paEPwFl9eJs3ziletVO8vyrXreRwFOIYTOAMPLqEGd1CHBjBI4Rle4c3JnBfn3fmYta4485kj+APn8wdZ+JFC</latexit>

|0iE
<latexit sha1_base64="1ul/fgyCQo4HCWinLVMcYw14UPI=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi1WNRhB4r2A/oriWbZtvQbLIkWaUs/R9ePCji1f/izX9j2u5BWx8MPN6bYWZemHCmjet+Oyura+sbm4Wt4vbO7t5+6eCwpWWqCG0SyaXqhFhTzgRtGmY47SSK4jjktB2ObqZ++5EqzaS4N+OEBjEeCBYxgo2VHnwmUOYTzFF90rvtlcpuxZ0BLRMvJ2XI0eiVvvy+JGlMhSEca9313MQEGVaGEU4nRT/VNMFkhAe0a6nAMdVBNrt6gk6t0keRVLaEQTP190SGY63HcWg7Y2yGetGbiv953dREV0HGRJIaKsh8UZRyZCSaRoD6TFFi+NgSTBSztyIyxAoTY4Mq2hC8xZeXSeu84lUr1buLcu06j6MAx3ACZ+DBJdSgDg1oAgEFz/AKb86T8+K8Ox/z1hUnnzmCP3A+fwCdO5H0</latexit>

2 HE

<latexit sha1_base64="dBr3zsVAEcoMluyMwE2d7apuOe4=">AAACIHicbVDLSgMxFM3UV62vqks3wSK4KjMirRuhKILLCvYBnTJk0rQNzSRDckcobT/Fjb/ixoUiutOvMW1noa0XQg7nnMu994Sx4AZc98vJrKyurW9kN3Nb2zu7e/n9g7pRiaasRpVQuhkSwwSXrAYcBGvGmpEoFKwRDq6neuOBacOVvIdhzNoR6Une5ZSApYJ82QcuOgz7uq8CF1/isWsxkT1hOTH/XTwObrCvgEfMpM4gX3CL7qzwMvBSUEBpVYP8p99RNImYBCqIMS3PjaE9Iho4FWyS8xPDYkIHpMdaFkpiZ7VHswMn+MQyHdxV2j4JeMb+7hiRyJhhFFpnRKBvFrUp+Z/WSqB70R5xGSfAJJ0P6iYCg8LTtHCHa0ZBDC0gVHO7K6Z9ogkFm2nOhuAtnrwM6mdFr1Qs3Z0XKldpHFl0hI7RKfJQGVXQLaqiGqLoET2jV/TmPDkvzrvzMbdmnLTnEP0p5/sH6YShnA==</latexit>

⇢̃0 = |0ih0|E ⌦ ⇢0

<latexit sha1_base64="8NjPNVMvNtQ9/saUIWI0nKkO3mQ=">AAACFHicbVBNS8NAEN3Ur1q/qh69LJaCIJREpHoRil48VjBtoYlls5mmSzcf7G6EEvojvPhXvHhQxKsHb/4bt20OtfXBwOO9GWbmeQlnUpnmj1FYWV1b3yhulra2d3b3yvsHLRmngoJNYx6LjkckcBaBrZji0EkEkNDj0PaGNxO//QhCsji6V6ME3JAEEeszSpSWeuXTqqMY9wE7YhD3LHyFSzael0xsPzg+CQIQvXLFrJlT4GVi5aSCcjR75W/Hj2kaQqQoJ1J2LTNRbkaEYpTDuOSkEhJChySArqYRCUG62fSpMa5qxcf9WOiKFJ6q8xMZCaUchZ7uDIkayEVvIv7ndVPVv3QzFiWpgojOFvVTjlWMJwlhnwmgio80IVQwfSumAyIIVTrHkg7BWnx5mbTOala9Vr87rzSu8ziK6AgdoxNkoQvUQLeoiWxE0RN6QW/o3Xg2Xo0P43PWWjDymUP0B8bXL38xnKM=</latexit>

U ⇢̃0U
†

<latexit sha1_base64="20KbOWfHJOsiL/Go7sdcFjHUJJY=">AAACCnicbZC7TsMwFIadcivlFmBkMVRIZakShApjBUvHIuhFaqLIcd3WqmNHtoNURZlZeBUWBhBi5QnYeBvcNgO0/JKlT/85R8fnD2NGlXacb6uwsrq2vlHcLG1t7+zu2fsHbSUSiUkLCyZkN0SKMMpJS1PNSDeWBEUhI51wfDOtdx6IVFTwez2JiR+hIacDipE2VmAfe3IkAgd6lMPUw4jBu6wyh0YWpE52Fthlp+rMBJfBzaEMcjUD+8vrC5xEhGvMkFI914m1nyKpKWYkK3mJIjHCYzQkPYMcRUT56eyUDJ4apw8HQprHNZy5vydSFCk1iULTGSE9Uou1qflfrZfowZWfUh4nmnA8XzRIGNQCTnOBfSoJ1mxiAGFJzV8hHiGJsDbplUwI7uLJy9A+r7q1au32oly/zuMogiNwAirABZegDhqgCVoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgj6zPH0fNmWI=</latexit>

⇢0 2 S(H0)

<latexit sha1_base64="QElOwKNdG2Mljmrw3WF2z65W0XY="></latexit>

U
h
|0ih0|E ⌦ ⇢0

i
U†

<latexit sha1_base64="CbadVzphvBFuQ86nG4JDCn6mUDQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF0xbaUDbbSbt2swm7G6GU/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6m/mtJ1SaJ/LBjFMMYjqQPOKMGis1/F6p7FbcOcgq8XJShhz1Xumr209YFqM0TFCtO56bmmBCleFM4LTYzTSmlI3oADuWShqjDibzQ6fk3Cp9EiXKljRkrv6emNBY63Ec2s6YmqFe9mbif14nM9FNMOEyzQxKtlgUZYKYhMy+Jn2ukBkxtoQyxe2thA2poszYbIo2BG/55VXSvKx41Uq1cVWu3eZxFOAUzuACPLiGGtxDHXxggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHtL+M5A==</latexit>

U

<latexit sha1_base64="RYvPskulY1wjpc6WCSYCtID5hEE=">AAAB+XicbVDLSgMxFM3UV62vUZdugkVwVWZEqsuiG5cV7APaoWTSO21okhmSTKEM/RM3LhRx65+482/MtLPQ1gOBwzn3cG9OmHCmjed9O6WNza3tnfJuZW//4PDIPT5p6zhVFFo05rHqhkQDZxJahhkO3UQBESGHTji5z/3OFJRmsXwyswQCQUaSRYwSY6WB6/aVwCCnTMVSgDR44Fa9mrcAXid+QaqoQHPgfvWHMU3zMOVE657vJSbIiDKMcphX+qmGhNAJGUHPUkkE6CBbXD7HF1YZ4ihW9tnlC/V3IiNC65kI7aQgZqxXvVz8z+ulJroNMiaT1ICky0VRyrGJcV4DHjIF1PCZJYQqZm/FdEwUocaWVbEl+KtfXiftq5pfr9Ufr6uNu6KOMjpD5+gS+egGNdADaqIWomiKntErenMy58V5dz6WoyWnyJyiP3A+fwBmLJOG</latexit>

environment

Quantum Instrument
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<latexit sha1_base64="BNcnUwGJZ+qeneaMIHG3VTcC6ho=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwVBKR6kUoeumxgmkLTSyb7aZduvlgdyKUkIMX/4oXD4p49Ud489+4bXPQ1gcDj/dmmJnnJ4IrsKxvY2V1bX1js7RV3t7Z3ds3Dw7bKk4lZQ6NRSy7PlFM8Ig5wEGwbiIZCX3BOv74Zup3HphUPI7uYJIwLyTDiAecEtBS36w4+Aqz+4xjN5CEZs08c0c+kTmGvG9WrZo1A14mdkGqqECrb365g5imIYuACqJUz7YS8DIigVPB8rKbKpYQOiZD1tM0IiFTXjZ7IscnWhngIJa6IsAz9fdERkKlJqGvO0MCI7XoTcX/vF4KwaWX8ShJgUV0vihIBYYYTxPBAy4ZBTHRhFDJ9a2YjogOA3RuZR2CvfjyMmmf1ex6rX57Xm1cF3GUUAUdo1NkowvUQE3UQg6i6BE9o1f0ZjwZL8a78TFvXTGKmSP0B8bnD8mAl5c=</latexit>

U = ei
H

~ t

<latexit sha1_base64="xMtFFUQ/E54raL07LdyOD8thofo=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DEogscI5gHZJcxOepMhs7PLzKwQ1vyGFw+KePVnvPk3Th4HTSxoKKq66e4KU8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZIphg2WiES1Q6pRcIkNw43AdqqQxqHAVji8mfitR1SaJ/LBjFIMYtqXPOKMGiv5Ty7xFZV9gd3bbqnsVtwpyDLx5qQMc9S7pS+/l7AsRmmYoFp3PDc1QU6V4UzguOhnGlPKhrSPHUsljVEH+fTmMTm1So9EibIlDZmqvydyGms9ikPbGVMz0IveRPzP62QmugpyLtPMoGSzRVEmiEnIJADS4wqZESNLKFPc3krYgCrKjI2paEPwFl9eJs3ziletVO8vyrXreRwFOIYTOAMPLqEGd1CHBjBI4Rle4c3JnBfn3fmYta4485kj+APn8wdZ+JFC</latexit>

|0iE
<latexit sha1_base64="1ul/fgyCQo4HCWinLVMcYw14UPI=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi1WNRhB4r2A/oriWbZtvQbLIkWaUs/R9ePCji1f/izX9j2u5BWx8MPN6bYWZemHCmjet+Oyura+sbm4Wt4vbO7t5+6eCwpWWqCG0SyaXqhFhTzgRtGmY47SSK4jjktB2ObqZ++5EqzaS4N+OEBjEeCBYxgo2VHnwmUOYTzFF90rvtlcpuxZ0BLRMvJ2XI0eiVvvy+JGlMhSEca9313MQEGVaGEU4nRT/VNMFkhAe0a6nAMdVBNrt6gk6t0keRVLaEQTP190SGY63HcWg7Y2yGetGbiv953dREV0HGRJIaKsh8UZRyZCSaRoD6TFFi+NgSTBSztyIyxAoTY4Mq2hC8xZeXSeu84lUr1buLcu06j6MAx3ACZ+DBJdSgDg1oAgEFz/AKb86T8+K8Ox/z1hUnnzmCP3A+fwCdO5H0</latexit>

2 HE

<latexit sha1_base64="dBr3zsVAEcoMluyMwE2d7apuOe4=">AAACIHicbVDLSgMxFM3UV62vqks3wSK4KjMirRuhKILLCvYBnTJk0rQNzSRDckcobT/Fjb/ixoUiutOvMW1noa0XQg7nnMu994Sx4AZc98vJrKyurW9kN3Nb2zu7e/n9g7pRiaasRpVQuhkSwwSXrAYcBGvGmpEoFKwRDq6neuOBacOVvIdhzNoR6Une5ZSApYJ82QcuOgz7uq8CF1/isWsxkT1hOTH/XTwObrCvgEfMpM4gX3CL7qzwMvBSUEBpVYP8p99RNImYBCqIMS3PjaE9Iho4FWyS8xPDYkIHpMdaFkpiZ7VHswMn+MQyHdxV2j4JeMb+7hiRyJhhFFpnRKBvFrUp+Z/WSqB70R5xGSfAJJ0P6iYCg8LTtHCHa0ZBDC0gVHO7K6Z9ogkFm2nOhuAtnrwM6mdFr1Qs3Z0XKldpHFl0hI7RKfJQGVXQLaqiGqLoET2jV/TmPDkvzrvzMbdmnLTnEP0p5/sH6YShnA==</latexit>

⇢̃0 = |0ih0|E ⌦ ⇢0

<latexit sha1_base64="8NjPNVMvNtQ9/saUIWI0nKkO3mQ=">AAACFHicbVBNS8NAEN3Ur1q/qh69LJaCIJREpHoRil48VjBtoYlls5mmSzcf7G6EEvojvPhXvHhQxKsHb/4bt20OtfXBwOO9GWbmeQlnUpnmj1FYWV1b3yhulra2d3b3yvsHLRmngoJNYx6LjkckcBaBrZji0EkEkNDj0PaGNxO//QhCsji6V6ME3JAEEeszSpSWeuXTqqMY9wE7YhD3LHyFSzael0xsPzg+CQIQvXLFrJlT4GVi5aSCcjR75W/Hj2kaQqQoJ1J2LTNRbkaEYpTDuOSkEhJChySArqYRCUG62fSpMa5qxcf9WOiKFJ6q8xMZCaUchZ7uDIkayEVvIv7ndVPVv3QzFiWpgojOFvVTjlWMJwlhnwmgio80IVQwfSumAyIIVTrHkg7BWnx5mbTOala9Vr87rzSu8ziK6AgdoxNkoQvUQLeoiWxE0RN6QW/o3Xg2Xo0P43PWWjDymUP0B8bXL38xnKM=</latexit>

U ⇢̃0U
†

<latexit sha1_base64="qVx6e21pZve6QmrxbdJ1jFoMW9A=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbRU0lEqseiCD1WsB/QhrLZbtqlm03c3RRKyO/w4kERr/4Yb/4bN20O2vpg4PHeDDPzvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yV3md6ZUKhaKRz2LqBvgkWA+I1gbyU36BHPUSAfJ/Xk6KFfsqj0HWiVOTiqQozkof/WHIYkDKjThWKmeY0faTbDUjHCalvqxohEmEzyiPUMFDqhyk/nRKTozyhD5oTQlNJqrvycSHCg1CzzTGWA9VsteJv7n9WLt37gJE1GsqSCLRX7MkQ5RlgAaMkmJ5jNDMJHM3IrIGEtMtMmpZEJwll9eJe3LqlOr1h6uKvXbPI4inMApXIAD11CHBjShBQSe4Ble4c2aWi/Wu/WxaC1Y+cwx/IH1+QMl4JG2</latexit>

HE0

<latexit sha1_base64="20KbOWfHJOsiL/Go7sdcFjHUJJY=">AAACCnicbZC7TsMwFIadcivlFmBkMVRIZakShApjBUvHIuhFaqLIcd3WqmNHtoNURZlZeBUWBhBi5QnYeBvcNgO0/JKlT/85R8fnD2NGlXacb6uwsrq2vlHcLG1t7+zu2fsHbSUSiUkLCyZkN0SKMMpJS1PNSDeWBEUhI51wfDOtdx6IVFTwez2JiR+hIacDipE2VmAfe3IkAgd6lMPUw4jBu6wyh0YWpE52Fthlp+rMBJfBzaEMcjUD+8vrC5xEhGvMkFI914m1nyKpKWYkK3mJIjHCYzQkPYMcRUT56eyUDJ4apw8HQprHNZy5vydSFCk1iULTGSE9Uou1qflfrZfowZWfUh4nmnA8XzRIGNQCTnOBfSoJ1mxiAGFJzV8hHiGJsDbplUwI7uLJy9A+r7q1au32oly/zuMogiNwAirABZegDhqgCVoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgj6zPH0fNmWI=</latexit>

⇢0 2 S(H0)

<latexit sha1_base64="QElOwKNdG2Mljmrw3WF2z65W0XY="></latexit>

U
h
|0ih0|E ⌦ ⇢0

i
U†

<latexit sha1_base64="9i1AtFTYuUUP+9RaEomL7THLi2Y="></latexit>

PxU
h
|0ih0|E ⌦ ⇢0

i
U†Px

<latexit sha1_base64="CbadVzphvBFuQ86nG4JDCn6mUDQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF0xbaUDbbSbt2swm7G6GU/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6m/mtJ1SaJ/LBjFMMYjqQPOKMGis1/F6p7FbcOcgq8XJShhz1Xumr209YFqM0TFCtO56bmmBCleFM4LTYzTSmlI3oADuWShqjDibzQ6fk3Cp9EiXKljRkrv6emNBY63Ec2s6YmqFe9mbif14nM9FNMOEyzQxKtlgUZYKYhMy+Jn2ukBkxtoQyxe2thA2poszYbIo2BG/55VXSvKx41Uq1cVWu3eZxFOAUzuACPLiGGtxDHXxggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHtL+M5A==</latexit>

U

<latexit sha1_base64="CMBf5fTVUaNVgVSitWMsEKPUGMc=">AAAB/HicbVBNSwMxEJ2tX7V+rfboJVhET2VXpHosiuCxgv2AdinZNG1Dk+ySZIWytH/FiwdFvPpDvPlvTNs9aOuDgcd7M8zMC2POtPG8bye3tr6xuZXfLuzs7u0fuIdHDR0litA6iXikWiHWlDNJ64YZTluxoliEnDbD0e3Mbz5RpVkkH804poHAA8n6jGBjpa5bTDtKIEGxThSTg8n07gx13ZJX9uZAq8TPSAky1LruV6cXkURQaQjHWrd9LzZBipVhhNNJoZNoGmMywgPatlRiQXWQzo+foFOr9FA/UrakQXP190SKhdZjEdpOgc1QL3sz8T+vnZj+dZAyGSeGSrJY1E84MhGaJYF6TFFi+NgSTBSztyIyxAoTY/Mq2BD85ZdXSeOi7FfKlYfLUvUmiyMPx3AC5+DDFVThHmpQBwJjeIZXeHOmzovz7nwsWnNONlOEP3A+fwBi/ZSc</latexit>

measuring E0

<latexit sha1_base64="RYvPskulY1wjpc6WCSYCtID5hEE=">AAAB+XicbVDLSgMxFM3UV62vUZdugkVwVWZEqsuiG5cV7APaoWTSO21okhmSTKEM/RM3LhRx65+482/MtLPQ1gOBwzn3cG9OmHCmjed9O6WNza3tnfJuZW//4PDIPT5p6zhVFFo05rHqhkQDZxJahhkO3UQBESGHTji5z/3OFJRmsXwyswQCQUaSRYwSY6WB6/aVwCCnTMVSgDR44Fa9mrcAXid+QaqoQHPgfvWHMU3zMOVE657vJSbIiDKMcphX+qmGhNAJGUHPUkkE6CBbXD7HF1YZ4ihW9tnlC/V3IiNC65kI7aQgZqxXvVz8z+ulJroNMiaT1ICky0VRyrGJcV4DHjIF1PCZJYQqZm/FdEwUocaWVbEl+KtfXiftq5pfr9Ufr6uNu6KOMjpD5+gS+egGNdADaqIWomiKntErenMy58V5dz6WoyWnyJyiP3A+fwBmLJOG</latexit>

environment

<latexit sha1_base64="jCAJ/BiVE6SHQQDw4evOLNPzYDY="></latexit>

Px =
X

k2x

|ekihek|E0

measurement outcome lies in x

Quantum Instrument
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<latexit sha1_base64="BNcnUwGJZ+qeneaMIHG3VTcC6ho=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwVBKR6kUoeumxgmkLTSyb7aZduvlgdyKUkIMX/4oXD4p49Ud489+4bXPQ1gcDj/dmmJnnJ4IrsKxvY2V1bX1js7RV3t7Z3ds3Dw7bKk4lZQ6NRSy7PlFM8Ig5wEGwbiIZCX3BOv74Zup3HphUPI7uYJIwLyTDiAecEtBS36w4+Aqz+4xjN5CEZs08c0c+kTmGvG9WrZo1A14mdkGqqECrb365g5imIYuACqJUz7YS8DIigVPB8rKbKpYQOiZD1tM0IiFTXjZ7IscnWhngIJa6IsAz9fdERkKlJqGvO0MCI7XoTcX/vF4KwaWX8ShJgUV0vihIBYYYTxPBAy4ZBTHRhFDJ9a2YjogOA3RuZR2CvfjyMmmf1ex6rX57Xm1cF3GUUAUdo1NkowvUQE3UQg6i6BE9o1f0ZjwZL8a78TFvXTGKmSP0B8bnD8mAl5c=</latexit>

U = ei
H

~ t

<latexit sha1_base64="xMtFFUQ/E54raL07LdyOD8thofo=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DEogscI5gHZJcxOepMhs7PLzKwQ1vyGFw+KePVnvPk3Th4HTSxoKKq66e4KU8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZIphg2WiES1Q6pRcIkNw43AdqqQxqHAVji8mfitR1SaJ/LBjFIMYtqXPOKMGiv5Ty7xFZV9gd3bbqnsVtwpyDLx5qQMc9S7pS+/l7AsRmmYoFp3PDc1QU6V4UzguOhnGlPKhrSPHUsljVEH+fTmMTm1So9EibIlDZmqvydyGms9ikPbGVMz0IveRPzP62QmugpyLtPMoGSzRVEmiEnIJADS4wqZESNLKFPc3krYgCrKjI2paEPwFl9eJs3ziletVO8vyrXreRwFOIYTOAMPLqEGd1CHBjBI4Rle4c3JnBfn3fmYta4485kj+APn8wdZ+JFC</latexit>

|0iE
<latexit sha1_base64="1ul/fgyCQo4HCWinLVMcYw14UPI=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi1WNRhB4r2A/oriWbZtvQbLIkWaUs/R9ePCji1f/izX9j2u5BWx8MPN6bYWZemHCmjet+Oyura+sbm4Wt4vbO7t5+6eCwpWWqCG0SyaXqhFhTzgRtGmY47SSK4jjktB2ObqZ++5EqzaS4N+OEBjEeCBYxgo2VHnwmUOYTzFF90rvtlcpuxZ0BLRMvJ2XI0eiVvvy+JGlMhSEca9313MQEGVaGEU4nRT/VNMFkhAe0a6nAMdVBNrt6gk6t0keRVLaEQTP190SGY63HcWg7Y2yGetGbiv953dREV0HGRJIaKsh8UZRyZCSaRoD6TFFi+NgSTBSztyIyxAoTY4Mq2hC8xZeXSeu84lUr1buLcu06j6MAx3ACZ+DBJdSgDg1oAgEFz/AKb86T8+K8Ox/z1hUnnzmCP3A+fwCdO5H0</latexit>

2 HE

<latexit sha1_base64="dBr3zsVAEcoMluyMwE2d7apuOe4=">AAACIHicbVDLSgMxFM3UV62vqks3wSK4KjMirRuhKILLCvYBnTJk0rQNzSRDckcobT/Fjb/ixoUiutOvMW1noa0XQg7nnMu994Sx4AZc98vJrKyurW9kN3Nb2zu7e/n9g7pRiaasRpVQuhkSwwSXrAYcBGvGmpEoFKwRDq6neuOBacOVvIdhzNoR6Une5ZSApYJ82QcuOgz7uq8CF1/isWsxkT1hOTH/XTwObrCvgEfMpM4gX3CL7qzwMvBSUEBpVYP8p99RNImYBCqIMS3PjaE9Iho4FWyS8xPDYkIHpMdaFkpiZ7VHswMn+MQyHdxV2j4JeMb+7hiRyJhhFFpnRKBvFrUp+Z/WSqB70R5xGSfAJJ0P6iYCg8LTtHCHa0ZBDC0gVHO7K6Z9ogkFm2nOhuAtnrwM6mdFr1Qs3Z0XKldpHFl0hI7RKfJQGVXQLaqiGqLoET2jV/TmPDkvzrvzMbdmnLTnEP0p5/sH6YShnA==</latexit>

⇢̃0 = |0ih0|E ⌦ ⇢0

<latexit sha1_base64="8NjPNVMvNtQ9/saUIWI0nKkO3mQ=">AAACFHicbVBNS8NAEN3Ur1q/qh69LJaCIJREpHoRil48VjBtoYlls5mmSzcf7G6EEvojvPhXvHhQxKsHb/4bt20OtfXBwOO9GWbmeQlnUpnmj1FYWV1b3yhulra2d3b3yvsHLRmngoJNYx6LjkckcBaBrZji0EkEkNDj0PaGNxO//QhCsji6V6ME3JAEEeszSpSWeuXTqqMY9wE7YhD3LHyFSzael0xsPzg+CQIQvXLFrJlT4GVi5aSCcjR75W/Hj2kaQqQoJ1J2LTNRbkaEYpTDuOSkEhJChySArqYRCUG62fSpMa5qxcf9WOiKFJ6q8xMZCaUchZ7uDIkayEVvIv7ndVPVv3QzFiWpgojOFvVTjlWMJwlhnwmgio80IVQwfSumAyIIVTrHkg7BWnx5mbTOala9Vr87rzSu8ziK6AgdoxNkoQvUQLeoiWxE0RN6QW/o3Xg2Xo0P43PWWjDymUP0B8bXL38xnKM=</latexit>

U ⇢̃0U
†

<latexit sha1_base64="qVx6e21pZve6QmrxbdJ1jFoMW9A=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbRU0lEqseiCD1WsB/QhrLZbtqlm03c3RRKyO/w4kERr/4Yb/4bN20O2vpg4PHeDDPzvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yV3md6ZUKhaKRz2LqBvgkWA+I1gbyU36BHPUSAfJ/Xk6KFfsqj0HWiVOTiqQozkof/WHIYkDKjThWKmeY0faTbDUjHCalvqxohEmEzyiPUMFDqhyk/nRKTozyhD5oTQlNJqrvycSHCg1CzzTGWA9VsteJv7n9WLt37gJE1GsqSCLRX7MkQ5RlgAaMkmJ5jNDMJHM3IrIGEtMtMmpZEJwll9eJe3LqlOr1h6uKvXbPI4inMApXIAD11CHBjShBQSe4Ble4c2aWi/Wu/WxaC1Y+cwx/IH1+QMl4JG2</latexit>

HE0

<latexit sha1_base64="20KbOWfHJOsiL/Go7sdcFjHUJJY=">AAACCnicbZC7TsMwFIadcivlFmBkMVRIZakShApjBUvHIuhFaqLIcd3WqmNHtoNURZlZeBUWBhBi5QnYeBvcNgO0/JKlT/85R8fnD2NGlXacb6uwsrq2vlHcLG1t7+zu2fsHbSUSiUkLCyZkN0SKMMpJS1PNSDeWBEUhI51wfDOtdx6IVFTwez2JiR+hIacDipE2VmAfe3IkAgd6lMPUw4jBu6wyh0YWpE52Fthlp+rMBJfBzaEMcjUD+8vrC5xEhGvMkFI914m1nyKpKWYkK3mJIjHCYzQkPYMcRUT56eyUDJ4apw8HQprHNZy5vydSFCk1iULTGSE9Uou1qflfrZfowZWfUh4nmnA8XzRIGNQCTnOBfSoJ1mxiAGFJzV8hHiGJsDbplUwI7uLJy9A+r7q1au32oly/zuMogiNwAirABZegDhqgCVoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgj6zPH0fNmWI=</latexit>

⇢0 2 S(H0)

<latexit sha1_base64="fnBCA8jDLQe1uE6WQJoRExmTc3k=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbRU9kVqR6LInis0C9ol5JN0zY0ya5JtlCW/R1ePCji1R/jzX9j2u5BWx8MPN6bYWZeEHGmjet+O7m19Y3Nrfx2YWd3b/+geHjU1GGsCG2QkIeqHWBNOZO0YZjhtB0pikXAaSsY38381oQqzUJZN9OI+gIPJRswgo2V/KSrBKqrtJfcn6e9Ysktu3OgVeJlpAQZar3iV7cfklhQaQjHWnc8NzJ+gpVhhNO00I01jTAZ4yHtWCqxoNpP5ken6MwqfTQIlS1p0Fz9PZFgofVUBLZTYDPSy95M/M/rxGZw4ydMRrGhkiwWDWKOTIhmCaA+U5QYPrUEE8XsrYiMsMLE2JwKNgRv+eVV0rwse5Vy5fGqVL3N4sjDCZzCBXhwDVV4gBo0gMATPMMrvDkT58V5dz4WrTknmzmGP3A+fwBrHpHj</latexit>

TrE0

<latexit sha1_base64="QElOwKNdG2Mljmrw3WF2z65W0XY="></latexit>

U
h
|0ih0|E ⌦ ⇢0

i
U†

<latexit sha1_base64="9i1AtFTYuUUP+9RaEomL7THLi2Y="></latexit>

PxU
h
|0ih0|E ⌦ ⇢0

i
U†Px

<latexit sha1_base64="nIkBG6EPP2xXwbi4UUy7mNFN1jQ="></latexit>

TrE0

h
PxU

h
|0ih0|E ⌦ ⇢0

i
U†Px

i

<latexit sha1_base64="JmR1EloVulcQfYaV+6fn1Cv3IuY=">AAACG3icbZBNS8MwGMfT+Tbn29Sjl+AQ5mW0Q6bHMS87TnAvsJaSpukWlqYlSYej9Ht48at48aCIJ8GD38as20E3Hwj8+P+fJ3ny92JGpTLNb6Owsbm1vVPcLe3tHxwelY9PejJKBCZdHLFIDDwkCaOcdBVVjAxiQVDoMdL3Jrdzvz8lQtKI36tZTJwQjTgNKEZKS265bk+REOPITe38slQQP4MPGbQph1pDDLay6gLamZta2aVbrpg1My+4DtYSKmBZHbf8afsRTkLCFWZIyqFlxspJkVAUM5KV7ESSGOEJGpGhRo5CIp00XyeDF1rxYRAJfbiCufp7IkWhlLPQ050hUmO56s3F/7xhooIbJ6U8ThThePFQkDCoIjgPCvpUEKzYTAPCgupdIR4jgbDScZZ0CNbql9ehV69ZjVrj7qrSbC3jKIIzcA6qwALXoAnaoAO6AINH8AxewZvxZLwY78bHorVgLGdOwZ8yvn4A8zGhUw==</latexit>

%x 2 B(H1)

<latexit sha1_base64="CbadVzphvBFuQ86nG4JDCn6mUDQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF0xbaUDbbSbt2swm7G6GU/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6m/mtJ1SaJ/LBjFMMYjqQPOKMGis1/F6p7FbcOcgq8XJShhz1Xumr209YFqM0TFCtO56bmmBCleFM4LTYzTSmlI3oADuWShqjDibzQ6fk3Cp9EiXKljRkrv6emNBY63Ec2s6YmqFe9mbif14nM9FNMOEyzQxKtlgUZYKYhMy+Jn2ukBkxtoQyxe2thA2poszYbIo2BG/55VXSvKx41Uq1cVWu3eZxFOAUzuACPLiGGtxDHXxggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHtL+M5A==</latexit>

U

<latexit sha1_base64="CMBf5fTVUaNVgVSitWMsEKPUGMc=">AAAB/HicbVBNSwMxEJ2tX7V+rfboJVhET2VXpHosiuCxgv2AdinZNG1Dk+ySZIWytH/FiwdFvPpDvPlvTNs9aOuDgcd7M8zMC2POtPG8bye3tr6xuZXfLuzs7u0fuIdHDR0litA6iXikWiHWlDNJ64YZTluxoliEnDbD0e3Mbz5RpVkkH804poHAA8n6jGBjpa5bTDtKIEGxThSTg8n07gx13ZJX9uZAq8TPSAky1LruV6cXkURQaQjHWrd9LzZBipVhhNNJoZNoGmMywgPatlRiQXWQzo+foFOr9FA/UrakQXP190SKhdZjEdpOgc1QL3sz8T+vnZj+dZAyGSeGSrJY1E84MhGaJYF6TFFi+NgSTBSztyIyxAoTY/Mq2BD85ZdXSeOi7FfKlYfLUvUmiyMPx3AC5+DDFVThHmpQBwJjeIZXeHOmzovz7nwsWnNONlOEP3A+fwBi/ZSc</latexit>

measuring E0

<latexit sha1_base64="wSr3ETXCgQBN0UbDG78krN95Xqo=">AAAB/nicbVBNSwMxEM36WevXqnjyEiyip7IrUj0WRfBYwX5AW0o2zbahSXZJZoWytPhXvHhQxKu/w5v/xrTdg7Y+GHi8N8PMvCAW3IDnfTtLyyura+u5jfzm1vbOrru3XzNRoimr0khEuhEQwwRXrAocBGvEmhEZCFYPBjcTv/7ItOGReoBhzNqS9BQPOSVgpY57mLa0xKAJ5ao3jhIYjW9PcccteEVvCrxI/IwUUIZKx/1qdSOaSKaACmJM0/diaKdEA6eCjfKtxLCY0AHpsaalikhm2un0/BE+sUoXh5G2pQBP1d8TKZHGDGVgOyWBvpn3JuJ/XjOB8KqdchUnwBSdLQoTgSHCkyxwl2tGQQwtIVRzeyumfWKzAJtY3obgz7+8SGrnRb9ULN1fFMrXWRw5dISO0Rny0SUqoztUQVVEUYqe0St6c56cF+fd+Zi1LjnZzAH6A+fzBy5UlaM=</latexit>

tracing out E0

<latexit sha1_base64="RYvPskulY1wjpc6WCSYCtID5hEE=">AAAB+XicbVDLSgMxFM3UV62vUZdugkVwVWZEqsuiG5cV7APaoWTSO21okhmSTKEM/RM3LhRx65+482/MtLPQ1gOBwzn3cG9OmHCmjed9O6WNza3tnfJuZW//4PDIPT5p6zhVFFo05rHqhkQDZxJahhkO3UQBESGHTji5z/3OFJRmsXwyswQCQUaSRYwSY6WB6/aVwCCnTMVSgDR44Fa9mrcAXid+QaqoQHPgfvWHMU3zMOVE657vJSbIiDKMcphX+qmGhNAJGUHPUkkE6CBbXD7HF1YZ4ihW9tnlC/V3IiNC65kI7aQgZqxXvVz8z+ulJroNMiaT1ICky0VRyrGJcV4DHjIF1PCZJYQqZm/FdEwUocaWVbEl+KtfXiftq5pfr9Ufr6uNu6KOMjpD5+gS+egGNdADaqIWomiKntErenMy58V5dz6WoyWnyJyiP3A+fwBmLJOG</latexit>

environment

<latexit sha1_base64="1uN5z5Kr+lh62Hthxmbim4+2Nv0=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KIVDdC0Y3LCvYBTQiTyaQdOpmEmUmxhLjxV9y4UMStf+HOv3GaZqGtBy4czrl37tzjJ4xKZVnfxtLyyuraemWjurm1vbNr7u13ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOuPbqZ+d0yEpDG/V5OEuBEacBpSjJSWPPPQGSMhhrGXOcVjmSBB/pDDK8+sWXWrAFwkdklqoETLM7+cIMZpRLjCDEnZt61EuRkSimJG8qqTSpIgPEID0teUo4hINyuW5vBEKwEMY6GLK1iovycyFEk5iXzdGSE1lPPeVPzP66cqvHQzypNUEY5ni8KUQRXDaRwwoIJgxSaaICyo/ivEQyQQVjq0qg7Bnj95kXTO6naj3rg7rzWvyzgq4Agcg1NggwvQBLegBdoAg0fwDF7Bm/FkvBjvxsesdckoZw7AHxifP0b2l24=</latexit>%x =

<latexit sha1_base64="jCAJ/BiVE6SHQQDw4evOLNPzYDY="></latexit>

Px =
X

k2x

|ekihek|E0

measurement outcome lies in x

Quantum Instrument
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<latexit sha1_base64="BNcnUwGJZ+qeneaMIHG3VTcC6ho=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwVBKR6kUoeumxgmkLTSyb7aZduvlgdyKUkIMX/4oXD4p49Ud489+4bXPQ1gcDj/dmmJnnJ4IrsKxvY2V1bX1js7RV3t7Z3ds3Dw7bKk4lZQ6NRSy7PlFM8Ig5wEGwbiIZCX3BOv74Zup3HphUPI7uYJIwLyTDiAecEtBS36w4+Aqz+4xjN5CEZs08c0c+kTmGvG9WrZo1A14mdkGqqECrb365g5imIYuACqJUz7YS8DIigVPB8rKbKpYQOiZD1tM0IiFTXjZ7IscnWhngIJa6IsAz9fdERkKlJqGvO0MCI7XoTcX/vF4KwaWX8ShJgUV0vihIBYYYTxPBAy4ZBTHRhFDJ9a2YjogOA3RuZR2CvfjyMmmf1ex6rX57Xm1cF3GUUAUdo1NkowvUQE3UQg6i6BE9o1f0ZjwZL8a78TFvXTGKmSP0B8bnD8mAl5c=</latexit>

U = ei
H

~ t

<latexit sha1_base64="xMtFFUQ/E54raL07LdyOD8thofo=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DEogscI5gHZJcxOepMhs7PLzKwQ1vyGFw+KePVnvPk3Th4HTSxoKKq66e4KU8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZIphg2WiES1Q6pRcIkNw43AdqqQxqHAVji8mfitR1SaJ/LBjFIMYtqXPOKMGiv5Ty7xFZV9gd3bbqnsVtwpyDLx5qQMc9S7pS+/l7AsRmmYoFp3PDc1QU6V4UzguOhnGlPKhrSPHUsljVEH+fTmMTm1So9EibIlDZmqvydyGms9ikPbGVMz0IveRPzP62QmugpyLtPMoGSzRVEmiEnIJADS4wqZESNLKFPc3krYgCrKjI2paEPwFl9eJs3ziletVO8vyrXreRwFOIYTOAMPLqEGd1CHBjBI4Rle4c3JnBfn3fmYta4485kj+APn8wdZ+JFC</latexit>

|0iE
<latexit sha1_base64="1ul/fgyCQo4HCWinLVMcYw14UPI=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi1WNRhB4r2A/oriWbZtvQbLIkWaUs/R9ePCji1f/izX9j2u5BWx8MPN6bYWZemHCmjet+Oyura+sbm4Wt4vbO7t5+6eCwpWWqCG0SyaXqhFhTzgRtGmY47SSK4jjktB2ObqZ++5EqzaS4N+OEBjEeCBYxgo2VHnwmUOYTzFF90rvtlcpuxZ0BLRMvJ2XI0eiVvvy+JGlMhSEca9313MQEGVaGEU4nRT/VNMFkhAe0a6nAMdVBNrt6gk6t0keRVLaEQTP190SGY63HcWg7Y2yGetGbiv953dREV0HGRJIaKsh8UZRyZCSaRoD6TFFi+NgSTBSztyIyxAoTY4Mq2hC8xZeXSeu84lUr1buLcu06j6MAx3ACZ+DBJdSgDg1oAgEFz/AKb86T8+K8Ox/z1hUnnzmCP3A+fwCdO5H0</latexit>

2 HE

<latexit sha1_base64="dBr3zsVAEcoMluyMwE2d7apuOe4=">AAACIHicbVDLSgMxFM3UV62vqks3wSK4KjMirRuhKILLCvYBnTJk0rQNzSRDckcobT/Fjb/ixoUiutOvMW1noa0XQg7nnMu994Sx4AZc98vJrKyurW9kN3Nb2zu7e/n9g7pRiaasRpVQuhkSwwSXrAYcBGvGmpEoFKwRDq6neuOBacOVvIdhzNoR6Une5ZSApYJ82QcuOgz7uq8CF1/isWsxkT1hOTH/XTwObrCvgEfMpM4gX3CL7qzwMvBSUEBpVYP8p99RNImYBCqIMS3PjaE9Iho4FWyS8xPDYkIHpMdaFkpiZ7VHswMn+MQyHdxV2j4JeMb+7hiRyJhhFFpnRKBvFrUp+Z/WSqB70R5xGSfAJJ0P6iYCg8LTtHCHa0ZBDC0gVHO7K6Z9ogkFm2nOhuAtnrwM6mdFr1Qs3Z0XKldpHFl0hI7RKfJQGVXQLaqiGqLoET2jV/TmPDkvzrvzMbdmnLTnEP0p5/sH6YShnA==</latexit>

⇢̃0 = |0ih0|E ⌦ ⇢0

<latexit sha1_base64="8NjPNVMvNtQ9/saUIWI0nKkO3mQ=">AAACFHicbVBNS8NAEN3Ur1q/qh69LJaCIJREpHoRil48VjBtoYlls5mmSzcf7G6EEvojvPhXvHhQxKsHb/4bt20OtfXBwOO9GWbmeQlnUpnmj1FYWV1b3yhulra2d3b3yvsHLRmngoJNYx6LjkckcBaBrZji0EkEkNDj0PaGNxO//QhCsji6V6ME3JAEEeszSpSWeuXTqqMY9wE7YhD3LHyFSzael0xsPzg+CQIQvXLFrJlT4GVi5aSCcjR75W/Hj2kaQqQoJ1J2LTNRbkaEYpTDuOSkEhJChySArqYRCUG62fSpMa5qxcf9WOiKFJ6q8xMZCaUchZ7uDIkayEVvIv7ndVPVv3QzFiWpgojOFvVTjlWMJwlhnwmgio80IVQwfSumAyIIVTrHkg7BWnx5mbTOala9Vr87rzSu8ziK6AgdoxNkoQvUQLeoiWxE0RN6QW/o3Xg2Xo0P43PWWjDymUP0B8bXL38xnKM=</latexit>

U ⇢̃0U
†

<latexit sha1_base64="qVx6e21pZve6QmrxbdJ1jFoMW9A=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbRU0lEqseiCD1WsB/QhrLZbtqlm03c3RRKyO/w4kERr/4Yb/4bN20O2vpg4PHeDDPzvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yV3md6ZUKhaKRz2LqBvgkWA+I1gbyU36BHPUSAfJ/Xk6KFfsqj0HWiVOTiqQozkof/WHIYkDKjThWKmeY0faTbDUjHCalvqxohEmEzyiPUMFDqhyk/nRKTozyhD5oTQlNJqrvycSHCg1CzzTGWA9VsteJv7n9WLt37gJE1GsqSCLRX7MkQ5RlgAaMkmJ5jNDMJHM3IrIGEtMtMmpZEJwll9eJe3LqlOr1h6uKvXbPI4inMApXIAD11CHBjShBQSe4Ble4c2aWi/Wu/WxaC1Y+cwx/IH1+QMl4JG2</latexit>

HE0

<latexit sha1_base64="20KbOWfHJOsiL/Go7sdcFjHUJJY=">AAACCnicbZC7TsMwFIadcivlFmBkMVRIZakShApjBUvHIuhFaqLIcd3WqmNHtoNURZlZeBUWBhBi5QnYeBvcNgO0/JKlT/85R8fnD2NGlXacb6uwsrq2vlHcLG1t7+zu2fsHbSUSiUkLCyZkN0SKMMpJS1PNSDeWBEUhI51wfDOtdx6IVFTwez2JiR+hIacDipE2VmAfe3IkAgd6lMPUw4jBu6wyh0YWpE52Fthlp+rMBJfBzaEMcjUD+8vrC5xEhGvMkFI914m1nyKpKWYkK3mJIjHCYzQkPYMcRUT56eyUDJ4apw8HQprHNZy5vydSFCk1iULTGSE9Uou1qflfrZfowZWfUh4nmnA8XzRIGNQCTnOBfSoJ1mxiAGFJzV8hHiGJsDbplUwI7uLJy9A+r7q1au32oly/zuMogiNwAirABZegDhqgCVoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgj6zPH0fNmWI=</latexit>

⇢0 2 S(H0)

<latexit sha1_base64="fnBCA8jDLQe1uE6WQJoRExmTc3k=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbRU9kVqR6LInis0C9ol5JN0zY0ya5JtlCW/R1ePCji1R/jzX9j2u5BWx8MPN6bYWZeEHGmjet+O7m19Y3Nrfx2YWd3b/+geHjU1GGsCG2QkIeqHWBNOZO0YZjhtB0pikXAaSsY38381oQqzUJZN9OI+gIPJRswgo2V/KSrBKqrtJfcn6e9Ysktu3OgVeJlpAQZar3iV7cfklhQaQjHWnc8NzJ+gpVhhNO00I01jTAZ4yHtWCqxoNpP5ken6MwqfTQIlS1p0Fz9PZFgofVUBLZTYDPSy95M/M/rxGZw4ydMRrGhkiwWDWKOTIhmCaA+U5QYPrUEE8XsrYiMsMLE2JwKNgRv+eVV0rwse5Vy5fGqVL3N4sjDCZzCBXhwDVV4gBo0gMATPMMrvDkT58V5dz4WrTknmzmGP3A+fwBrHpHj</latexit>

TrE0

<latexit sha1_base64="QElOwKNdG2Mljmrw3WF2z65W0XY="></latexit>

U
h
|0ih0|E ⌦ ⇢0

i
U†

<latexit sha1_base64="9i1AtFTYuUUP+9RaEomL7THLi2Y="></latexit>

PxU
h
|0ih0|E ⌦ ⇢0

i
U†Px

<latexit sha1_base64="nIkBG6EPP2xXwbi4UUy7mNFN1jQ="></latexit>

TrE0

h
PxU

h
|0ih0|E ⌦ ⇢0

i
U†Px

i

<latexit sha1_base64="JmR1EloVulcQfYaV+6fn1Cv3IuY=">AAACG3icbZBNS8MwGMfT+Tbn29Sjl+AQ5mW0Q6bHMS87TnAvsJaSpukWlqYlSYej9Ht48at48aCIJ8GD38as20E3Hwj8+P+fJ3ny92JGpTLNb6Owsbm1vVPcLe3tHxwelY9PejJKBCZdHLFIDDwkCaOcdBVVjAxiQVDoMdL3Jrdzvz8lQtKI36tZTJwQjTgNKEZKS265bk+REOPITe38slQQP4MPGbQph1pDDLay6gLamZta2aVbrpg1My+4DtYSKmBZHbf8afsRTkLCFWZIyqFlxspJkVAUM5KV7ESSGOEJGpGhRo5CIp00XyeDF1rxYRAJfbiCufp7IkWhlLPQ050hUmO56s3F/7xhooIbJ6U8ThThePFQkDCoIjgPCvpUEKzYTAPCgupdIR4jgbDScZZ0CNbql9ehV69ZjVrj7qrSbC3jKIIzcA6qwALXoAnaoAO6AINH8AxewZvxZLwY78bHorVgLGdOwZ8yvn4A8zGhUw==</latexit>

%x 2 B(H1)

<latexit sha1_base64="CbadVzphvBFuQ86nG4JDCn6mUDQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF0xbaUDbbSbt2swm7G6GU/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6m/mtJ1SaJ/LBjFMMYjqQPOKMGis1/F6p7FbcOcgq8XJShhz1Xumr209YFqM0TFCtO56bmmBCleFM4LTYzTSmlI3oADuWShqjDibzQ6fk3Cp9EiXKljRkrv6emNBY63Ec2s6YmqFe9mbif14nM9FNMOEyzQxKtlgUZYKYhMy+Jn2ukBkxtoQyxe2thA2poszYbIo2BG/55VXSvKx41Uq1cVWu3eZxFOAUzuACPLiGGtxDHXxggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHtL+M5A==</latexit>

U

<latexit sha1_base64="CMBf5fTVUaNVgVSitWMsEKPUGMc=">AAAB/HicbVBNSwMxEJ2tX7V+rfboJVhET2VXpHosiuCxgv2AdinZNG1Dk+ySZIWytH/FiwdFvPpDvPlvTNs9aOuDgcd7M8zMC2POtPG8bye3tr6xuZXfLuzs7u0fuIdHDR0litA6iXikWiHWlDNJ64YZTluxoliEnDbD0e3Mbz5RpVkkH804poHAA8n6jGBjpa5bTDtKIEGxThSTg8n07gx13ZJX9uZAq8TPSAky1LruV6cXkURQaQjHWrd9LzZBipVhhNNJoZNoGmMywgPatlRiQXWQzo+foFOr9FA/UrakQXP190SKhdZjEdpOgc1QL3sz8T+vnZj+dZAyGSeGSrJY1E84MhGaJYF6TFFi+NgSTBSztyIyxAoTY/Mq2BD85ZdXSeOi7FfKlYfLUvUmiyMPx3AC5+DDFVThHmpQBwJjeIZXeHOmzovz7nwsWnNONlOEP3A+fwBi/ZSc</latexit>

measuring E0

<latexit sha1_base64="wSr3ETXCgQBN0UbDG78krN95Xqo=">AAAB/nicbVBNSwMxEM36WevXqnjyEiyip7IrUj0WRfBYwX5AW0o2zbahSXZJZoWytPhXvHhQxKu/w5v/xrTdg7Y+GHi8N8PMvCAW3IDnfTtLyyura+u5jfzm1vbOrru3XzNRoimr0khEuhEQwwRXrAocBGvEmhEZCFYPBjcTv/7ItOGReoBhzNqS9BQPOSVgpY57mLa0xKAJ5ao3jhIYjW9PcccteEVvCrxI/IwUUIZKx/1qdSOaSKaACmJM0/diaKdEA6eCjfKtxLCY0AHpsaalikhm2un0/BE+sUoXh5G2pQBP1d8TKZHGDGVgOyWBvpn3JuJ/XjOB8KqdchUnwBSdLQoTgSHCkyxwl2tGQQwtIVRzeyumfWKzAJtY3obgz7+8SGrnRb9ULN1fFMrXWRw5dISO0Rny0SUqoztUQVVEUYqe0St6c56cF+fd+Zi1LjnZzAH6A+fzBy5UlaM=</latexit>

tracing out E0

<latexit sha1_base64="rJBWiy5e9vle2zzckMl9r9Y32ps="></latexit>X

k2x

he0k|U |0ih0|E ⌦ ⇢0U
†|e0ki<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=

<latexit sha1_base64="RYvPskulY1wjpc6WCSYCtID5hEE=">AAAB+XicbVDLSgMxFM3UV62vUZdugkVwVWZEqsuiG5cV7APaoWTSO21okhmSTKEM/RM3LhRx65+482/MtLPQ1gOBwzn3cG9OmHCmjed9O6WNza3tnfJuZW//4PDIPT5p6zhVFFo05rHqhkQDZxJahhkO3UQBESGHTji5z/3OFJRmsXwyswQCQUaSRYwSY6WB6/aVwCCnTMVSgDR44Fa9mrcAXid+QaqoQHPgfvWHMU3zMOVE657vJSbIiDKMcphX+qmGhNAJGUHPUkkE6CBbXD7HF1YZ4ihW9tnlC/V3IiNC65kI7aQgZqxXvVz8z+ulJroNMiaT1ICky0VRyrGJcV4DHjIF1PCZJYQqZm/FdEwUocaWVbEl+KtfXiftq5pfr9Ufr6uNu6KOMjpD5+gS+egGNdADaqIWomiKntErenMy58V5dz6WoyWnyJyiP3A+fwBmLJOG</latexit>

environment

<latexit sha1_base64="X+to2qHfl4ctcwg+en9qHZp31L8=">AAACH3icbZDLSgMxFIYzXmu9jbp0EyyCqzIjUt0IRRFcVrAX6NQhkzltQzOZIcmIZZg3ceOruHGhiLjr25heFtp6IPDx/+ckJ3+QcKa044yspeWV1bX1wkZxc2t7Z9fe22+oOJUU6jTmsWwFRAFnAuqaaQ6tRAKJAg7NYHA99puPIBWLxb0eJtCJSE+wLqNEG8m3K5fYU2nkZwPsMYEzb3JlJiHM8VOe4+KNbxzZj30HG3zwQtLrgfTtklN2JoUXwZ1BCc2q5tvfXhjTNAKhKSdKtV0n0Z2MSM0oh7zopQoSQgekB22DgkSgOtlkmRwfGyXE3ViaIzSeqL8nMhIpNYwC0xkR3Vfz3lj8z2ununvRyZhIUg2CTh/qphzrGI/DwiGTQDUfGiBUMrMrpn0iCdUm0qIJwZ3/8iI0TstupVy5OytVr2ZxFNAhOkInyEXnqIpuUQ3VEUXP6BW9ow/rxXqzPq2vaeuSNZs5QH/KGv0Awl+iMw==</latexit>

=
X

k2x

Ek⇢0E
†
k

<latexit sha1_base64="1uN5z5Kr+lh62Hthxmbim4+2Nv0=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KIVDdC0Y3LCvYBTQiTyaQdOpmEmUmxhLjxV9y4UMStf+HOv3GaZqGtBy4czrl37tzjJ4xKZVnfxtLyyuraemWjurm1vbNr7u13ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOuPbqZ+d0yEpDG/V5OEuBEacBpSjJSWPPPQGSMhhrGXOcVjmSBB/pDDK8+sWXWrAFwkdklqoETLM7+cIMZpRLjCDEnZt61EuRkSimJG8qqTSpIgPEID0teUo4hINyuW5vBEKwEMY6GLK1iovycyFEk5iXzdGSE1lPPeVPzP66cqvHQzypNUEY5ni8KUQRXDaRwwoIJgxSaaICyo/ivEQyQQVjq0qg7Bnj95kXTO6naj3rg7rzWvyzgq4Agcg1NggwvQBLegBdoAg0fwDF7Bm/FkvBjvxsesdckoZw7AHxifP0b2l24=</latexit>%x =

<latexit sha1_base64="jCAJ/BiVE6SHQQDw4evOLNPzYDY="></latexit>

Px =
X

k2x

|ekihek|E0

measurement outcome lies in x

Quantum Instrument

Kraus operators: 
<latexit sha1_base64="3ZsntIB63g8fflkWvn0OG3tr+OM=">AAACDXicbVDLSgMxFM34rPU16tJNsIquyoxIdSMUpeCygn1AZxgy6W0bmskMSUYotT/gxl9x40IRt+7d+Tem0y609cCFk3Pu5eaeMOFMacf5thYWl5ZXVnNr+fWNza1te2e3ruJUUqjRmMeyGRIFnAmoaaY5NBMJJAo5NML+9dhv3INULBZ3epCAH5GuYB1GiTZSYB9Wgj6+xB4nossBw7F5PuCaKQd7MhODSmAXnKKTAc8Td0oKaIpqYH957ZimEQhNOVGq5TqJ9odEakY5jPJeqiAhtE+60DJUkAiUP8yuGeEjo7RxJ5amhMaZ+ntiSCKlBlFoOiOie2rWG4v/ea1Udy78IRNJqkHQyaJOyrGO8Tga3GYSqOYDQwiVzPwV0x6RhGoTYN6E4M6ePE/qp0W3VCzdnhXKV9M4cmgfHaAT5KJzVEY3qIpqiKJH9Ixe0Zv1ZL1Y79bHpHXBms7soT+wPn8AyqOZhQ==</latexit>

Ek = he0k|U |0iE
<latexit sha1_base64="KzkQSUA24LsWSquwohfpi6foZcY=">AAACB3icbVDLSgMxFL1TX7W+Rl0KEiyCqzIjUsVVUYQuK9gHdIYhk2ba0MyDJCOUoTs3/oobF4q49Rfc+Tem7YDaeiBwcs69JOf4CWdSWdaXUVhaXlldK66XNja3tnfM3b2WjFNBaJPEPBYdH0vKWUSbiilOO4mgOPQ5bfvD64nfvqdCsji6U6OEuiHuRyxgBCsteebhjTe8RJlDMEf1sWchR8U/V9szy1bFmgItEjsnZcjR8MxPpxeTNKSRIhxL2bWtRLkZFooRTsclJ5U0wWSI+7SraYRDKt1smmOMjrXSQ0Es9IkUmqq/NzIcSjkKfT0ZYjWQ895E/M/rpiq4cDMWJamiEZk9FKQc6ayTUlCPCUoUH2mCiWD6r4gMsMBE6epKugR7PvIiaZ1W7GqlentWrl3ldRThAI7gBGw4hxrUoQFNIPAAT/ACr8aj8Wy8Ge+z0YKR7+zDHxgf32Qnl8E=</latexit>

Ek : H0 ! H1



37

<latexit sha1_base64="BNcnUwGJZ+qeneaMIHG3VTcC6ho=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwVBKR6kUoeumxgmkLTSyb7aZduvlgdyKUkIMX/4oXD4p49Ud489+4bXPQ1gcDj/dmmJnnJ4IrsKxvY2V1bX1js7RV3t7Z3ds3Dw7bKk4lZQ6NRSy7PlFM8Ig5wEGwbiIZCX3BOv74Zup3HphUPI7uYJIwLyTDiAecEtBS36w4+Aqz+4xjN5CEZs08c0c+kTmGvG9WrZo1A14mdkGqqECrb365g5imIYuACqJUz7YS8DIigVPB8rKbKpYQOiZD1tM0IiFTXjZ7IscnWhngIJa6IsAz9fdERkKlJqGvO0MCI7XoTcX/vF4KwaWX8ShJgUV0vihIBYYYTxPBAy4ZBTHRhFDJ9a2YjogOA3RuZR2CvfjyMmmf1ex6rX57Xm1cF3GUUAUdo1NkowvUQE3UQg6i6BE9o1f0ZjwZL8a78TFvXTGKmSP0B8bnD8mAl5c=</latexit>

U = ei
H

~ t

<latexit sha1_base64="xMtFFUQ/E54raL07LdyOD8thofo=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DEogscI5gHZJcxOepMhs7PLzKwQ1vyGFw+KePVnvPk3Th4HTSxoKKq66e4KU8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZIphg2WiES1Q6pRcIkNw43AdqqQxqHAVji8mfitR1SaJ/LBjFIMYtqXPOKMGiv5Ty7xFZV9gd3bbqnsVtwpyDLx5qQMc9S7pS+/l7AsRmmYoFp3PDc1QU6V4UzguOhnGlPKhrSPHUsljVEH+fTmMTm1So9EibIlDZmqvydyGms9ikPbGVMz0IveRPzP62QmugpyLtPMoGSzRVEmiEnIJADS4wqZESNLKFPc3krYgCrKjI2paEPwFl9eJs3ziletVO8vyrXreRwFOIYTOAMPLqEGd1CHBjBI4Rle4c3JnBfn3fmYta4485kj+APn8wdZ+JFC</latexit>

|0iE
<latexit sha1_base64="1ul/fgyCQo4HCWinLVMcYw14UPI=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi1WNRhB4r2A/oriWbZtvQbLIkWaUs/R9ePCji1f/izX9j2u5BWx8MPN6bYWZemHCmjet+Oyura+sbm4Wt4vbO7t5+6eCwpWWqCG0SyaXqhFhTzgRtGmY47SSK4jjktB2ObqZ++5EqzaS4N+OEBjEeCBYxgo2VHnwmUOYTzFF90rvtlcpuxZ0BLRMvJ2XI0eiVvvy+JGlMhSEca9313MQEGVaGEU4nRT/VNMFkhAe0a6nAMdVBNrt6gk6t0keRVLaEQTP190SGY63HcWg7Y2yGetGbiv953dREV0HGRJIaKsh8UZRyZCSaRoD6TFFi+NgSTBSztyIyxAoTY4Mq2hC8xZeXSeu84lUr1buLcu06j6MAx3ACZ+DBJdSgDg1oAgEFz/AKb86T8+K8Ox/z1hUnnzmCP3A+fwCdO5H0</latexit>

2 HE

<latexit sha1_base64="dBr3zsVAEcoMluyMwE2d7apuOe4=">AAACIHicbVDLSgMxFM3UV62vqks3wSK4KjMirRuhKILLCvYBnTJk0rQNzSRDckcobT/Fjb/ixoUiutOvMW1noa0XQg7nnMu994Sx4AZc98vJrKyurW9kN3Nb2zu7e/n9g7pRiaasRpVQuhkSwwSXrAYcBGvGmpEoFKwRDq6neuOBacOVvIdhzNoR6Une5ZSApYJ82QcuOgz7uq8CF1/isWsxkT1hOTH/XTwObrCvgEfMpM4gX3CL7qzwMvBSUEBpVYP8p99RNImYBCqIMS3PjaE9Iho4FWyS8xPDYkIHpMdaFkpiZ7VHswMn+MQyHdxV2j4JeMb+7hiRyJhhFFpnRKBvFrUp+Z/WSqB70R5xGSfAJJ0P6iYCg8LTtHCHa0ZBDC0gVHO7K6Z9ogkFm2nOhuAtnrwM6mdFr1Qs3Z0XKldpHFl0hI7RKfJQGVXQLaqiGqLoET2jV/TmPDkvzrvzMbdmnLTnEP0p5/sH6YShnA==</latexit>

⇢̃0 = |0ih0|E ⌦ ⇢0

<latexit sha1_base64="8NjPNVMvNtQ9/saUIWI0nKkO3mQ=">AAACFHicbVBNS8NAEN3Ur1q/qh69LJaCIJREpHoRil48VjBtoYlls5mmSzcf7G6EEvojvPhXvHhQxKsHb/4bt20OtfXBwOO9GWbmeQlnUpnmj1FYWV1b3yhulra2d3b3yvsHLRmngoJNYx6LjkckcBaBrZji0EkEkNDj0PaGNxO//QhCsji6V6ME3JAEEeszSpSWeuXTqqMY9wE7YhD3LHyFSzael0xsPzg+CQIQvXLFrJlT4GVi5aSCcjR75W/Hj2kaQqQoJ1J2LTNRbkaEYpTDuOSkEhJChySArqYRCUG62fSpMa5qxcf9WOiKFJ6q8xMZCaUchZ7uDIkayEVvIv7ndVPVv3QzFiWpgojOFvVTjlWMJwlhnwmgio80IVQwfSumAyIIVTrHkg7BWnx5mbTOala9Vr87rzSu8ziK6AgdoxNkoQvUQLeoiWxE0RN6QW/o3Xg2Xo0P43PWWjDymUP0B8bXL38xnKM=</latexit>

U ⇢̃0U
†

<latexit sha1_base64="qVx6e21pZve6QmrxbdJ1jFoMW9A=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbRU0lEqseiCD1WsB/QhrLZbtqlm03c3RRKyO/w4kERr/4Yb/4bN20O2vpg4PHeDDPzvIgzpW372yqsrW9sbhW3Szu7e/sH5cOjtgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yV3md6ZUKhaKRz2LqBvgkWA+I1gbyU36BHPUSAfJ/Xk6KFfsqj0HWiVOTiqQozkof/WHIYkDKjThWKmeY0faTbDUjHCalvqxohEmEzyiPUMFDqhyk/nRKTozyhD5oTQlNJqrvycSHCg1CzzTGWA9VsteJv7n9WLt37gJE1GsqSCLRX7MkQ5RlgAaMkmJ5jNDMJHM3IrIGEtMtMmpZEJwll9eJe3LqlOr1h6uKvXbPI4inMApXIAD11CHBjShBQSe4Ble4c2aWi/Wu/WxaC1Y+cwx/IH1+QMl4JG2</latexit>

HE0

<latexit sha1_base64="20KbOWfHJOsiL/Go7sdcFjHUJJY=">AAACCnicbZC7TsMwFIadcivlFmBkMVRIZakShApjBUvHIuhFaqLIcd3WqmNHtoNURZlZeBUWBhBi5QnYeBvcNgO0/JKlT/85R8fnD2NGlXacb6uwsrq2vlHcLG1t7+zu2fsHbSUSiUkLCyZkN0SKMMpJS1PNSDeWBEUhI51wfDOtdx6IVFTwez2JiR+hIacDipE2VmAfe3IkAgd6lMPUw4jBu6wyh0YWpE52Fthlp+rMBJfBzaEMcjUD+8vrC5xEhGvMkFI914m1nyKpKWYkK3mJIjHCYzQkPYMcRUT56eyUDJ4apw8HQprHNZy5vydSFCk1iULTGSE9Uou1qflfrZfowZWfUh4nmnA8XzRIGNQCTnOBfSoJ1mxiAGFJzV8hHiGJsDbplUwI7uLJy9A+r7q1au32oly/zuMogiNwAirABZegDhqgCVoAg0fwDF7Bm/VkvVjv1se8tWDlM4fgj6zPH0fNmWI=</latexit>

⇢0 2 S(H0)

<latexit sha1_base64="fnBCA8jDLQe1uE6WQJoRExmTc3k=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbRU9kVqR6LInis0C9ol5JN0zY0ya5JtlCW/R1ePCji1R/jzX9j2u5BWx8MPN6bYWZeEHGmjet+O7m19Y3Nrfx2YWd3b/+geHjU1GGsCG2QkIeqHWBNOZO0YZjhtB0pikXAaSsY38381oQqzUJZN9OI+gIPJRswgo2V/KSrBKqrtJfcn6e9Ysktu3OgVeJlpAQZar3iV7cfklhQaQjHWnc8NzJ+gpVhhNO00I01jTAZ4yHtWCqxoNpP5ken6MwqfTQIlS1p0Fz9PZFgofVUBLZTYDPSy95M/M/rxGZw4ydMRrGhkiwWDWKOTIhmCaA+U5QYPrUEE8XsrYiMsMLE2JwKNgRv+eVV0rwse5Vy5fGqVL3N4sjDCZzCBXhwDVV4gBo0gMATPMMrvDkT58V5dz4WrTknmzmGP3A+fwBrHpHj</latexit>

TrE0

<latexit sha1_base64="QElOwKNdG2Mljmrw3WF2z65W0XY="></latexit>

U
h
|0ih0|E ⌦ ⇢0

i
U†

<latexit sha1_base64="9i1AtFTYuUUP+9RaEomL7THLi2Y="></latexit>

PxU
h
|0ih0|E ⌦ ⇢0

i
U†Px

<latexit sha1_base64="nIkBG6EPP2xXwbi4UUy7mNFN1jQ="></latexit>

TrE0

h
PxU

h
|0ih0|E ⌦ ⇢0

i
U†Px

i

<latexit sha1_base64="JmR1EloVulcQfYaV+6fn1Cv3IuY=">AAACG3icbZBNS8MwGMfT+Tbn29Sjl+AQ5mW0Q6bHMS87TnAvsJaSpukWlqYlSYej9Ht48at48aCIJ8GD38as20E3Hwj8+P+fJ3ny92JGpTLNb6Owsbm1vVPcLe3tHxwelY9PejJKBCZdHLFIDDwkCaOcdBVVjAxiQVDoMdL3Jrdzvz8lQtKI36tZTJwQjTgNKEZKS265bk+REOPITe38slQQP4MPGbQph1pDDLay6gLamZta2aVbrpg1My+4DtYSKmBZHbf8afsRTkLCFWZIyqFlxspJkVAUM5KV7ESSGOEJGpGhRo5CIp00XyeDF1rxYRAJfbiCufp7IkWhlLPQ050hUmO56s3F/7xhooIbJ6U8ThThePFQkDCoIjgPCvpUEKzYTAPCgupdIR4jgbDScZZ0CNbql9ehV69ZjVrj7qrSbC3jKIIzcA6qwALXoAnaoAO6AINH8AxewZvxZLwY78bHorVgLGdOwZ8yvn4A8zGhUw==</latexit>

%x 2 B(H1)

<latexit sha1_base64="CbadVzphvBFuQ86nG4JDCn6mUDQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF0xbaUDbbSbt2swm7G6GU/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6m/mtJ1SaJ/LBjFMMYjqQPOKMGis1/F6p7FbcOcgq8XJShhz1Xumr209YFqM0TFCtO56bmmBCleFM4LTYzTSmlI3oADuWShqjDibzQ6fk3Cp9EiXKljRkrv6emNBY63Ec2s6YmqFe9mbif14nM9FNMOEyzQxKtlgUZYKYhMy+Jn2ukBkxtoQyxe2thA2poszYbIo2BG/55VXSvKx41Uq1cVWu3eZxFOAUzuACPLiGGtxDHXxggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHtL+M5A==</latexit>

U

<latexit sha1_base64="CMBf5fTVUaNVgVSitWMsEKPUGMc=">AAAB/HicbVBNSwMxEJ2tX7V+rfboJVhET2VXpHosiuCxgv2AdinZNG1Dk+ySZIWytH/FiwdFvPpDvPlvTNs9aOuDgcd7M8zMC2POtPG8bye3tr6xuZXfLuzs7u0fuIdHDR0litA6iXikWiHWlDNJ64YZTluxoliEnDbD0e3Mbz5RpVkkH804poHAA8n6jGBjpa5bTDtKIEGxThSTg8n07gx13ZJX9uZAq8TPSAky1LruV6cXkURQaQjHWrd9LzZBipVhhNNJoZNoGmMywgPatlRiQXWQzo+foFOr9FA/UrakQXP190SKhdZjEdpOgc1QL3sz8T+vnZj+dZAyGSeGSrJY1E84MhGaJYF6TFFi+NgSTBSztyIyxAoTY/Mq2BD85ZdXSeOi7FfKlYfLUvUmiyMPx3AC5+DDFVThHmpQBwJjeIZXeHOmzovz7nwsWnNONlOEP3A+fwBi/ZSc</latexit>

measuring E0

<latexit sha1_base64="wSr3ETXCgQBN0UbDG78krN95Xqo=">AAAB/nicbVBNSwMxEM36WevXqnjyEiyip7IrUj0WRfBYwX5AW0o2zbahSXZJZoWytPhXvHhQxKu/w5v/xrTdg7Y+GHi8N8PMvCAW3IDnfTtLyyura+u5jfzm1vbOrru3XzNRoimr0khEuhEQwwRXrAocBGvEmhEZCFYPBjcTv/7ItOGReoBhzNqS9BQPOSVgpY57mLa0xKAJ5ao3jhIYjW9PcccteEVvCrxI/IwUUIZKx/1qdSOaSKaACmJM0/diaKdEA6eCjfKtxLCY0AHpsaalikhm2un0/BE+sUoXh5G2pQBP1d8TKZHGDGVgOyWBvpn3JuJ/XjOB8KqdchUnwBSdLQoTgSHCkyxwl2tGQQwtIVRzeyumfWKzAJtY3obgz7+8SGrnRb9ULN1fFMrXWRw5dISO0Rny0SUqoztUQVVEUYqe0St6c56cF+fd+Zi1LjnZzAH6A+fzBy5UlaM=</latexit>

tracing out E0

Kraus operators: 
<latexit sha1_base64="3ZsntIB63g8fflkWvn0OG3tr+OM=">AAACDXicbVDLSgMxFM34rPU16tJNsIquyoxIdSMUpeCygn1AZxgy6W0bmskMSUYotT/gxl9x40IRt+7d+Tem0y609cCFk3Pu5eaeMOFMacf5thYWl5ZXVnNr+fWNza1te2e3ruJUUqjRmMeyGRIFnAmoaaY5NBMJJAo5NML+9dhv3INULBZ3epCAH5GuYB1GiTZSYB9Wgj6+xB4nossBw7F5PuCaKQd7MhODSmAXnKKTAc8Td0oKaIpqYH957ZimEQhNOVGq5TqJ9odEakY5jPJeqiAhtE+60DJUkAiUP8yuGeEjo7RxJ5amhMaZ+ntiSCKlBlFoOiOie2rWG4v/ea1Udy78IRNJqkHQyaJOyrGO8Tga3GYSqOYDQwiVzPwV0x6RhGoTYN6E4M6ePE/qp0W3VCzdnhXKV9M4cmgfHaAT5KJzVEY3qIpqiKJH9Ixe0Zv1ZL1Y79bHpHXBms7soT+wPn8AyqOZhQ==</latexit>

Ek = he0k|U |0iE
<latexit sha1_base64="KzkQSUA24LsWSquwohfpi6foZcY=">AAACB3icbVDLSgMxFL1TX7W+Rl0KEiyCqzIjUsVVUYQuK9gHdIYhk2ba0MyDJCOUoTs3/oobF4q49Rfc+Tem7YDaeiBwcs69JOf4CWdSWdaXUVhaXlldK66XNja3tnfM3b2WjFNBaJPEPBYdH0vKWUSbiilOO4mgOPQ5bfvD64nfvqdCsji6U6OEuiHuRyxgBCsteebhjTe8RJlDMEf1sWchR8U/V9szy1bFmgItEjsnZcjR8MxPpxeTNKSRIhxL2bWtRLkZFooRTsclJ5U0wWSI+7SraYRDKt1smmOMjrXSQ0Es9IkUmqq/NzIcSjkKfT0ZYjWQ895E/M/rpiq4cDMWJamiEZk9FKQc6ayTUlCPCUoUH2mCiWD6r4gMsMBE6epKugR7PvIiaZ1W7GqlentWrl3ldRThAI7gBGw4hxrUoQFNIPAAT/ACr8aj8Wy8Ge+z0YKR7+zDHxgf32Qnl8E=</latexit>

Ek : H0 ! H1

<latexit sha1_base64="rJBWiy5e9vle2zzckMl9r9Y32ps="></latexit>X

k2x

he0k|U |0ih0|E ⌦ ⇢0U
†|e0ki<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>=

Quantum 
Instrument  Ix

<latexit sha1_base64="yHnGAfTs7KAd+HQL+3eXoHJknak=">AAACFnicbVDLSsNAFJ34rPUVdelmsAh1YUlEqhuh6EZ3FewDmhAmk2k7dPJgZlJaQr7Cjb/ixoUibsWdf+MkzUJbDwyce869M3eOGzEqpGF8a0vLK6tr66WN8ubW9s6uvrffFmHMMWnhkIW86yJBGA1IS1LJSDfiBPkuIx13dJP5nTHhgobBg5xGxPbRIKB9ipFUkqOfJlZ+ScKJl0JVIAbvUmeSwqrFh6FjnMAraI0Rz4qJo1eMmpEDLhKzIBVQoOnoX5YX4tgngcQMCdEzjUjaCeKSYkbSshULEiE8QgPSUzRAPhF2km+UwmOleLAfcnUCCXP190SCfCGmvqs6fSSHYt7LxP+8Xiz7l3ZCgyiWJMCzh/oxgzKEWUbQo5xgyaaKIMyp2hXiIeIIS5VkWYVgzn95kbTPama9Vr8/rzSuizhK4BAcgSowwQVogFvQBC2AwSN4Bq/gTXvSXrR37WPWuqQVMwfgD7TPH3E/nuk=</latexit>

Ix(⇢0) = %x

<latexit sha1_base64="Ql92x2Lgz+AYu0PmvSkyzgG8zLM=">AAACMXicbVC7TsMwFHV4lvAqMLJYVEjtUiUIFcRUlaVsRdCH1EaR4zitVech20FUUX6JhT9BLB1AiJWfwGkzlJYjWTr3nHvt6+NEjAppGFNtbX1jc2u7sKPv7u0fHBaPjjsijDkmbRyykPccJAijAWlLKhnpRZwg32Gk64xvM7/7RLigYfAoJxGxfDQMqEcxkkqyi81kMLsk4cRNoSoQg3ep/Zze6PPiIS3PSTO1jYo+kGFuNBYMs6LbxZJRNWaAq8TMSQnkaNnFt4Eb4tgngcQMCdE3jUhaCeKSYkZSfRALEiE8RkPSVzRAPhFWMls2hedKcaEXcnUCCWfq4kSCfCEmvqM6fSRHYtnLxP+8fiy9ayuhQRRLEuD5Q17MoAxhFh90KSdYsokiCHOqdoV4hDjCUoWchWAuf3mVdC6qZq1au78s1Rt5HAVwCs5AGZjgCtRBE7RAG2DwAt7BB/jUXrWp9qV9z1vXtHzmBPyB9vML+8OoJw==</latexit>

Ix : S(H0) ! B(H1)

<latexit sha1_base64="RYvPskulY1wjpc6WCSYCtID5hEE=">AAAB+XicbVDLSgMxFM3UV62vUZdugkVwVWZEqsuiG5cV7APaoWTSO21okhmSTKEM/RM3LhRx65+482/MtLPQ1gOBwzn3cG9OmHCmjed9O6WNza3tnfJuZW//4PDIPT5p6zhVFFo05rHqhkQDZxJahhkO3UQBESGHTji5z/3OFJRmsXwyswQCQUaSRYwSY6WB6/aVwCCnTMVSgDR44Fa9mrcAXid+QaqoQHPgfvWHMU3zMOVE657vJSbIiDKMcphX+qmGhNAJGUHPUkkE6CBbXD7HF1YZ4ihW9tnlC/V3IiNC65kI7aQgZqxXvVz8z+ulJroNMiaT1ICky0VRyrGJcV4DHjIF1PCZJYQqZm/FdEwUocaWVbEl+KtfXiftq5pfr9Ufr6uNu6KOMjpD5+gS+egGNdADaqIWomiKntErenMy58V5dz6WoyWnyJyiP3A+fwBmLJOG</latexit>

environment

<latexit sha1_base64="X+to2qHfl4ctcwg+en9qHZp31L8=">AAACH3icbZDLSgMxFIYzXmu9jbp0EyyCqzIjUt0IRRFcVrAX6NQhkzltQzOZIcmIZZg3ceOruHGhiLjr25heFtp6IPDx/+ckJ3+QcKa044yspeWV1bX1wkZxc2t7Z9fe22+oOJUU6jTmsWwFRAFnAuqaaQ6tRAKJAg7NYHA99puPIBWLxb0eJtCJSE+wLqNEG8m3K5fYU2nkZwPsMYEzb3JlJiHM8VOe4+KNbxzZj30HG3zwQtLrgfTtklN2JoUXwZ1BCc2q5tvfXhjTNAKhKSdKtV0n0Z2MSM0oh7zopQoSQgekB22DgkSgOtlkmRwfGyXE3ViaIzSeqL8nMhIpNYwC0xkR3Vfz3lj8z2ununvRyZhIUg2CTh/qphzrGI/DwiGTQDUfGiBUMrMrpn0iCdUm0qIJwZ3/8iI0TstupVy5OytVr2ZxFNAhOkInyEXnqIpuUQ3VEUXP6BW9ow/rxXqzPq2vaeuSNZs5QH/KGv0Awl+iMw==</latexit>

=
X

k2x

Ek⇢0E
†
k

<latexit sha1_base64="1uN5z5Kr+lh62Hthxmbim4+2Nv0=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KIVDdC0Y3LCvYBTQiTyaQdOpmEmUmxhLjxV9y4UMStf+HOv3GaZqGtBy4czrl37tzjJ4xKZVnfxtLyyuraemWjurm1vbNr7u13ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOuPbqZ+d0yEpDG/V5OEuBEacBpSjJSWPPPQGSMhhrGXOcVjmSBB/pDDK8+sWXWrAFwkdklqoETLM7+cIMZpRLjCDEnZt61EuRkSimJG8qqTSpIgPEID0teUo4hINyuW5vBEKwEMY6GLK1iovycyFEk5iXzdGSE1lPPeVPzP66cqvHQzypNUEY5ni8KUQRXDaRwwoIJgxSaaICyo/ivEQyQQVjq0qg7Bnj95kXTO6naj3rg7rzWvyzgq4Agcg1NggwvQBLegBdoAg0fwDF7Bm/FkvBjvxsesdckoZw7AHxifP0b2l24=</latexit>%x =

<latexit sha1_base64="jCAJ/BiVE6SHQQDw4evOLNPzYDY="></latexit>

Px =
X

k2x

|ekihek|E0

measurement outcome lies in x

Quantum Instrument
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Kraus operators: 

post-QI (normalised) state

← state-to-(normalised)state map is NOT linear

Outcome      is not normalised: 

<latexit sha1_base64="3ZsntIB63g8fflkWvn0OG3tr+OM=">AAACDXicbVDLSgMxFM34rPU16tJNsIquyoxIdSMUpeCygn1AZxgy6W0bmskMSUYotT/gxl9x40IRt+7d+Tem0y609cCFk3Pu5eaeMOFMacf5thYWl5ZXVnNr+fWNza1te2e3ruJUUqjRmMeyGRIFnAmoaaY5NBMJJAo5NML+9dhv3INULBZ3epCAH5GuYB1GiTZSYB9Wgj6+xB4nossBw7F5PuCaKQd7MhODSmAXnKKTAc8Td0oKaIpqYH957ZimEQhNOVGq5TqJ9odEakY5jPJeqiAhtE+60DJUkAiUP8yuGeEjo7RxJ5amhMaZ+ntiSCKlBlFoOiOie2rWG4v/ea1Udy78IRNJqkHQyaJOyrGO8Tga3GYSqOYDQwiVzPwV0x6RhGoTYN6E4M6ePE/qp0W3VCzdnhXKV9M4cmgfHaAT5KJzVEY3qIpqiKJH9Ixe0Zv1ZL1Y79bHpHXBms7soT+wPn8AyqOZhQ==</latexit>

Ek = he0k|U |0iE
<latexit sha1_base64="KzkQSUA24LsWSquwohfpi6foZcY=">AAACB3icbVDLSgMxFL1TX7W+Rl0KEiyCqzIjUsVVUYQuK9gHdIYhk2ba0MyDJCOUoTs3/oobF4q49Rfc+Tem7YDaeiBwcs69JOf4CWdSWdaXUVhaXlldK66XNja3tnfM3b2WjFNBaJPEPBYdH0vKWUSbiilOO4mgOPQ5bfvD64nfvqdCsji6U6OEuiHuRyxgBCsteebhjTe8RJlDMEf1sWchR8U/V9szy1bFmgItEjsnZcjR8MxPpxeTNKSRIhxL2bWtRLkZFooRTsclJ5U0wWSI+7SraYRDKt1smmOMjrXSQ0Es9IkUmqq/NzIcSjkKfT0ZYjWQ895E/M/rpiq4cDMWJamiEZk9FKQc6ayTUlCPCUoUH2mCiWD6r4gMsMBE6epKugR7PvIiaZ1W7GqlentWrl3ldRThAI7gBGw4hxrUoQFNIPAAT/ACr8aj8Wy8Ge+z0YKR7+zDHxgf32Qnl8E=</latexit>

Ek : H0 ! H1

• In any quantum theories, the map                     is given by the quantum instrument: 

• The properties of the quantum instrument:

- Linear 

- Positive

<latexit sha1_base64="G60T4ouz5kZRbOYmKM68M+ZvrSc=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGK/YA2lM120y7dZMPuRCmhP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bRqWa8QZTUul2QA2XIuYNFCh5O9GcRoHkrWB0M/Vbj1wboeIHHCfcj+ggFqFgFK3U6d6LwRCp1uqpVyq7FXcGsky8nJQhR71X+ur2FUsjHiOT1JiO5yboZ1SjYJJPit3U8ISyER3wjqUxjbjxs9nJE3JqlT4JlbYVI5mpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/xMxEmKPGbzRWEqCSoy/Z/0heYM5dgSyrSwtxI2pJoytCkVbQje4svLpHle8aqV6t1FuXadx1GAYziBM/DgEmpwC3VoAAMFz/AKbw46L8678zFvXXHymSP4A+fzB5StkXg=</latexit>→ If one of the conditions is violated, QM will be falsified!
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•      is a linear transition from a  matrix  (  spin state) to a  matrix  (  spin state) 4 × 4 ρin e+e− 4 × 4 ϱx tt̄

• Such a linear function can be represented by a  matrix, the Choi matrix16 × 16

Choi matrix
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•      is a linear transition from a  matrix  (  spin state) to a  matrix  (  spin state) 4 × 4 ρin e+e− 4 × 4 ϱx tt̄

• Such a linear function can be represented by a  matrix, the Choi matrix16 × 16

<latexit sha1_base64="S1on9tgBv2c7wCBJZVz2tKtKBtg=">AAACInicbVDLSgMxFM34rPVVdekmWARBLTMiVRdC0Y3tqoJ9QFtLJr1tQzOZIckIZdpvceOvuHGhqCvBjzF9CLX1QODcc+7l5h434Exp2/6y5uYXFpeWYyvx1bX1jc3E1nZR+aGkUKA+92XZJQo4E1DQTHMoBxKI53IouZ3rgV96AKmYL+50N4CaR1qCNRkl2kj1xEUve5TDVUlEiwO+xL3sb1GP4P64j6u+Zh4o3MO5SeewX08k7ZQ9BJ4lzpgk0Rj5euKj2vBp6IHQlBOlKo4d6FpEpGaUQz9eDRUEhHZICyqGCmLW1qLhiX28b5QGbvrSPKHxUJ2ciIinVNdzTadHdFtNewPxP68S6uZ5LWIiCDUIOlrUDDnWPh7khRtMAtW8awihkpm/YtomklBtUo2bEJzpk2dJ8STlpFPp29Nk5mocRwztoj10gBx0hjLoBuVRAVH0iJ7RK3qznqwX6936HLXOWeOZHfQH1vcPOY+i6w==</latexit>

|I, J→ = |I→e→ ↑ |J→e+
<latexit sha1_base64="bvzECvDjs1UdhMcMgQ8IvmiTToM=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARBGNJRKrLohtfiwr2AU0ok+mkHTqZhJmJUGIX/oobF4q49Tfc+TdO2yy09cCFwzn3cu89fsyoVLb9beTm5hcWl/LLhZXVtfUNc3OrLqNEYFLDEYtE00eSMMpJTVHFSDMWBIU+Iw2/fzHyGw9ESBrxezWIiReiLqcBxUhpqW3uXFnX1o11C13KoZvCQwseQXfYNot2yR4DzhInI0WQodo2v9xOhJOQcIUZkrLl2LHyUiQUxYwMC24iSYxwH3VJS1OOQiK9dHz/EO5rpQODSOjiCo7V3xMpCqUchL7uDJHqyWlvJP7ntRIVnHkp5XGiCMeTRUHCoIrgKAzYoYJgxQaaICyovhXiHhIIKx1ZQYfgTL88S+rHJadcKt+dFCvnWRx5sAv2wAFwwCmogEtQBTWAwSN4Bq/gzXgyXox342PSmjOymW3wB8bnD5bSk0c=</latexit>

I, J,K,L → {+,↑}4 x 4 = 16 basis operators in 
<latexit sha1_base64="E5IuMEXGjIvWtTDriJgFAXtLpXE=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwVBKR6rHopccK9gPaEDbbTbt0swm7G6XE/BQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvSDhT2nG+rbX1jc2t7dJOeXdv/+DQrhx1VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbmd+94FKxWJxr6cJ9SI8EixkBGsj+XYlGxDMUTP3s4GMEBO5b1edmjMHWiVuQapQoOXbX4NhTNKICk04VqrvOon2Miw1I5zm5UGqaILJBI9o31CBI6q8bH56js6MMkRhLE0Jjebq74kMR0pNo8B0RliP1bI3E//z+qkOr72MiSTVVJDFojDlSMdolgMaMkmJ5lNDMJHM3IrIGEtMtEmrbEJwl19eJZ2Lmluv1e8uq42bIo4SnMApnIMLV9CAJrSgDQQe4Rle4c16sl6sd+tj0bpmFTPH8AfW5w/4MZPV</latexit>

Hin

 spin basis:  e+e−

Choi matrix
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•      is a linear transition from a  matrix  (  spin state) to a  matrix  (  spin state) 4 × 4 ρin e+e− 4 × 4 ϱx tt̄

• Such a linear function can be represented by a  matrix, the Choi matrix16 × 16

<latexit sha1_base64="S1on9tgBv2c7wCBJZVz2tKtKBtg=">AAACInicbVDLSgMxFM34rPVVdekmWARBLTMiVRdC0Y3tqoJ9QFtLJr1tQzOZIckIZdpvceOvuHGhqCvBjzF9CLX1QODcc+7l5h434Exp2/6y5uYXFpeWYyvx1bX1jc3E1nZR+aGkUKA+92XZJQo4E1DQTHMoBxKI53IouZ3rgV96AKmYL+50N4CaR1qCNRkl2kj1xEUve5TDVUlEiwO+xL3sb1GP4P64j6u+Zh4o3MO5SeewX08k7ZQ9BJ4lzpgk0Rj5euKj2vBp6IHQlBOlKo4d6FpEpGaUQz9eDRUEhHZICyqGCmLW1qLhiX28b5QGbvrSPKHxUJ2ciIinVNdzTadHdFtNewPxP68S6uZ5LWIiCDUIOlrUDDnWPh7khRtMAtW8awihkpm/YtomklBtUo2bEJzpk2dJ8STlpFPp29Nk5mocRwztoj10gBx0hjLoBuVRAVH0iJ7RK3qznqwX6936HLXOWeOZHfQH1vcPOY+i6w==</latexit>

|I, J→ = |I→e→ ↑ |J→e+
<latexit sha1_base64="bvzECvDjs1UdhMcMgQ8IvmiTToM=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARBGNJRKrLohtfiwr2AU0ok+mkHTqZhJmJUGIX/oobF4q49Tfc+TdO2yy09cCFwzn3cu89fsyoVLb9beTm5hcWl/LLhZXVtfUNc3OrLqNEYFLDEYtE00eSMMpJTVHFSDMWBIU+Iw2/fzHyGw9ESBrxezWIiReiLqcBxUhpqW3uXFnX1o11C13KoZvCQwseQXfYNot2yR4DzhInI0WQodo2v9xOhJOQcIUZkrLl2LHyUiQUxYwMC24iSYxwH3VJS1OOQiK9dHz/EO5rpQODSOjiCo7V3xMpCqUchL7uDJHqyWlvJP7ntRIVnHkp5XGiCMeTRUHCoIrgKAzYoYJgxQaaICyovhXiHhIIKx1ZQYfgTL88S+rHJadcKt+dFCvnWRx5sAv2wAFwwCmogEtQBTWAwSN4Bq/gzXgyXox342PSmjOymW3wB8bnD5bSk0c=</latexit>

I, J,K,L → {+,↑}4 x 4 = 16 basis operators in 
<latexit sha1_base64="E5IuMEXGjIvWtTDriJgFAXtLpXE=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwVBKR6rHopccK9gPaEDbbTbt0swm7G6XE/BQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvSDhT2nG+rbX1jc2t7dJOeXdv/+DQrhx1VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbmd+94FKxWJxr6cJ9SI8EixkBGsj+XYlGxDMUTP3s4GMEBO5b1edmjMHWiVuQapQoOXbX4NhTNKICk04VqrvOon2Miw1I5zm5UGqaILJBI9o31CBI6q8bH56js6MMkRhLE0Jjebq74kMR0pNo8B0RliP1bI3E//z+qkOr72MiSTVVJDFojDlSMdolgMaMkmJ5lNDMJHM3IrIGEtMtEmrbEJwl19eJZ2Lmluv1e8uq42bIo4SnMApnIMLV9CAJrSgDQQe4Rle4c16sl6sd+tj0bpmFTPH8AfW5w/4MZPV</latexit>

Hin

 spin basis:  e+e−

<latexit sha1_base64="sOauq/OZb8NWOa7Jk2DiaUgmFvs=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiQi1WXRje4q2Ac0IUwmN+3QyYOZiVhCwV9x40IRt36HO//GaZqFth64cDjn3rlzj59yJpVlfRtLyyura+uVjerm1vbOrrm335FJJii0acIT0fOJBM5iaCumOPRSASTyOXT90fXU7z6AkCyJ79U4BTcig5iFjBKlJc88dIo3cgHBJHco4fh24j16Zs2qWwXwIrFLUkMlWp755QQJzSKIFeVEyr5tpcrNiVCMcphUnUxCSuiIDKCvaUwikG5erJ7gE60EOEyErljhQv09kZNIynHk686IqKGc96bif14/U+Glm7M4zRTEdLYozDhWCZ5mgQMmgCo+1oRQwfRfMR0SQajSiVV1CPb8yYukc1a3G/XG3XmteVXGUUFH6BidIhtdoCa6QS3URhTl6Bm9ojfjyXgx3o2PWeuSUc4coD8wPn8As+uV+g==</latexit>Ix
<latexit sha1_base64="v4ZlRFu1aK88oMqZOIOl8Gm49dQ=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUSkuhGKblxWsA9oQphMJ83QyUyYmVRL7Ke4caGIW7/EnX/jtM1CWw9cOJxzL/feE6aMKu0439bK6tr6xmZpq7y9s7u3b1cO2kpkEpMWFkzIbogUYZSTlqaakW4qCUpCRjrh8Gbqd0ZEKir4vR6nxE/QgNOIYqSNFNgVL0YaeiMkZSyCR3gFA7vq1JwZ4DJxC1IFBZqB/eX1Bc4SwjVmSKme66Taz5HUFDMyKXuZIinCQzQgPUM5Sojy89npE3hilD6MhDTFNZypvydylCg1TkLTmSAdq0VvKv7n9TIdXfo55WmmCcfzRVHGoBZwmgPsU0mwZmNDEJbU3ApxjCTC2qRVNiG4iy8vk/ZZza3X6nfn1cZ1EUcJHIFjcApccAEa4BY0QQtg8ACewSt4s56sF+vd+pi3rljFzCH4A+vzBz9bk1s=</latexit>

ω̂x =
<latexit sha1_base64="t6rEuRnSZdLeHvpRYkejaEVvbt0=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEpLosuumygq2FJoTJdNIOnUeYmQglduGvuHGhiFt/w51/47TNQlsPXDiccy/33hOnjGrjed9OaWV1bX2jvFnZ2t7Z3XP3DzpaZgqTNpZMqm6MNGFUkLahhpFuqgjiMSP38ehm6t8/EKWpFHdmnJKQo4GgCcXIWClyjwIqYB5gxGBzEuWB4lBmZhK5Va/mzQCXiV+QKijQityvoC9xxokwmCGte76XmjBHylDMyKQSZJqkCI/QgPQsFYgTHeaz+yfw1Cp9mEhlSxg4U39P5IhrPeax7eTIDPWiNxX/83qZSa7CnIo0M0Tg+aIkY9BIOA0D9qki2LCxJQgram+FeIgUwsZGVrEh+IsvL5POec2v1+q3F9XGdRFHGRyDE3AGfHAJGqAJWqANMHgEz+AVvDlPzovz7nzMW0tOMXMI/sD5/AGYNpXb</latexit>

→ Hout  the result is represented 
by the  basis:

⇒
tt̄

<latexit sha1_base64="G6qRU8z2NWlWz14g46o3JBHMATw=">AAAB/3icbVDLSgNBEOyNrxhfq4IXL4NB8BDCrkj0GBMPHiOYB2SXMDuZJENmZ5eZWSGsOfgrXjwo4tXf8ObfOHkcNLGgoajqprsriDlT2nG+rczK6tr6RnYzt7W9s7tn7x80VJRIQusk4pFsBVhRzgSta6Y5bcWS4jDgtBkMqxO/+UClYpG416OY+iHuC9ZjBGsjdeyj60KlUC3cII8J5KXIKSAXeeOOnXeKzhRombhzkoc5ah37y+tGJAmp0IRjpdquE2s/xVIzwuk45yWKxpgMcZ+2DRU4pMpPp/eP0alRuqgXSVNCo6n6eyLFoVKjMDCdIdYDtehNxP+8dqJ7V37KRJxoKshsUS/hSEdoEgbqMkmJ5iNDMJHM3IrIAEtMtIksZ0JwF19eJo3zolsqlu4u8uXKPI4sHMMJnIELl1CGW6hBHQg8wjO8wpv1ZL1Y79bHrDVjzWcO4Q+szx9x4JMw</latexit>

A,B,C,D → {0, 1}

<latexit sha1_base64="XhO8WiKEc8+cin/KjzfRblSgwzY=">AAACI3icbVDLSgMxFM34rPU16tJNsAgupMyIVBGEtm5cVrAP6JSSSdM2NJMZkjtCmfZf3PgrblwoxY0L/8X0IWrrgcC559zLzT1+JLgGx/mwlpZXVtfWUxvpza3tnV17b7+iw1hRVqahCFXNJ5oJLlkZOAhWixQjgS9Y1e/djP3qA1Oah/Ie+hFrBKQjeZtTAkZq2leDwmkRe4rIjmD4Gg8K30UzgSH2QuAB03iAiz+65xOFYdi0M07WmQAvEndGMmiGUtMeea2QxgGTQAXRuu46ETQSooBTwYZpL9YsIrRHOqxuqCRmcyOZ3DjEx0Zp4XaozJOAJ+rviYQEWvcD33QGBLp63huL/3n1GNqXjYTLKAYm6XRROxYYQjwODLe4YhRE3xBCFTd/xbRLFKFgYk2bENz5kxdJ5Szr5rK5u/NMvjiLI4UO0RE6QS66QHl0i0qojCh6RM/oFb1ZT9aLNbLep61L1mzmAP2B9fkFX8WjkA==</latexit>

|A,B→ = |A→t ↑ |B→t̄

Choi matrix
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•      is a linear transition from a  matrix  (  spin state) to a  matrix  (  spin state) 4 × 4 ρin e+e− 4 × 4 ϱx tt̄

• Such a linear function can be represented by a  matrix, the Choi matrix16 × 16

<latexit sha1_base64="S1on9tgBv2c7wCBJZVz2tKtKBtg=">AAACInicbVDLSgMxFM34rPVVdekmWARBLTMiVRdC0Y3tqoJ9QFtLJr1tQzOZIckIZdpvceOvuHGhqCvBjzF9CLX1QODcc+7l5h434Exp2/6y5uYXFpeWYyvx1bX1jc3E1nZR+aGkUKA+92XZJQo4E1DQTHMoBxKI53IouZ3rgV96AKmYL+50N4CaR1qCNRkl2kj1xEUve5TDVUlEiwO+xL3sb1GP4P64j6u+Zh4o3MO5SeewX08k7ZQ9BJ4lzpgk0Rj5euKj2vBp6IHQlBOlKo4d6FpEpGaUQz9eDRUEhHZICyqGCmLW1qLhiX28b5QGbvrSPKHxUJ2ciIinVNdzTadHdFtNewPxP68S6uZ5LWIiCDUIOlrUDDnWPh7khRtMAtW8awihkpm/YtomklBtUo2bEJzpk2dJ8STlpFPp29Nk5mocRwztoj10gBx0hjLoBuVRAVH0iJ7RK3qznqwX6936HLXOWeOZHfQH1vcPOY+i6w==</latexit>

|I, J→ = |I→e→ ↑ |J→e+
<latexit sha1_base64="bvzECvDjs1UdhMcMgQ8IvmiTToM=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARBGNJRKrLohtfiwr2AU0ok+mkHTqZhJmJUGIX/oobF4q49Tfc+TdO2yy09cCFwzn3cu89fsyoVLb9beTm5hcWl/LLhZXVtfUNc3OrLqNEYFLDEYtE00eSMMpJTVHFSDMWBIU+Iw2/fzHyGw9ESBrxezWIiReiLqcBxUhpqW3uXFnX1o11C13KoZvCQwseQXfYNot2yR4DzhInI0WQodo2v9xOhJOQcIUZkrLl2LHyUiQUxYwMC24iSYxwH3VJS1OOQiK9dHz/EO5rpQODSOjiCo7V3xMpCqUchL7uDJHqyWlvJP7ntRIVnHkp5XGiCMeTRUHCoIrgKAzYoYJgxQaaICyovhXiHhIIKx1ZQYfgTL88S+rHJadcKt+dFCvnWRx5sAv2wAFwwCmogEtQBTWAwSN4Bq/gzXgyXox342PSmjOymW3wB8bnD5bSk0c=</latexit>

I, J,K,L → {+,↑}4 x 4 = 16 basis operators in 
<latexit sha1_base64="E5IuMEXGjIvWtTDriJgFAXtLpXE=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwVBKR6rHopccK9gPaEDbbTbt0swm7G6XE/BQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvSDhT2nG+rbX1jc2t7dJOeXdv/+DQrhx1VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbmd+94FKxWJxr6cJ9SI8EixkBGsj+XYlGxDMUTP3s4GMEBO5b1edmjMHWiVuQapQoOXbX4NhTNKICk04VqrvOon2Miw1I5zm5UGqaILJBI9o31CBI6q8bH56js6MMkRhLE0Jjebq74kMR0pNo8B0RliP1bI3E//z+qkOr72MiSTVVJDFojDlSMdolgMaMkmJ5lNDMJHM3IrIGEtMtEmrbEJwl19eJZ2Lmluv1e8uq42bIo4SnMApnIMLV9CAJrSgDQQe4Rle4c16sl6sd+tj0bpmFTPH8AfW5w/4MZPV</latexit>

Hin

 spin basis:  e+e−

<latexit sha1_base64="sOauq/OZb8NWOa7Jk2DiaUgmFvs=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiQi1WXRje4q2Ac0IUwmN+3QyYOZiVhCwV9x40IRt36HO//GaZqFth64cDjn3rlzj59yJpVlfRtLyyura+uVjerm1vbOrrm335FJJii0acIT0fOJBM5iaCumOPRSASTyOXT90fXU7z6AkCyJ79U4BTcig5iFjBKlJc88dIo3cgHBJHco4fh24j16Zs2qWwXwIrFLUkMlWp755QQJzSKIFeVEyr5tpcrNiVCMcphUnUxCSuiIDKCvaUwikG5erJ7gE60EOEyErljhQv09kZNIynHk686IqKGc96bif14/U+Glm7M4zRTEdLYozDhWCZ5mgQMmgCo+1oRQwfRfMR0SQajSiVV1CPb8yYukc1a3G/XG3XmteVXGUUFH6BidIhtdoCa6QS3URhTl6Bm9ojfjyXgx3o2PWeuSUc4coD8wPn8As+uV+g==</latexit>Ix
<latexit sha1_base64="v4ZlRFu1aK88oMqZOIOl8Gm49dQ=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUSkuhGKblxWsA9oQphMJ83QyUyYmVRL7Ke4caGIW7/EnX/jtM1CWw9cOJxzL/feE6aMKu0439bK6tr6xmZpq7y9s7u3b1cO2kpkEpMWFkzIbogUYZSTlqaakW4qCUpCRjrh8Gbqd0ZEKir4vR6nxE/QgNOIYqSNFNgVL0YaeiMkZSyCR3gFA7vq1JwZ4DJxC1IFBZqB/eX1Bc4SwjVmSKme66Taz5HUFDMyKXuZIinCQzQgPUM5Sojy89npE3hilD6MhDTFNZypvydylCg1TkLTmSAdq0VvKv7n9TIdXfo55WmmCcfzRVHGoBZwmgPsU0mwZmNDEJbU3ApxjCTC2qRVNiG4iy8vk/ZZza3X6nfn1cZ1EUcJHIFjcApccAEa4BY0QQtg8ACewSt4s56sF+vd+pi3rljFzCH4A+vzBz9bk1s=</latexit>

ω̂x =
<latexit sha1_base64="t6rEuRnSZdLeHvpRYkejaEVvbt0=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEpLosuumygq2FJoTJdNIOnUeYmQglduGvuHGhiFt/w51/47TNQlsPXDiccy/33hOnjGrjed9OaWV1bX2jvFnZ2t7Z3XP3DzpaZgqTNpZMqm6MNGFUkLahhpFuqgjiMSP38ehm6t8/EKWpFHdmnJKQo4GgCcXIWClyjwIqYB5gxGBzEuWB4lBmZhK5Va/mzQCXiV+QKijQityvoC9xxokwmCGte76XmjBHylDMyKQSZJqkCI/QgPQsFYgTHeaz+yfw1Cp9mEhlSxg4U39P5IhrPeax7eTIDPWiNxX/83qZSa7CnIo0M0Tg+aIkY9BIOA0D9qki2LCxJQgram+FeIgUwsZGVrEh+IsvL5POec2v1+q3F9XGdRFHGRyDE3AGfHAJGqAJWqANMHgEz+AVvDlPzovz7nzMW0tOMXMI/sD5/AGYNpXb</latexit>

→ Hout  the result is represented 
by the  basis:

⇒
tt̄

<latexit sha1_base64="G6qRU8z2NWlWz14g46o3JBHMATw=">AAAB/3icbVDLSgNBEOyNrxhfq4IXL4NB8BDCrkj0GBMPHiOYB2SXMDuZJENmZ5eZWSGsOfgrXjwo4tXf8ObfOHkcNLGgoajqprsriDlT2nG+rczK6tr6RnYzt7W9s7tn7x80VJRIQusk4pFsBVhRzgSta6Y5bcWS4jDgtBkMqxO/+UClYpG416OY+iHuC9ZjBGsjdeyj60KlUC3cII8J5KXIKSAXeeOOnXeKzhRombhzkoc5ah37y+tGJAmp0IRjpdquE2s/xVIzwuk45yWKxpgMcZ+2DRU4pMpPp/eP0alRuqgXSVNCo6n6eyLFoVKjMDCdIdYDtehNxP+8dqJ7V37KRJxoKshsUS/hSEdoEgbqMkmJ5iNDMJHM3IrIAEtMtIksZ0JwF19eJo3zolsqlu4u8uXKPI4sHMMJnIELl1CGW6hBHQg8wjO8wpv1ZL1Y79bHrDVjzWcO4Q+szx9x4JMw</latexit>

A,B,C,D → {0, 1}

<latexit sha1_base64="XhO8WiKEc8+cin/KjzfRblSgwzY=">AAACI3icbVDLSgMxFM34rPU16tJNsAgupMyIVBGEtm5cVrAP6JSSSdM2NJMZkjtCmfZf3PgrblwoxY0L/8X0IWrrgcC559zLzT1+JLgGx/mwlpZXVtfWUxvpza3tnV17b7+iw1hRVqahCFXNJ5oJLlkZOAhWixQjgS9Y1e/djP3qA1Oah/Ie+hFrBKQjeZtTAkZq2leDwmkRe4rIjmD4Gg8K30UzgSH2QuAB03iAiz+65xOFYdi0M07WmQAvEndGMmiGUtMeea2QxgGTQAXRuu46ETQSooBTwYZpL9YsIrRHOqxuqCRmcyOZ3DjEx0Zp4XaozJOAJ+rviYQEWvcD33QGBLp63huL/3n1GNqXjYTLKAYm6XRROxYYQjwODLe4YhRE3xBCFTd/xbRLFKFgYk2bENz5kxdJ5Szr5rK5u/NMvjiLI4UO0RE6QS66QHl0i0qojCh6RM/oFb1ZT9aLNbLep61L1mzmAP2B9fkFX8WjkA==</latexit>

|A,B→ = |A→t ↑ |B→t̄

<latexit sha1_base64="mNfYHXO2sfxdT4X1LYWHp+3vUJM="></latexit>

[ω̂x][A,B],[C,D]
=

∑

[I,J][K,L]

εin
[I,J][K,L]

→A,B|Ix(|I, J↑→K,L|)|C,D↑

<latexit sha1_base64="ec2M5EAtyejyt9/On7u+7ERrEr0="></latexit>

Ĩx(|I, J→↑K,L|)[A,B],[C,D] =

<latexit sha1_base64="t3f0tZ4A/H+kk7cWGjZUsSWTEHs="></latexit>

Ix(|++→↑++ |)[A,B],[C,D]
<latexit sha1_base64="FNK7rOZIaJg+Ix8sgFSM5WDoBow="></latexit>

Ix(|++→↑+↓ |)[A,B],[C,D]

<latexit sha1_base64="AbY4we/EfHSpZIyHONXq/athc7Y="></latexit>

Ix(|→+↑↓++ |)[A,B],[C,D]

<latexit sha1_base64="ZSzi+2GNt/zUKNYA6fUVDV3MjNE="></latexit>

Ix(|+→↑↓++ |)[A,B],[C,D]

<latexit sha1_base64="mi+T61huLkXQwpdjzlHRMkZ0p44="></latexit>

Ix(|→→↑↓++ |)[A,B],[C,D]
<latexit sha1_base64="Mq+VAppMo6lZUQjXg7cTnqNm2jM="></latexit>

Ix(|→→↑↓→ → |)[A,B],[C,D]

<latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·
<latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·
<latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·

<latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·
<latexit sha1_base64="xDWO/yGJyAUQjC3uW+BWH4AYO88=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIVI+lXjxWMG2hDWWz3bZLN5uwOxFK6G/w4kERr/4gb/4bt20OWn0w8Hhvhpl5YSKFQdf9cgobm1vbO8Xd0t7+weFR+fikbeJUM+6zWMa6G1LDpVDcR4GSdxPNaRRK3gmntwu/88i1EbF6wFnCg4iOlRgJRtFKfr8pxtVBueLW3CXIX+LlpAI5WoPyZ38YszTiCpmkxvQ8N8EgoxoFk3xe6qeGJ5RN6Zj3LFU04ibIlsfOyYVVhmQUa1sKyVL9OZHRyJhZFNrOiOLErHsL8T+vl+LoJsiESlLkiq0WjVJJMCaLz8lQaM5QziyhTAt7K2ETqilDm0/JhuCtv/yXtC9rXr1Wv7+qNJp5HEU4g3OoggfX0IA7aIEPDAQ8wQu8Osp5dt6c91VrwclnTuEXnI9vMnuOTQ==</latexit>( <latexit sha1_base64="pfRnsq6hprfwp3o0BMMw806ELtc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRZBL2VXpHos9eKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1O432OgCDcoVt+pmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4Y2fMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+rHq1au3+qlJv5HEU4QRO4Rw8uIY63EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w+LAo54</latexit>)

<latexit sha1_base64="5n5AeyKfgio6h0VkeXwfNiBB+MI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURqS6LbnRXwT6gCWEyuWmHTh7MTNQSCv6KGxeKuPU73Pk3TtsstPXAhcM593LvPX7KmVSW9W2UlpZXVtfK65WNza3tHXN3ry2TTFBo0YQnousTCZzF0FJMceimAkjkc+j4w6uJ37kHIVkS36lRCm5E+jELGSVKS5554DywABTjAeDcoYTjm7H36JlVq2ZNgReJXZAqKtD0zC8nSGgWQawoJ1L2bCtVbk6EYpTDuOJkElJCh6QPPU1jEoF08+n5Y3yslQCHidAVKzxVf0/kJJJyFPm6MyJqIOe9ifif18tUeOHmLE4zBTGdLQozjlWCJ1nggAmgio80IVQwfSumAyIIVTqxig7Bnn95kbRPa3a9Vr89qzYuizjK6BAdoRNko3PUQNeoiVqIohw9o1f0ZjwZL8a78TFrLRnFzD76A+PzB/qZlYM=</latexit>

Ĩxthe 16 x 16 Choi matrix 

Choi matrix

<latexit sha1_base64="ZwvE3c53tiSg9wM26SQpekorLGA=">AAACEXicbZDLSsNAFIYnXmu9RV26GSxCVyURqW6EopsuK9gLtCFMJtN26MwkzEyEEvIKbnwVNy4UcevOnW/jNA2irQcGPv7/HM6cP4gZVdpxvqyV1bX1jc3SVnl7Z3dv3z447KgokZi0ccQi2QuQIowK0tZUM9KLJUE8YKQbTG5mfveeSEUjcaenMfE4Ggk6pBhpI/l2NfTTgeSQigxewRxDyjNDGDHYzH5c3644NScvuAxuARVQVMu3PwdhhBNOhMYMKdV3nVh7KZKaYkay8iBRJEZ4gkakb1AgTpSX5hdl8NQoIRxG0jyhYa7+nkgRV2rKA9PJkR6rRW8m/uf1Ez289FIq4kQTgeeLhgmDOoKzeMzxkmDNpgYQltT8FeIxkghrE2LZhOAunrwMnbOaW6/Vb88rjesijhI4BiegClxwARqgCVqgDTB4AE/gBbxaj9az9Wa9z1tXrGLmCPwp6+MbeUqc0g==</latexit>

din = dimHin

<latexit sha1_base64="3t9yekGvQ3wCjT5xLD8iZ5/Dcg0=">AAACDnicbVC7TsMwFHV4lvIKMLJYVJWYqgShwljB0rFI9CE1UeS4TmvVdiLbQaqifAELv8LCAEKszGz8DW6aAVqOZOnonHt1fU6YMKq043xba+sbm1vblZ3q7t7+waF9dNxTcSox6eKYxXIQIkUYFaSrqWZkkEiCeMhIP5zezv3+A5GKxuJezxLiczQWNKIYaSMFdt2LJMKZm2eZJzkcUZ7DzMOIwXYeFBIVeR7YNafhFICrxC1JDZToBPaXN4pxyonQmCGlhq6TaD9DUlPMSF71UkUShKdoTIaGCsSJ8rMiTg7rRhnBKJbmCQ0L9fdGhrhSMx6aSY70RC17c/E/b5jq6NrPqEhSTQReHIpSBnUM592Y9JJgzWaGICyp+SvEE2T60abBqinBXY68SnoXDbfZaN5d1lo3ZR0VcArOwDlwwRVogTbogC7A4BE8g1fwZj1ZL9a79bEYXbPKnRPwB9bnD3bYnGM=</latexit>

1

dimHin
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• The Choi matrix,      , has the entire information about the QI map, 
<latexit sha1_base64="5n5AeyKfgio6h0VkeXwfNiBB+MI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURqS6LbnRXwT6gCWEyuWmHTh7MTNQSCv6KGxeKuPU73Pk3TtsstPXAhcM593LvPX7KmVSW9W2UlpZXVtfK65WNza3tHXN3ry2TTFBo0YQnousTCZzF0FJMceimAkjkc+j4w6uJ37kHIVkS36lRCm5E+jELGSVKS5554DywABTjAeDcoYTjm7H36JlVq2ZNgReJXZAqKtD0zC8nSGgWQawoJ1L2bCtVbk6EYpTDuOJkElJCh6QPPU1jEoF08+n5Y3yslQCHidAVKzxVf0/kJJJyFPm6MyJqIOe9ifif18tUeOHmLE4zBTGdLQozjlWCJ1nggAmgio80IVQwfSumAyIIVTqxig7Bnn95kbRPa3a9Vr89qzYuizjK6BAdoRNko3PUQNeoiVqIohw9o1f0ZjwZL8a78TFrLRnFzD76A+PzB/qZlYM=</latexit>

Ĩx
<latexit sha1_base64="pxkEG6GYECxWwqpWLd3rRPDZl7s=">AAACFXicbVDLSgMxFM3UV62vUZdugkVwIWVGpIqrohvdVbAP6AxDJk3b0EwyJBmxDPMTbvwVNy4UcSu4829M21nU1gOBwzn3cnNOGDOqtOP8WIWl5ZXVteJ6aWNza3vH3t1rKpFITBpYMCHbIVKEUU4ammpG2rEkKAoZaYXD67HfeiBSUcHv9SgmfoT6nPYoRtpIgX2SehgxeJsFj5fQkwMRpJ6MIOUZ9LSYUUSis8AuOxVnArhI3JyUQY56YH97XYGTiHCNGVKq4zqx9lMkNcWMZCUvUSRGeIj6pGMoRxFRfjpJlcEjo3RhT0jzuIYTdXYjRZFSoyg0kxHSAzXvjcX/vE6iexd+SnmcaMLx9FAvYdDkHVcEu1QSrNnIEIQlNX+FeIAkwtoUWTIluPORF0nztOJWK9W7s3LtKq+jCA7AITgGLjgHNXAD6qABMHgCL+ANvFvP1qv1YX1ORwtWvrMP/sD6+gU90J7o</latexit>Ix : ωin → ωout

• In some sense, it is a “matrix representation of the theory”

• Different theories must give different Choi matrices

• Experimental reconstruction of Choi matrix is called Quantum Process Tomography (QPT)

Quantum Process Tomography
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• The Choi matrix,      , has the entire information about the QI map, 
<latexit sha1_base64="5n5AeyKfgio6h0VkeXwfNiBB+MI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURqS6LbnRXwT6gCWEyuWmHTh7MTNQSCv6KGxeKuPU73Pk3TtsstPXAhcM593LvPX7KmVSW9W2UlpZXVtfK65WNza3tHXN3ry2TTFBo0YQnousTCZzF0FJMceimAkjkc+j4w6uJ37kHIVkS36lRCm5E+jELGSVKS5554DywABTjAeDcoYTjm7H36JlVq2ZNgReJXZAqKtD0zC8nSGgWQawoJ1L2bCtVbk6EYpTDuOJkElJCh6QPPU1jEoF08+n5Y3yslQCHidAVKzxVf0/kJJJyFPm6MyJqIOe9ifif18tUeOHmLE4zBTGdLQozjlWCJ1nggAmgio80IVQwfSumAyIIVTqxig7Bnn95kbRPa3a9Vr89qzYuizjK6BAdoRNko3PUQNeoiVqIohw9o1f0ZjwZL8a78TFrLRnFzD76A+PzB/qZlYM=</latexit>

Ĩx
<latexit sha1_base64="pxkEG6GYECxWwqpWLd3rRPDZl7s=">AAACFXicbVDLSgMxFM3UV62vUZdugkVwIWVGpIqrohvdVbAP6AxDJk3b0EwyJBmxDPMTbvwVNy4UcSu4829M21nU1gOBwzn3cnNOGDOqtOP8WIWl5ZXVteJ6aWNza3vH3t1rKpFITBpYMCHbIVKEUU4ammpG2rEkKAoZaYXD67HfeiBSUcHv9SgmfoT6nPYoRtpIgX2SehgxeJsFj5fQkwMRpJ6MIOUZ9LSYUUSis8AuOxVnArhI3JyUQY56YH97XYGTiHCNGVKq4zqx9lMkNcWMZCUvUSRGeIj6pGMoRxFRfjpJlcEjo3RhT0jzuIYTdXYjRZFSoyg0kxHSAzXvjcX/vE6iexd+SnmcaMLx9FAvYdDkHVcEu1QSrNnIEIQlNX+FeIAkwtoUWTIluPORF0nztOJWK9W7s3LtKq+jCA7AITgGLjgHNXAD6qABMHgCL+ANvFvP1qv1YX1ORwtWvrMP/sD6+gU90J7o</latexit>Ix : ωin → ωout

• In some sense, it is a “matrix representation of the theory”

• Different theories must give different Choi matrices

• Experimental reconstruction of Choi matrix is called Quantum Process Tomography (QPT)

• QPT offers:

- Powerful SM test:

- Positivity test of the QM:
<latexit sha1_base64="T92OrYNLCk38bVW3Kegr4Xu0AKk=">AAACBnicbVDLSsNAFJ3UV62vqksRBovgqiQi1WXRje4q2Ac0sUwmN+3QmSTMTKQldOXGX3HjQhG3foM7/8bpY6GtBy4czrmXe+/xE86Utu1vK7e0vLK6ll8vbGxube8Ud/caKk4lhTqNeSxbPlHAWQR1zTSHViKBCJ9D0+9fjf3mA0jF4uhODxPwBOlGLGSUaCN1iodtVzMeAM5cSji+GXUG3n3mSoFhkIw6xZJdtifAi8SZkRKaodYpfrlBTFMBkaacKNV27ER7GZGaUQ6jgpsqSAjtky60DY2IAOVlkzdG+NgoAQ5jaSrSeKL+nsiIUGoofNMpiO6peW8s/ue1Ux1eeBmLklRDRKeLwpRjHeNxJjhgEqjmQ0MIlczcimmPSEK1Sa5gQnDmX14kjdOyUylXbs9K1ctZHHl0gI7QCXLQOaqia1RDdUTRI3pGr+jNerJerHfrY9qas2Yz++gPrM8fCk2Y4A==</latexit>

[Ĩx]expQM is excluded if one of the eigenvalues of               is negative

- Linearity test of the QM:

QM is be excluded if an initial state independent from the ones used in the QPT

<latexit sha1_base64="XOwGiIHOiiD8xvEjv9P4RgtaGA8="></latexit>

[Ĩx]exp → [Ĩx]SM

Quantum Process Tomography

<latexit sha1_base64="T5jlsKWwUt4KINBvV8sWCgkYHQw="></latexit>

[ωx]
exp
[A,B][C,D]

→=
∑

[I,J][K,L]

εin
[I,J][K,L]

[Ĩx(|I, J↑↓K,L|)]exp
[A,B][C,D]
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Choi matrix in QFT<latexit sha1_base64="WvoDAunrxTID7AyKhHtBq/9YvLQ=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAZBEMOMSPQY9OIxglkgk4SeTiVp0rPQXSPEIfgrXjwo4tX/8Obf2FkOmvig4PFeFVX1/FgKjY7zbWWWlldW17LruY3Nre0de3evqqNEcajwSEaq7jMNUoRQQYES6rECFvgSav7gZuzXHkBpEYX3OIyhGbBeKLqCMzRS2z6A1hmF1in1MKJIPZ8pim077xScCegicWckT2Yot+0vrxPxJIAQuWRaN1wnxmbKFAouYZTzEg0x4wPWg4ahIQtAN9PJ9SN6bJQO7UbKVIh0ov6eSFmg9TDwTWfAsK/nvbH4n9dIsHvVTEUYJwghny7qJpKOPzVR0I5QwFEODWFcCXMr5X2mGEcTWM6E4M6/vEiq5wW3WCjeXeRL17M4suSQHJET4pJLUiK3pEwqhJNH8kxeyZv1ZL1Y79bHtDVjzWb2yR9Ynz8NuJO0</latexit>

e�e+ ! tt̄

<latexit sha1_base64="QHpXfE0Ewc+qO2zlYRN4OB6Ni0c=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBaFMSkepGKLpxWcHWQhPCZDpph04mYWYilFBw46+4caGIW3/CnX/jtM1CWw9c7uGce5m5J0gYlcq2v43C0vLK6lpxvbSxubW9Y+7utWWcCkxaOGax6ARIEkY5aSmqGOkkgqAoYOQ+GF5P/PsHIiSN+Z0aJcSLUJ/TkGKktOSbB9In8BK6GaxUqrBiVaGlu2VBd+ybZbtmTwEXiZOTMsjR9M0vtxfjNCJcYYak7Dp2orwMCUUxI+OSm0qSIDxEfdLVlKOISC+b3jCGx1rpwTAWuriCU/X3RoYiKUdRoCcjpAZy3puI/3ndVIUXXkZ5kirC8eyhMGVQxXASCOxRQbBiI00QFlT/FeIBEggrHVtJh+DMn7xI2qc1p16r356VG1d5HEVwCI7ACXDAOWiAG9AELYDBI3gGr+DNeDJejHfjYzZaMPKdffAHxucPjSGTog==</latexit>

se = {++,+�,�+,��}
<latexit sha1_base64="Rl1kTJCGjzZbRwFSfEZozJOLu3Y=">AAACIHicbVDLSgMxFM3UV62vUZdugkVwVWZEWjdC0Y3LCvYBnWHIpGkbmmTGJCOUaT/Fjb/ixoUiutOvMdPOQlsvhHM4515u7gljRpV2nC+rsLK6tr5R3Cxtbe/s7tn7By0VJRKTJo5YJDshUoRRQZqaakY6sSSIh4y0w9F15rcfiFQ0End6HBOfo4GgfYqRNlJg1zw5jAIHXkJPJTxIVUCm8D7HCTQAPYnEgBlkc8y0SWCXnYozK7hM3JyUQV6NwP70ehFOOBEaM6RU13Vi7adIaooZmZa8RJEY4REakK6hAnGi/HR24BSeGKUH+5E0T2g4U39PpIgrNeah6eRID9Wil4n/ed1E9y/8lIo40UTg+aJ+wqCOYJYW7FFJsGZjQxCW1PwV4iGSCGuTacmE4C6evExaZxW3WqnenpfrV3kcRXAEjsEpcEEN1MENaIAmwOARPINX8GY9WS/Wu/Uxby1Y+cwh+FPW9w+xy6K1</latexit>

⇢0 =
X

se

qse |seihse|
<latexit sha1_base64="8bh/aRMB0jDRWJfNV+HqveRtVks=">AAACIHicbVDLSgNBEJz1GeMr6tHLYBAUJOyKJF6EoBePEYwGsmGZnfQmg7OPzPQKYcmnePFXvHhQRG/6NU7iCmosaCiquunu8hMpNNr2uzUzOze/sFhYKi6vrK6tlzY2r3ScKg5NHstYtXymQYoImihQQitRwEJfwrV/czb2r29BaRFHlzhMoBOyXiQCwRkaySvVXAkB7tGBl2kPRtTtwYDaB+4BdXUa5uK3eUId6irR6+O+VyrbFXsCOk2cnJRJjoZXenO7MU9DiJBLpnXbsRPsZEyh4BJGRTfVkDB+w3rQNjRiIehONnlwRHeN0qVBrExFSCfqz4mMhVoPQ990hgz7+q83Fv/z2ikGx51MREmKEPGvRUEqKcZ0nBbtCgUc5dAQxpUwt1LeZ4pxNJkWTQjO35enydVhxalWqhdH5fppHkeBbJMdskccUiN1ck4apEk4uSMP5Ik8W/fWo/VivX61zlj5zBb5BevjE1AuodY=</latexit>(
qse → 0,

∑

se

qse = 1

)
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Choi matrix in QFT<latexit sha1_base64="WvoDAunrxTID7AyKhHtBq/9YvLQ=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAZBEMOMSPQY9OIxglkgk4SeTiVp0rPQXSPEIfgrXjwo4tX/8Obf2FkOmvig4PFeFVX1/FgKjY7zbWWWlldW17LruY3Nre0de3evqqNEcajwSEaq7jMNUoRQQYES6rECFvgSav7gZuzXHkBpEYX3OIyhGbBeKLqCMzRS2z6A1hmF1in1MKJIPZ8pim077xScCegicWckT2Yot+0vrxPxJIAQuWRaN1wnxmbKFAouYZTzEg0x4wPWg4ahIQtAN9PJ9SN6bJQO7UbKVIh0ov6eSFmg9TDwTWfAsK/nvbH4n9dIsHvVTEUYJwghny7qJpKOPzVR0I5QwFEODWFcCXMr5X2mGEcTWM6E4M6/vEiq5wW3WCjeXeRL17M4suSQHJET4pJLUiK3pEwqhJNH8kxeyZv1ZL1Y79bHtDVjzWb2yR9Ynz8NuJO0</latexit>

e�e+ ! tt̄

<latexit sha1_base64="pDMoZtVYRq6T7G2+4U/zEjiJ9Hw=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIglpmVKoboejGZQV7gU4tmfS0Dc1khiQjlHEexI2v4saFIm5cCL6NaTugVg8EPv7/HE7O74WcKW3bn1ZmZnZufiG7mFtaXlldy69v1FQQSQpVGvBANjyigDMBVc00h0Yogfgeh7o3uBj59VuQigXiWg9DaPmkJ1iXUaKN1M4f3eGwHbvSx0wk2JVE9DjgMzyW4eYg2Z/A3reJ2/mCXbTHhf+Ck0IBpVVp59/dTkAjH4SmnCjVdOxQt2IiNaMckpwbKQgJHZAeNA0K4oNqxePjErxjlA7uBtI8ofFY/TkRE1+poe+ZTp/ovpr2RuJ/XjPS3dNWzEQYaRB0sqgbcawDPEoKd5gEqvnQAKGSmb9i2ieSUG3yzJkQnOmT/0LtsOiUiqWr40L5PI0ji7bQNtpFDjpBZXSJKqiKKLpHj+gZvVgP1pP1ar1NWjNWOrOJfpX18QVRVaBE</latexit>

|pini = |pe� , pe+i

<latexit sha1_base64="QHpXfE0Ewc+qO2zlYRN4OB6Ni0c=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBaFMSkepGKLpxWcHWQhPCZDpph04mYWYilFBw46+4caGIW3/CnX/jtM1CWw9c7uGce5m5J0gYlcq2v43C0vLK6lpxvbSxubW9Y+7utWWcCkxaOGax6ARIEkY5aSmqGOkkgqAoYOQ+GF5P/PsHIiSN+Z0aJcSLUJ/TkGKktOSbB9In8BK6GaxUqrBiVaGlu2VBd+ybZbtmTwEXiZOTMsjR9M0vtxfjNCJcYYak7Dp2orwMCUUxI+OSm0qSIDxEfdLVlKOISC+b3jCGx1rpwTAWuriCU/X3RoYiKUdRoCcjpAZy3puI/3ndVIUXXkZ5kirC8eyhMGVQxXASCOxRQbBiI00QFlT/FeIBEggrHVtJh+DMn7xI2qc1p16r356VG1d5HEVwCI7ACXDAOWiAG9AELYDBI3gGr+DNeDJejHfjYzZaMPKdffAHxucPjSGTog==</latexit>

se = {++,+�,�+,��}

<latexit sha1_base64="tzTNBrxZEK2eELl44D2yC6ZL6/4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz04J33SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaV5UvGqlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+FojPM=</latexit>

1)

<latexit sha1_base64="Rl1kTJCGjzZbRwFSfEZozJOLu3Y=">AAACIHicbVDLSgMxFM3UV62vUZdugkVwVWZEWjdC0Y3LCvYBnWHIpGkbmmTGJCOUaT/Fjb/ixoUiutOvMdPOQlsvhHM4515u7gljRpV2nC+rsLK6tr5R3Cxtbe/s7tn7By0VJRKTJo5YJDshUoRRQZqaakY6sSSIh4y0w9F15rcfiFQ0End6HBOfo4GgfYqRNlJg1zw5jAIHXkJPJTxIVUCm8D7HCTQAPYnEgBlkc8y0SWCXnYozK7hM3JyUQV6NwP70ehFOOBEaM6RU13Vi7adIaooZmZa8RJEY4REakK6hAnGi/HR24BSeGKUH+5E0T2g4U39PpIgrNeah6eRID9Wil4n/ed1E9y/8lIo40UTg+aJ+wqCOYJYW7FFJsGZjQxCW1PwV4iGSCGuTacmE4C6evExaZxW3WqnenpfrV3kcRXAEjsEpcEEN1MENaIAmwOARPINX8GY9WS/Wu/Uxby1Y+cwh+FPW9w+xy6K1</latexit>

⇢0 =
X

se

qse |seihse|

<latexit sha1_base64="ViBzkgqJaBjGaukSFFYP453o0wU="></latexit>

ω0 → |pin↑↓pin|↔ ω0 = ω̃0

<latexit sha1_base64="8bh/aRMB0jDRWJfNV+HqveRtVks=">AAACIHicbVDLSgNBEJz1GeMr6tHLYBAUJOyKJF6EoBePEYwGsmGZnfQmg7OPzPQKYcmnePFXvHhQRG/6NU7iCmosaCiquunu8hMpNNr2uzUzOze/sFhYKi6vrK6tlzY2r3ScKg5NHstYtXymQYoImihQQitRwEJfwrV/czb2r29BaRFHlzhMoBOyXiQCwRkaySvVXAkB7tGBl2kPRtTtwYDaB+4BdXUa5uK3eUId6irR6+O+VyrbFXsCOk2cnJRJjoZXenO7MU9DiJBLpnXbsRPsZEyh4BJGRTfVkDB+w3rQNjRiIehONnlwRHeN0qVBrExFSCfqz4mMhVoPQ990hgz7+q83Fv/z2ikGx51MREmKEPGvRUEqKcZ0nBbtCgUc5dAQxpUwt1LeZ4pxNJkWTQjO35enydVhxalWqhdH5fppHkeBbJMdskccUiN1ck4apEk4uSMP5Ik8W/fWo/VivX61zlj5zBb5BevjE1AuodY=</latexit>(
qse → 0,

∑

se

qse = 1

)
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Choi matrix in QFT<latexit sha1_base64="WvoDAunrxTID7AyKhHtBq/9YvLQ=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAZBEMOMSPQY9OIxglkgk4SeTiVp0rPQXSPEIfgrXjwo4tX/8Obf2FkOmvig4PFeFVX1/FgKjY7zbWWWlldW17LruY3Nre0de3evqqNEcajwSEaq7jMNUoRQQYES6rECFvgSav7gZuzXHkBpEYX3OIyhGbBeKLqCMzRS2z6A1hmF1in1MKJIPZ8pim077xScCegicWckT2Yot+0vrxPxJIAQuWRaN1wnxmbKFAouYZTzEg0x4wPWg4ahIQtAN9PJ9SN6bJQO7UbKVIh0ov6eSFmg9TDwTWfAsK/nvbH4n9dIsHvVTEUYJwghny7qJpKOPzVR0I5QwFEODWFcCXMr5X2mGEcTWM6E4M6/vEiq5wW3WCjeXeRL17M4suSQHJET4pJLUiK3pEwqhJNH8kxeyZv1ZL1Y79bHtDVjzWb2yR9Ynz8NuJO0</latexit>

e�e+ ! tt̄

<latexit sha1_base64="pDMoZtVYRq6T7G2+4U/zEjiJ9Hw=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIglpmVKoboejGZQV7gU4tmfS0Dc1khiQjlHEexI2v4saFIm5cCL6NaTugVg8EPv7/HE7O74WcKW3bn1ZmZnZufiG7mFtaXlldy69v1FQQSQpVGvBANjyigDMBVc00h0Yogfgeh7o3uBj59VuQigXiWg9DaPmkJ1iXUaKN1M4f3eGwHbvSx0wk2JVE9DjgMzyW4eYg2Z/A3reJ2/mCXbTHhf+Ck0IBpVVp59/dTkAjH4SmnCjVdOxQt2IiNaMckpwbKQgJHZAeNA0K4oNqxePjErxjlA7uBtI8ofFY/TkRE1+poe+ZTp/ovpr2RuJ/XjPS3dNWzEQYaRB0sqgbcawDPEoKd5gEqvnQAKGSmb9i2ieSUG3yzJkQnOmT/0LtsOiUiqWr40L5PI0ji7bQNtpFDjpBZXSJKqiKKLpHj+gZvVgP1pP1ar1NWjNWOrOJfpX18QVRVaBE</latexit>

|pini = |pe� , pe+i
<latexit sha1_base64="6BiKWSYpMX28sLlmDEASEts3gv0=">AAACJnicbVDLSgMxFM3UVx1fVZdugkVwVWZEqhuh6MZlpfYBnVoymTvT0ExmSDJCKf0aN/6KGxcVEXd+iuljYVsPBA7nnMvNPX7KmdKO823l1tY3Nrfy2/bO7t7+QeHwqKGSTFKo04QnsuUTBZwJqGumObRSCST2OTT9/t3Ebz6DVCwRj3qQQicmkWAho0QbqVu48TTjAWBP9pKugz2dYGzX8KJae/ICEkUg7YW4i7uFolNypsCrxJ2TIpqj2i2MvSChWQxCU06UartOqjtDIjWjHEa2lylICe2TCNqGChKD6gynZ47wmVECHCbSPKHxVP07MSSxUoPYN8mY6J5a9ibif1470+F1Z8hEmmkQdLYozDg2ZUw6wwGTQDUfGEKoZOavmPaIJFSbZm1Tgrt88ippXJTccqn8cFms3M7ryKMTdIrOkYuuUAXdoyqqI4pe0Bsaow/r1Xq3Pq2vWTRnzWeO0QKsn1+wAaN5</latexit>

⇢̃0 ! S⇢̃0S
† = ⇢̃1

<latexit sha1_base64="QHpXfE0Ewc+qO2zlYRN4OB6Ni0c=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBaFMSkepGKLpxWcHWQhPCZDpph04mYWYilFBw46+4caGIW3/CnX/jtM1CWw9c7uGce5m5J0gYlcq2v43C0vLK6lpxvbSxubW9Y+7utWWcCkxaOGax6ARIEkY5aSmqGOkkgqAoYOQ+GF5P/PsHIiSN+Z0aJcSLUJ/TkGKktOSbB9In8BK6GaxUqrBiVaGlu2VBd+ybZbtmTwEXiZOTMsjR9M0vtxfjNCJcYYak7Dp2orwMCUUxI+OSm0qSIDxEfdLVlKOISC+b3jCGx1rpwTAWuriCU/X3RoYiKUdRoCcjpAZy3puI/3ndVIUXXkZ5kirC8eyhMGVQxXASCOxRQbBiI00QFlT/FeIBEggrHVtJh+DMn7xI2qc1p16r356VG1d5HEVwCI7ACXDAOWiAG9AELYDBI3gGr+DNeDJejHfjYzZaMPKdffAHxucPjSGTog==</latexit>

se = {++,+�,�+,��}

<latexit sha1_base64="tzTNBrxZEK2eELl44D2yC6ZL6/4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz04J33SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaV5UvGqlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+FojPM=</latexit>

1)
<latexit sha1_base64="fx8PdbtQv805cD8Xk9MBBtnasho=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoOgl7AbJHoMevEYxTwgWcLspDcZMju7zMwKIeQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh8pFr1hyy+4cZJV4GSlBhnqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mlU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8NqfcJmkBiVbLApTQUxMZm+TPlfIjBhbQpni9lbChlRRZmw4BRuCt/zyKmlWyl61XL2/LNVusjjycAKncA4eXEEN7qAODWAQwjO8wpszcl6cd+dj0Zpzsplj+APn8wfi7Yz0</latexit>

2)

<latexit sha1_base64="Rl1kTJCGjzZbRwFSfEZozJOLu3Y=">AAACIHicbVDLSgMxFM3UV62vUZdugkVwVWZEWjdC0Y3LCvYBnWHIpGkbmmTGJCOUaT/Fjb/ixoUiutOvMdPOQlsvhHM4515u7gljRpV2nC+rsLK6tr5R3Cxtbe/s7tn7By0VJRKTJo5YJDshUoRRQZqaakY6sSSIh4y0w9F15rcfiFQ0End6HBOfo4GgfYqRNlJg1zw5jAIHXkJPJTxIVUCm8D7HCTQAPYnEgBlkc8y0SWCXnYozK7hM3JyUQV6NwP70ehFOOBEaM6RU13Vi7adIaooZmZa8RJEY4REakK6hAnGi/HR24BSeGKUH+5E0T2g4U39PpIgrNeah6eRID9Wil4n/ed1E9y/8lIo40UTg+aJ+wqCOYJYW7FFJsGZjQxCW1PwV4iGSCGuTacmE4C6evExaZxW3WqnenpfrV3kcRXAEjsEpcEEN1MENaIAmwOARPINX8GY9WS/Wu/Uxby1Y+cwh+FPW9w+xy6K1</latexit>

⇢0 =
X

se

qse |seihse|

<latexit sha1_base64="ViBzkgqJaBjGaukSFFYP453o0wU="></latexit>

ω0 → |pin↑↓pin|↔ ω0 = ω̃0

<latexit sha1_base64="8bh/aRMB0jDRWJfNV+HqveRtVks=">AAACIHicbVDLSgNBEJz1GeMr6tHLYBAUJOyKJF6EoBePEYwGsmGZnfQmg7OPzPQKYcmnePFXvHhQRG/6NU7iCmosaCiquunu8hMpNNr2uzUzOze/sFhYKi6vrK6tlzY2r3ScKg5NHstYtXymQYoImihQQitRwEJfwrV/czb2r29BaRFHlzhMoBOyXiQCwRkaySvVXAkB7tGBl2kPRtTtwYDaB+4BdXUa5uK3eUId6irR6+O+VyrbFXsCOk2cnJRJjoZXenO7MU9DiJBLpnXbsRPsZEyh4BJGRTfVkDB+w3rQNjRiIehONnlwRHeN0qVBrExFSCfqz4mMhVoPQ990hgz7+q83Fv/z2ikGx51MREmKEPGvRUEqKcZ0nBbtCgUc5dAQxpUwt1LeZ4pxNJkWTQjO35enydVhxalWqhdH5fppHkeBbJMdskccUiN1ck4apEk4uSMP5Ik8W/fWo/VivX61zlj5zBb5BevjE1AuodY=</latexit>(
qse → 0,

∑

se

qse = 1

)
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Choi matrix in QFT<latexit sha1_base64="WvoDAunrxTID7AyKhHtBq/9YvLQ=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAZBEMOMSPQY9OIxglkgk4SeTiVp0rPQXSPEIfgrXjwo4tX/8Obf2FkOmvig4PFeFVX1/FgKjY7zbWWWlldW17LruY3Nre0de3evqqNEcajwSEaq7jMNUoRQQYES6rECFvgSav7gZuzXHkBpEYX3OIyhGbBeKLqCMzRS2z6A1hmF1in1MKJIPZ8pim077xScCegicWckT2Yot+0vrxPxJIAQuWRaN1wnxmbKFAouYZTzEg0x4wPWg4ahIQtAN9PJ9SN6bJQO7UbKVIh0ov6eSFmg9TDwTWfAsK/nvbH4n9dIsHvVTEUYJwghny7qJpKOPzVR0I5QwFEODWFcCXMr5X2mGEcTWM6E4M6/vEiq5wW3WCjeXeRL17M4suSQHJET4pJLUiK3pEwqhJNH8kxeyZv1ZL1Y79bHtDVjzWb2yR9Ynz8NuJO0</latexit>

e�e+ ! tt̄

<latexit sha1_base64="pDMoZtVYRq6T7G2+4U/zEjiJ9Hw=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIglpmVKoboejGZQV7gU4tmfS0Dc1khiQjlHEexI2v4saFIm5cCL6NaTugVg8EPv7/HE7O74WcKW3bn1ZmZnZufiG7mFtaXlldy69v1FQQSQpVGvBANjyigDMBVc00h0Yogfgeh7o3uBj59VuQigXiWg9DaPmkJ1iXUaKN1M4f3eGwHbvSx0wk2JVE9DjgMzyW4eYg2Z/A3reJ2/mCXbTHhf+Ck0IBpVVp59/dTkAjH4SmnCjVdOxQt2IiNaMckpwbKQgJHZAeNA0K4oNqxePjErxjlA7uBtI8ofFY/TkRE1+poe+ZTp/ovpr2RuJ/XjPS3dNWzEQYaRB0sqgbcawDPEoKd5gEqvnQAKGSmb9i2ieSUG3yzJkQnOmT/0LtsOiUiqWr40L5PI0ji7bQNtpFDjpBZXSJKqiKKLpHj+gZvVgP1pP1ar1NWjNWOrOJfpX18QVRVaBE</latexit>

|pini = |pe� , pe+i
<latexit sha1_base64="6BiKWSYpMX28sLlmDEASEts3gv0=">AAACJnicbVDLSgMxFM3UVx1fVZdugkVwVWZEqhuh6MZlpfYBnVoymTvT0ExmSDJCKf0aN/6KGxcVEXd+iuljYVsPBA7nnMvNPX7KmdKO823l1tY3Nrfy2/bO7t7+QeHwqKGSTFKo04QnsuUTBZwJqGumObRSCST2OTT9/t3Ebz6DVCwRj3qQQicmkWAho0QbqVu48TTjAWBP9pKugz2dYGzX8KJae/ICEkUg7YW4i7uFolNypsCrxJ2TIpqj2i2MvSChWQxCU06UartOqjtDIjWjHEa2lylICe2TCNqGChKD6gynZ47wmVECHCbSPKHxVP07MSSxUoPYN8mY6J5a9ibif1470+F1Z8hEmmkQdLYozDg2ZUw6wwGTQDUfGEKoZOavmPaIJFSbZm1Tgrt88ippXJTccqn8cFms3M7ryKMTdIrOkYuuUAXdoyqqI4pe0Bsaow/r1Xq3Pq2vWTRnzWeO0QKsn1+wAaN5</latexit>

⇢̃0 ! S⇢̃0S
† = ⇢̃1

<latexit sha1_base64="QHpXfE0Ewc+qO2zlYRN4OB6Ni0c=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBaFMSkepGKLpxWcHWQhPCZDpph04mYWYilFBw46+4caGIW3/CnX/jtM1CWw9c7uGce5m5J0gYlcq2v43C0vLK6lpxvbSxubW9Y+7utWWcCkxaOGax6ARIEkY5aSmqGOkkgqAoYOQ+GF5P/PsHIiSN+Z0aJcSLUJ/TkGKktOSbB9In8BK6GaxUqrBiVaGlu2VBd+ybZbtmTwEXiZOTMsjR9M0vtxfjNCJcYYak7Dp2orwMCUUxI+OSm0qSIDxEfdLVlKOISC+b3jCGx1rpwTAWuriCU/X3RoYiKUdRoCcjpAZy3puI/3ndVIUXXkZ5kirC8eyhMGVQxXASCOxRQbBiI00QFlT/FeIBEggrHVtJh+DMn7xI2qc1p16r356VG1d5HEVwCI7ACXDAOWiAG9AELYDBI3gGr+DNeDJejHfjYzZaMPKdffAHxucPjSGTog==</latexit>

se = {++,+�,�+,��}

<latexit sha1_base64="tzTNBrxZEK2eELl44D2yC6ZL6/4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz04J33SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaV5UvGqlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+FojPM=</latexit>

1)
<latexit sha1_base64="fx8PdbtQv805cD8Xk9MBBtnasho=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoOgl7AbJHoMevEYxTwgWcLspDcZMju7zMwKIeQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh8pFr1hyy+4cZJV4GSlBhnqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mlU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8NqfcJmkBiVbLApTQUxMZm+TPlfIjBhbQpni9lbChlRRZmw4BRuCt/zyKmlWyl61XL2/LNVusjjycAKncA4eXEEN7qAODWAQwjO8wpszcl6cd+dj0Zpzsplj+APn8wfi7Yz0</latexit>

2)

<latexit sha1_base64="65sfwN+dxT/ZxSE4g6/fEFrSPlE=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoOgl7CrEj0GvXiMYh6QhDA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dfiyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0y6eGS6F4HQVK3oo1p6EvedMf3U795hPXRkTqEccx74Z0oEQgGEUrPVyc9Yolt+zOQJaJl5ESZKj1il+dfsSSkCtkkhrT9twYuynVKJjkk0InMTymbEQHvG2poiE33XR26YScWKVPgkjbUkhm6u+JlIbGjEPfdoYUh2bRm4r/ee0Eg+tuKlScIFdsvihIJMGITN8mfaE5Qzm2hDIt7K2EDammDG04BRuCt/jyMmmcl71KuXJ/WareZHHk4QiO4RQ8uIIq3EEN6sAggGd4hTdn5Lw4787HvDXnZDOH8AfO5w/kcoz1</latexit>

3)

<latexit sha1_base64="Rl1kTJCGjzZbRwFSfEZozJOLu3Y=">AAACIHicbVDLSgMxFM3UV62vUZdugkVwVWZEWjdC0Y3LCvYBnWHIpGkbmmTGJCOUaT/Fjb/ixoUiutOvMdPOQlsvhHM4515u7gljRpV2nC+rsLK6tr5R3Cxtbe/s7tn7By0VJRKTJo5YJDshUoRRQZqaakY6sSSIh4y0w9F15rcfiFQ0End6HBOfo4GgfYqRNlJg1zw5jAIHXkJPJTxIVUCm8D7HCTQAPYnEgBlkc8y0SWCXnYozK7hM3JyUQV6NwP70ehFOOBEaM6RU13Vi7adIaooZmZa8RJEY4REakK6hAnGi/HR24BSeGKUH+5E0T2g4U39PpIgrNeah6eRID9Wil4n/ed1E9y/8lIo40UTg+aJ+wqCOYJYW7FFJsGZjQxCW1PwV4iGSCGuTacmE4C6evExaZxW3WqnenpfrV3kcRXAEjsEpcEEN1MENaIAmwOARPINX8GY9WS/Wu/Uxby1Y+cwh+FPW9w+xy6K1</latexit>

⇢0 =
X

se

qse |seihse|

<latexit sha1_base64="wL1VCqXKCha1NFz8uoiDvHzvXy8="></latexit>

⇢̃1 ! Trpt,pt̄
[Px⇢̃1Px] = %0x

<latexit sha1_base64="dfNlpdxGcduvedYWQKEUK26MD5M="></latexit>

Px =
X

st

Z

x
d⇧tt̄|pt, stihpt, st|

[2] We then evolve the entire system with the unitary S-matrix:

⇢̃0 → ⇢̃1 = S⇢̃0S
† (16)

[3] After the collision of AB, we measure the CD final state. At this
point, we might want to constrain the final state momenta in a re-
stricted region x. This may be reflected by the fact that the detector
has a finite resolution or a fiducial volume, or it is simply due to
the event selection in the analysis. The complete set in terms of
the late-time asymptotic states is given by

1̂ =�
f

�
�
�
�
�
�

�

�
�

i∈f �
d⇧i
�

�
�f��f �

�
�
�
�
�
�

, d⇧i =
d3pi

(2⇡)32Ei
(17)

where ∑f represents the summation over all single- and multi-
particle final states and all internal degrees of freedom, such as
sf . The index i labels an individual particle in the final state f .
The N particle states �f� and �f ′� has no overlap if their particle
contents are di�erent, otherwise

�f �f ′� =�
i∈f
�(2⇡)32Ei�

3
(pi − p

′
i)� . (18)

Note that this normalisation is di�erent than that of �p̃in� in Eq.
(14).
The projection operator, Px, implementing our selective measure-
ment, is a part of this complete set

Px =�
sf
�
x
d⇧CD �pf , sf ��pf , sf � , (19)

where �pf , sf � is the CD final state with the definite momenta and
spins/flavours, and x represents the selected momentum region.
With this event selection, the evolved state ⇢̃1 is projected to

⇢̃1 → %′x = TrP (Px⇢̃1)

= �

si,sf ,s′f
qsi �

x
d⇧CD �pf , sf �S �p̃in, si� �p̃in, si�S

†
�pf , s

′
f �

× �sf ��s
′
f � , (20)

where TrP is a partial trace over the final state momenta.

The above set of steps directly corresponds to the procedure of the
quantum instrument described in section 2. The map ⇢0 → %′x is linear
and trace non-increasing.

However, as we demonstrate in the appendix A, Tr%x is formally in-
finitesimally small. Therefore, the form in Eq. (20) is not practically
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 phase-space selectiontt̄
<latexit sha1_base64="ViBzkgqJaBjGaukSFFYP453o0wU="></latexit>

ω0 → |pin↑↓pin|↔ ω0 = ω̃0

<latexit sha1_base64="8bh/aRMB0jDRWJfNV+HqveRtVks=">AAACIHicbVDLSgNBEJz1GeMr6tHLYBAUJOyKJF6EoBePEYwGsmGZnfQmg7OPzPQKYcmnePFXvHhQRG/6NU7iCmosaCiquunu8hMpNNr2uzUzOze/sFhYKi6vrK6tlzY2r3ScKg5NHstYtXymQYoImihQQitRwEJfwrV/czb2r29BaRFHlzhMoBOyXiQCwRkaySvVXAkB7tGBl2kPRtTtwYDaB+4BdXUa5uK3eUId6irR6+O+VyrbFXsCOk2cnJRJjoZXenO7MU9DiJBLpnXbsRPsZEyh4BJGRTfVkDB+w3rQNjRiIehONnlwRHeN0qVBrExFSCfqz4mMhVoPQ990hgz7+q83Fv/z2ikGx51MREmKEPGvRUEqKcZ0nBbtCgUc5dAQxpUwt1LeZ4pxNJkWTQjO35enydVhxalWqhdH5fppHkeBbJMdskccUiN1ck4apEk4uSMP5Ik8W/fWo/VivX61zlj5zBb5BevjE1AuodY=</latexit>(
qse → 0,

∑

se

qse = 1

)
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Choi matrix in QFT<latexit sha1_base64="WvoDAunrxTID7AyKhHtBq/9YvLQ=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAZBEMOMSPQY9OIxglkgk4SeTiVp0rPQXSPEIfgrXjwo4tX/8Obf2FkOmvig4PFeFVX1/FgKjY7zbWWWlldW17LruY3Nre0de3evqqNEcajwSEaq7jMNUoRQQYES6rECFvgSav7gZuzXHkBpEYX3OIyhGbBeKLqCMzRS2z6A1hmF1in1MKJIPZ8pim077xScCegicWckT2Yot+0vrxPxJIAQuWRaN1wnxmbKFAouYZTzEg0x4wPWg4ahIQtAN9PJ9SN6bJQO7UbKVIh0ov6eSFmg9TDwTWfAsK/nvbH4n9dIsHvVTEUYJwghny7qJpKOPzVR0I5QwFEODWFcCXMr5X2mGEcTWM6E4M6/vEiq5wW3WCjeXeRL17M4suSQHJET4pJLUiK3pEwqhJNH8kxeyZv1ZL1Y79bHtDVjzWb2yR9Ynz8NuJO0</latexit>

e�e+ ! tt̄

<latexit sha1_base64="pDMoZtVYRq6T7G2+4U/zEjiJ9Hw=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIglpmVKoboejGZQV7gU4tmfS0Dc1khiQjlHEexI2v4saFIm5cCL6NaTugVg8EPv7/HE7O74WcKW3bn1ZmZnZufiG7mFtaXlldy69v1FQQSQpVGvBANjyigDMBVc00h0Yogfgeh7o3uBj59VuQigXiWg9DaPmkJ1iXUaKN1M4f3eGwHbvSx0wk2JVE9DjgMzyW4eYg2Z/A3reJ2/mCXbTHhf+Ck0IBpVVp59/dTkAjH4SmnCjVdOxQt2IiNaMckpwbKQgJHZAeNA0K4oNqxePjErxjlA7uBtI8ofFY/TkRE1+poe+ZTp/ovpr2RuJ/XjPS3dNWzEQYaRB0sqgbcawDPEoKd5gEqvnQAKGSmb9i2ieSUG3yzJkQnOmT/0LtsOiUiqWr40L5PI0ji7bQNtpFDjpBZXSJKqiKKLpHj+gZvVgP1pP1ar1NWjNWOrOJfpX18QVRVaBE</latexit>

|pini = |pe� , pe+i
<latexit sha1_base64="6BiKWSYpMX28sLlmDEASEts3gv0=">AAACJnicbVDLSgMxFM3UVx1fVZdugkVwVWZEqhuh6MZlpfYBnVoymTvT0ExmSDJCKf0aN/6KGxcVEXd+iuljYVsPBA7nnMvNPX7KmdKO823l1tY3Nrfy2/bO7t7+QeHwqKGSTFKo04QnsuUTBZwJqGumObRSCST2OTT9/t3Ebz6DVCwRj3qQQicmkWAho0QbqVu48TTjAWBP9pKugz2dYGzX8KJae/ICEkUg7YW4i7uFolNypsCrxJ2TIpqj2i2MvSChWQxCU06UartOqjtDIjWjHEa2lylICe2TCNqGChKD6gynZ47wmVECHCbSPKHxVP07MSSxUoPYN8mY6J5a9ibif1470+F1Z8hEmmkQdLYozDg2ZUw6wwGTQDUfGEKoZOavmPaIJFSbZm1Tgrt88ippXJTccqn8cFms3M7ryKMTdIrOkYuuUAXdoyqqI4pe0Bsaow/r1Xq3Pq2vWTRnzWeO0QKsn1+wAaN5</latexit>

⇢̃0 ! S⇢̃0S
† = ⇢̃1

<latexit sha1_base64="QHpXfE0Ewc+qO2zlYRN4OB6Ni0c=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBaFMSkepGKLpxWcHWQhPCZDpph04mYWYilFBw46+4caGIW3/CnX/jtM1CWw9c7uGce5m5J0gYlcq2v43C0vLK6lpxvbSxubW9Y+7utWWcCkxaOGax6ARIEkY5aSmqGOkkgqAoYOQ+GF5P/PsHIiSN+Z0aJcSLUJ/TkGKktOSbB9In8BK6GaxUqrBiVaGlu2VBd+ybZbtmTwEXiZOTMsjR9M0vtxfjNCJcYYak7Dp2orwMCUUxI+OSm0qSIDxEfdLVlKOISC+b3jCGx1rpwTAWuriCU/X3RoYiKUdRoCcjpAZy3puI/3ndVIUXXkZ5kirC8eyhMGVQxXASCOxRQbBiI00QFlT/FeIBEggrHVtJh+DMn7xI2qc1p16r356VG1d5HEVwCI7ACXDAOWiAG9AELYDBI3gGr+DNeDJejHfjYzZaMPKdffAHxucPjSGTog==</latexit>

se = {++,+�,�+,��}

<latexit sha1_base64="tzTNBrxZEK2eELl44D2yC6ZL6/4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz04J33SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaV5UvGqlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+FojPM=</latexit>

1)
<latexit sha1_base64="fx8PdbtQv805cD8Xk9MBBtnasho=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoOgl7AbJHoMevEYxTwgWcLspDcZMju7zMwKIeQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh8pFr1hyy+4cZJV4GSlBhnqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mlU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8NqfcJmkBiVbLApTQUxMZm+TPlfIjBhbQpni9lbChlRRZmw4BRuCt/zyKmlWyl61XL2/LNVusjjycAKncA4eXEEN7qAODWAQwjO8wpszcl6cd+dj0Zpzsplj+APn8wfi7Yz0</latexit>

2)

<latexit sha1_base64="65sfwN+dxT/ZxSE4g6/fEFrSPlE=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoOgl7CrEj0GvXiMYh6QhDA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dfiyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0y6eGS6F4HQVK3oo1p6EvedMf3U795hPXRkTqEccx74Z0oEQgGEUrPVyc9Yolt+zOQJaJl5ESZKj1il+dfsSSkCtkkhrT9twYuynVKJjkk0InMTymbEQHvG2poiE33XR26YScWKVPgkjbUkhm6u+JlIbGjEPfdoYUh2bRm4r/ee0Eg+tuKlScIFdsvihIJMGITN8mfaE5Qzm2hDIt7K2EDammDG04BRuCt/jyMmmcl71KuXJ/WareZHHk4QiO4RQ8uIIq3EEN6sAggGd4hTdn5Lw4787HvDXnZDOH8AfO5w/kcoz1</latexit>

3)

<latexit sha1_base64="Rl1kTJCGjzZbRwFSfEZozJOLu3Y=">AAACIHicbVDLSgMxFM3UV62vUZdugkVwVWZEWjdC0Y3LCvYBnWHIpGkbmmTGJCOUaT/Fjb/ixoUiutOvMdPOQlsvhHM4515u7gljRpV2nC+rsLK6tr5R3Cxtbe/s7tn7By0VJRKTJo5YJDshUoRRQZqaakY6sSSIh4y0w9F15rcfiFQ0End6HBOfo4GgfYqRNlJg1zw5jAIHXkJPJTxIVUCm8D7HCTQAPYnEgBlkc8y0SWCXnYozK7hM3JyUQV6NwP70ehFOOBEaM6RU13Vi7adIaooZmZa8RJEY4REakK6hAnGi/HR24BSeGKUH+5E0T2g4U39PpIgrNeah6eRID9Wil4n/ed1E9y/8lIo40UTg+aJ+wqCOYJYW7FFJsGZjQxCW1PwV4iGSCGuTacmE4C6evExaZxW3WqnenpfrV3kcRXAEjsEpcEEN1MENaIAmwOARPINX8GY9WS/Wu/Uxby1Y+cwh+FPW9w+xy6K1</latexit>

⇢0 =
X

se

qse |seihse|

<latexit sha1_base64="wL1VCqXKCha1NFz8uoiDvHzvXy8="></latexit>

⇢̃1 ! Trpt,pt̄
[Px⇢̃1Px] = %0x

<latexit sha1_base64="dfNlpdxGcduvedYWQKEUK26MD5M="></latexit>

Px =
X

st

Z

x
d⇧tt̄|pt, stihpt, st|

[2] We then evolve the entire system with the unitary S-matrix:

⇢̃0 → ⇢̃1 = S⇢̃0S
† (16)

[3] After the collision of AB, we measure the CD final state. At this
point, we might want to constrain the final state momenta in a re-
stricted region x. This may be reflected by the fact that the detector
has a finite resolution or a fiducial volume, or it is simply due to
the event selection in the analysis. The complete set in terms of
the late-time asymptotic states is given by

1̂ =�
f

�
�
�
�
�
�

�

�
�

i∈f �
d⇧i
�

�
�f��f �

�
�
�
�
�
�

, d⇧i =
d3pi

(2⇡)32Ei
(17)

where ∑f represents the summation over all single- and multi-
particle final states and all internal degrees of freedom, such as
sf . The index i labels an individual particle in the final state f .
The N particle states �f� and �f ′� has no overlap if their particle
contents are di�erent, otherwise

�f �f ′� =�
i∈f
�(2⇡)32Ei�

3
(pi − p

′
i)� . (18)

Note that this normalisation is di�erent than that of �p̃in� in Eq.
(14).
The projection operator, Px, implementing our selective measure-
ment, is a part of this complete set

Px =�
sf
�
x
d⇧CD �pf , sf ��pf , sf � , (19)

where �pf , sf � is the CD final state with the definite momenta and
spins/flavours, and x represents the selected momentum region.
With this event selection, the evolved state ⇢̃1 is projected to

⇢̃1 → %′x = TrP (Px⇢̃1)

= �

si,sf ,s′f
qsi �

x
d⇧CD �pf , sf �S �p̃in, si� �p̃in, si�S

†
�pf , s

′
f �

× �sf ��s
′
f � , (20)

where TrP is a partial trace over the final state momenta.

The above set of steps directly corresponds to the procedure of the
quantum instrument described in section 2. The map ⇢0 → %′x is linear
and trace non-increasing.

However, as we demonstrate in the appendix A, Tr%x is formally in-
finitesimally small. Therefore, the form in Eq. (20) is not practically
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 phase-space selectiontt̄

<latexit sha1_base64="H/ord89hD8OASstdhSCA8UhCzFQ="></latexit> X

se,st,s0t

qse

Z

x
d⇧tt̄hpt, st|S|pin, seihpin, se|S†|ptt̄, s0ti

<latexit sha1_base64="pDTccbS7TBxwXRgUfn4QLEh4oqI=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1hEVyURqW6EohuXFewDmhAm00k7dDIJM5NiCcGNv+LGhSJu/Qp3/o3TNAttPXDhcM69c+ceP2ZUKsv6NkpLyyura+X1ysbm1vaOubvXllEiMGnhiEWi6yNJGOWkpahipBsLgkKfkY4/upn6nTERkkb8Xk1i4oZowGlAMVJa8swDZ4yEGEYnXurkr6WC9DP4kF15ZtWqWTngIrELUgUFmp755fQjnISEK8yQlD3bipWbIqEoZiSrOIkkMcIjNCA9TTkKiXTTfGkGj7XSh0EkdHEFc/X3RIpCKSehrztDpIZy3puK/3m9RAWXbkp5nCjC8WxRkDCoIjjNA/apIFixiSYIC6r/CvEQCYSVTq2iQ7DnT14k7bOaXa/V786rjesijjI4BEfgFNjgAjTALWiCFsDgETyDV/BmPBkvxrvxMWstGcXMPvgD4/MHrBOXnw==</latexit>

%0x =
<latexit sha1_base64="ILtOHkrAtdOGpmrv4EOLcISW3rY=">AAACInicbVDLSgMxFM3UV62vUZdugkV0VWZEqu6KblxWsA/olJJJb9vQTGZIMkKZzre48VfcuFDUleDHmE4raOuFkMM5596bHD/iTGnH+bRyS8srq2v59cLG5tb2jr27V1dhLCnUaMhD2fSJAs4E1DTTHJqRBBL4HBr+8HqiN+5BKhaKOz2KoB2QvmA9Rok2VMe+HOPEy8YkPo8hxaqjU+xJIvocsMen949FQjdzHKd43LGLTsnJCi8CdwaKaFbVjv3udUMaByA05USplutEup0QqRnlkBa8WEFE6JD0oWWgIAGodpItTvGRYbq4F0pzhMYZ+7sjIYFSo8A3zoDogZrXJuR/WivWvYt2wkQUaxB0uqgXc6xDPMkLd5kEqvnIAEIlM2/FdEAkodqkWjAhuPNfXgT105JbLpVvz4qVq1kceXSADtEJctE5qqAbVEU1RNEDekIv6NV6tJ6tN+tjas1Zs5599Kesr29xzqTY</latexit>

|stihs0t|

<latexit sha1_base64="foJbezyR+/DII/sw7MZho//fu6U="></latexit>

=
1

�N

X

se,st,s0t

qse


1

2s

Z

x
d⇧tt̄

LIPSMpin,se
pt,st [Mpin,se

pt,s0t
]⇤
�

<latexit sha1_base64="ILtOHkrAtdOGpmrv4EOLcISW3rY=">AAACInicbVDLSgMxFM3UV62vUZdugkV0VWZEqu6KblxWsA/olJJJb9vQTGZIMkKZzre48VfcuFDUleDHmE4raOuFkMM5596bHD/iTGnH+bRyS8srq2v59cLG5tb2jr27V1dhLCnUaMhD2fSJAs4E1DTTHJqRBBL4HBr+8HqiN+5BKhaKOz2KoB2QvmA9Rok2VMe+HOPEy8YkPo8hxaqjU+xJIvocsMen949FQjdzHKd43LGLTsnJCi8CdwaKaFbVjv3udUMaByA05USplutEup0QqRnlkBa8WEFE6JD0oWWgIAGodpItTvGRYbq4F0pzhMYZ+7sjIYFSo8A3zoDogZrXJuR/WivWvYt2wkQUaxB0uqgXc6xDPMkLd5kEqvnIAEIlM2/FdEAkodqkWjAhuPNfXgT105JbLpVvz4qVq1kceXSADtEJctE5qqAbVEU1RNEDekIv6NV6tJ6tN+tjas1Zs5599Kesr29xzqTY</latexit>

|stihs0t|
<latexit sha1_base64="IfssuVaKVWgzBHwbK2y9I+0LCSU=">AAAB7nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKRI9BLx4jmAckS5idzCZDZmeGmV4hhHyEFw+KePV7vPk3TpI9aLSgoajqprsr1oJbDIIvr7C2vrG5Vdwu7ezu7R+UD49aVmWGsiZVQplOTCwTXLImchSsow0jaSxYOx7fzv32IzOWK/mAE82ilAwlTzgl6KR2TxulUfXLlaAaLOD/JWFOKpCj0S9/9gaKZimTSAWxthsGGqMpMcipYLNSL7NMEzomQ9Z1VJKU2Wi6OHfmnzll4CfKuJLoL9SfE1OSWjtJY9eZEhzZVW8u/ud1M0yuoymXOkMm6XJRkgkflT//3R9wwyiKiSOEGu5u9emIGELRJVRyIYSrL/8lrYtqWKvW7i8r9Zs8jiKcwCmcQwhXUIc7aEATKIzhCV7g1dPes/fmvS9bC14+cwy/4H18A6Ztj8s=</latexit>/

<latexit sha1_base64="RN7gD4F9f5gFyoh8PN+oM1TBXFU="></latexit>

�N = �[e�e+(⇢mix
0 ) ! tt̄]

<latexit sha1_base64="L+FWjdmcxx0NFISeOBA0OLskthM="></latexit>

⇢mix
0 =

1

4

X

se

|seihse|

<latexit sha1_base64="ViBzkgqJaBjGaukSFFYP453o0wU="></latexit>

ω0 → |pin↑↓pin|↔ ω0 = ω̃0

<latexit sha1_base64="8bh/aRMB0jDRWJfNV+HqveRtVks=">AAACIHicbVDLSgNBEJz1GeMr6tHLYBAUJOyKJF6EoBePEYwGsmGZnfQmg7OPzPQKYcmnePFXvHhQRG/6NU7iCmosaCiquunu8hMpNNr2uzUzOze/sFhYKi6vrK6tlzY2r3ScKg5NHstYtXymQYoImihQQitRwEJfwrV/czb2r29BaRFHlzhMoBOyXiQCwRkaySvVXAkB7tGBl2kPRtTtwYDaB+4BdXUa5uK3eUId6irR6+O+VyrbFXsCOk2cnJRJjoZXenO7MU9DiJBLpnXbsRPsZEyh4BJGRTfVkDB+w3rQNjRiIehONnlwRHeN0qVBrExFSCfqz4mMhVoPQ990hgz7+q83Fv/z2ikGx51MREmKEPGvRUEqKcZ0nBbtCgUc5dAQxpUwt1LeZ4pxNJkWTQjO35enydVhxalWqhdH5fppHkeBbJMdskccUiN1ck4apEk4uSMP5Ik8W/fWo/VivX61zlj5zBb5BevjE1AuodY=</latexit>(
qse → 0,

∑

se

qse = 1

)
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Choi matrix in QFT<latexit sha1_base64="WvoDAunrxTID7AyKhHtBq/9YvLQ=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAZBEMOMSPQY9OIxglkgk4SeTiVp0rPQXSPEIfgrXjwo4tX/8Obf2FkOmvig4PFeFVX1/FgKjY7zbWWWlldW17LruY3Nre0de3evqqNEcajwSEaq7jMNUoRQQYES6rECFvgSav7gZuzXHkBpEYX3OIyhGbBeKLqCMzRS2z6A1hmF1in1MKJIPZ8pim077xScCegicWckT2Yot+0vrxPxJIAQuWRaN1wnxmbKFAouYZTzEg0x4wPWg4ahIQtAN9PJ9SN6bJQO7UbKVIh0ov6eSFmg9TDwTWfAsK/nvbH4n9dIsHvVTEUYJwghny7qJpKOPzVR0I5QwFEODWFcCXMr5X2mGEcTWM6E4M6/vEiq5wW3WCjeXeRL17M4suSQHJET4pJLUiK3pEwqhJNH8kxeyZv1ZL1Y79bHtDVjzWb2yR9Ynz8NuJO0</latexit>

e�e+ ! tt̄

<latexit sha1_base64="pDMoZtVYRq6T7G2+4U/zEjiJ9Hw=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIglpmVKoboejGZQV7gU4tmfS0Dc1khiQjlHEexI2v4saFIm5cCL6NaTugVg8EPv7/HE7O74WcKW3bn1ZmZnZufiG7mFtaXlldy69v1FQQSQpVGvBANjyigDMBVc00h0Yogfgeh7o3uBj59VuQigXiWg9DaPmkJ1iXUaKN1M4f3eGwHbvSx0wk2JVE9DjgMzyW4eYg2Z/A3reJ2/mCXbTHhf+Ck0IBpVVp59/dTkAjH4SmnCjVdOxQt2IiNaMckpwbKQgJHZAeNA0K4oNqxePjErxjlA7uBtI8ofFY/TkRE1+poe+ZTp/ovpr2RuJ/XjPS3dNWzEQYaRB0sqgbcawDPEoKd5gEqvnQAKGSmb9i2ieSUG3yzJkQnOmT/0LtsOiUiqWr40L5PI0ji7bQNtpFDjpBZXSJKqiKKLpHj+gZvVgP1pP1ar1NWjNWOrOJfpX18QVRVaBE</latexit>

|pini = |pe� , pe+i
<latexit sha1_base64="6BiKWSYpMX28sLlmDEASEts3gv0=">AAACJnicbVDLSgMxFM3UVx1fVZdugkVwVWZEqhuh6MZlpfYBnVoymTvT0ExmSDJCKf0aN/6KGxcVEXd+iuljYVsPBA7nnMvNPX7KmdKO823l1tY3Nrfy2/bO7t7+QeHwqKGSTFKo04QnsuUTBZwJqGumObRSCST2OTT9/t3Ebz6DVCwRj3qQQicmkWAho0QbqVu48TTjAWBP9pKugz2dYGzX8KJae/ICEkUg7YW4i7uFolNypsCrxJ2TIpqj2i2MvSChWQxCU06UartOqjtDIjWjHEa2lylICe2TCNqGChKD6gynZ47wmVECHCbSPKHxVP07MSSxUoPYN8mY6J5a9ibif1470+F1Z8hEmmkQdLYozDg2ZUw6wwGTQDUfGEKoZOavmPaIJFSbZm1Tgrt88ippXJTccqn8cFms3M7ryKMTdIrOkYuuUAXdoyqqI4pe0Bsaow/r1Xq3Pq2vWTRnzWeO0QKsn1+wAaN5</latexit>

⇢̃0 ! S⇢̃0S
† = ⇢̃1

<latexit sha1_base64="QHpXfE0Ewc+qO2zlYRN4OB6Ni0c=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBaFMSkepGKLpxWcHWQhPCZDpph04mYWYilFBw46+4caGIW3/CnX/jtM1CWw9c7uGce5m5J0gYlcq2v43C0vLK6lpxvbSxubW9Y+7utWWcCkxaOGax6ARIEkY5aSmqGOkkgqAoYOQ+GF5P/PsHIiSN+Z0aJcSLUJ/TkGKktOSbB9In8BK6GaxUqrBiVaGlu2VBd+ybZbtmTwEXiZOTMsjR9M0vtxfjNCJcYYak7Dp2orwMCUUxI+OSm0qSIDxEfdLVlKOISC+b3jCGx1rpwTAWuriCU/X3RoYiKUdRoCcjpAZy3puI/3ndVIUXXkZ5kirC8eyhMGVQxXASCOxRQbBiI00QFlT/FeIBEggrHVtJh+DMn7xI2qc1p16r356VG1d5HEVwCI7ACXDAOWiAG9AELYDBI3gGr+DNeDJejHfjYzZaMPKdffAHxucPjSGTog==</latexit>

se = {++,+�,�+,��}

<latexit sha1_base64="tzTNBrxZEK2eELl44D2yC6ZL6/4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSQi1WPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz04J33SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaV5UvGqlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH+FojPM=</latexit>

1)
<latexit sha1_base64="fx8PdbtQv805cD8Xk9MBBtnasho=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoOgl7AbJHoMevEYxTwgWcLspDcZMju7zMwKIeQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh8pFr1hyy+4cZJV4GSlBhnqv+NXtxyyNUBomqNYdz02MP6HKcCZwWuimGhPKRnSAHUsljVD7k/mlU3JmlT4JY2VLGjJXf09MaKT1OApsZ0TNUC97M/E/r5Oa8NqfcJmkBiVbLApTQUxMZm+TPlfIjBhbQpni9lbChlRRZmw4BRuCt/zyKmlWyl61XL2/LNVusjjycAKncA4eXEEN7qAODWAQwjO8wpszcl6cd+dj0Zpzsplj+APn8wfi7Yz0</latexit>

2)

<latexit sha1_base64="65sfwN+dxT/ZxSE4g6/fEFrSPlE=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoOgl7CrEj0GvXiMYh6QhDA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dfiyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0y6eGS6F4HQVK3oo1p6EvedMf3U795hPXRkTqEccx74Z0oEQgGEUrPVyc9Yolt+zOQJaJl5ESZKj1il+dfsSSkCtkkhrT9twYuynVKJjkk0InMTymbEQHvG2poiE33XR26YScWKVPgkjbUkhm6u+JlIbGjEPfdoYUh2bRm4r/ee0Eg+tuKlScIFdsvihIJMGITN8mfaE5Qzm2hDIt7K2EDammDG04BRuCt/jyMmmcl71KuXJ/WareZHHk4QiO4RQ8uIIq3EEN6sAggGd4hTdn5Lw4787HvDXnZDOH8AfO5w/kcoz1</latexit>

3)

<latexit sha1_base64="Rl1kTJCGjzZbRwFSfEZozJOLu3Y=">AAACIHicbVDLSgMxFM3UV62vUZdugkVwVWZEWjdC0Y3LCvYBnWHIpGkbmmTGJCOUaT/Fjb/ixoUiutOvMdPOQlsvhHM4515u7gljRpV2nC+rsLK6tr5R3Cxtbe/s7tn7By0VJRKTJo5YJDshUoRRQZqaakY6sSSIh4y0w9F15rcfiFQ0End6HBOfo4GgfYqRNlJg1zw5jAIHXkJPJTxIVUCm8D7HCTQAPYnEgBlkc8y0SWCXnYozK7hM3JyUQV6NwP70ehFOOBEaM6RU13Vi7adIaooZmZa8RJEY4REakK6hAnGi/HR24BSeGKUH+5E0T2g4U39PpIgrNeah6eRID9Wil4n/ed1E9y/8lIo40UTg+aJ+wqCOYJYW7FFJsGZjQxCW1PwV4iGSCGuTacmE4C6evExaZxW3WqnenpfrV3kcRXAEjsEpcEEN1MENaIAmwOARPINX8GY9WS/Wu/Uxby1Y+cwh+FPW9w+xy6K1</latexit>

⇢0 =
X

se

qse |seihse|

<latexit sha1_base64="wL1VCqXKCha1NFz8uoiDvHzvXy8="></latexit>

⇢̃1 ! Trpt,pt̄
[Px⇢̃1Px] = %0x

<latexit sha1_base64="dfNlpdxGcduvedYWQKEUK26MD5M="></latexit>

Px =
X

st

Z

x
d⇧tt̄|pt, stihpt, st|

[2] We then evolve the entire system with the unitary S-matrix:

⇢̃0 → ⇢̃1 = S⇢̃0S
† (16)

[3] After the collision of AB, we measure the CD final state. At this
point, we might want to constrain the final state momenta in a re-
stricted region x. This may be reflected by the fact that the detector
has a finite resolution or a fiducial volume, or it is simply due to
the event selection in the analysis. The complete set in terms of
the late-time asymptotic states is given by

1̂ =�
f

�
�
�
�
�
�

�

�
�

i∈f �
d⇧i
�

�
�f��f �

�
�
�
�
�
�

, d⇧i =
d3pi

(2⇡)32Ei
(17)

where ∑f represents the summation over all single- and multi-
particle final states and all internal degrees of freedom, such as
sf . The index i labels an individual particle in the final state f .
The N particle states �f� and �f ′� has no overlap if their particle
contents are di�erent, otherwise

�f �f ′� =�
i∈f
�(2⇡)32Ei�

3
(pi − p

′
i)� . (18)

Note that this normalisation is di�erent than that of �p̃in� in Eq.
(14).
The projection operator, Px, implementing our selective measure-
ment, is a part of this complete set

Px =�
sf
�
x
d⇧CD �pf , sf ��pf , sf � , (19)

where �pf , sf � is the CD final state with the definite momenta and
spins/flavours, and x represents the selected momentum region.
With this event selection, the evolved state ⇢̃1 is projected to

⇢̃1 → %′x = TrP (Px⇢̃1)

= �

si,sf ,s′f
qsi �

x
d⇧CD �pf , sf �S �p̃in, si� �p̃in, si�S

†
�pf , s

′
f �

× �sf ��s
′
f � , (20)

where TrP is a partial trace over the final state momenta.

The above set of steps directly corresponds to the procedure of the
quantum instrument described in section 2. The map ⇢0 → %′x is linear
and trace non-increasing.

However, as we demonstrate in the appendix A, Tr%x is formally in-
finitesimally small. Therefore, the form in Eq. (20) is not practically
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 phase-space selectiontt̄

<latexit sha1_base64="H/ord89hD8OASstdhSCA8UhCzFQ="></latexit> X

se,st,s0t

qse

Z

x
d⇧tt̄hpt, st|S|pin, seihpin, se|S†|ptt̄, s0ti

<latexit sha1_base64="pDTccbS7TBxwXRgUfn4QLEh4oqI=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1hEVyURqW6EohuXFewDmhAm00k7dDIJM5NiCcGNv+LGhSJu/Qp3/o3TNAttPXDhcM69c+ceP2ZUKsv6NkpLyyura+X1ysbm1vaOubvXllEiMGnhiEWi6yNJGOWkpahipBsLgkKfkY4/upn6nTERkkb8Xk1i4oZowGlAMVJa8swDZ4yEGEYnXurkr6WC9DP4kF15ZtWqWTngIrELUgUFmp755fQjnISEK8yQlD3bipWbIqEoZiSrOIkkMcIjNCA9TTkKiXTTfGkGj7XSh0EkdHEFc/X3RIpCKSehrztDpIZy3puK/3m9RAWXbkp5nCjC8WxRkDCoIjjNA/apIFixiSYIC6r/CvEQCYSVTq2iQ7DnT14k7bOaXa/V786rjesijjI4BEfgFNjgAjTALWiCFsDgETyDV/BmPBkvxrvxMWstGcXMPvgD4/MHrBOXnw==</latexit>

%0x =
<latexit sha1_base64="ILtOHkrAtdOGpmrv4EOLcISW3rY=">AAACInicbVDLSgMxFM3UV62vUZdugkV0VWZEqu6KblxWsA/olJJJb9vQTGZIMkKZzre48VfcuFDUleDHmE4raOuFkMM5596bHD/iTGnH+bRyS8srq2v59cLG5tb2jr27V1dhLCnUaMhD2fSJAs4E1DTTHJqRBBL4HBr+8HqiN+5BKhaKOz2KoB2QvmA9Rok2VMe+HOPEy8YkPo8hxaqjU+xJIvocsMen949FQjdzHKd43LGLTsnJCi8CdwaKaFbVjv3udUMaByA05USplutEup0QqRnlkBa8WEFE6JD0oWWgIAGodpItTvGRYbq4F0pzhMYZ+7sjIYFSo8A3zoDogZrXJuR/WivWvYt2wkQUaxB0uqgXc6xDPMkLd5kEqvnIAEIlM2/FdEAkodqkWjAhuPNfXgT105JbLpVvz4qVq1kceXSADtEJctE5qqAbVEU1RNEDekIv6NV6tJ6tN+tjas1Zs5599Kesr29xzqTY</latexit>

|stihs0t|

<latexit sha1_base64="foJbezyR+/DII/sw7MZho//fu6U="></latexit>

=
1

�N

X

se,st,s0t

qse


1

2s

Z

x
d⇧tt̄

LIPSMpin,se
pt,st [Mpin,se

pt,s0t
]⇤
�

<latexit sha1_base64="ILtOHkrAtdOGpmrv4EOLcISW3rY=">AAACInicbVDLSgMxFM3UV62vUZdugkV0VWZEqu6KblxWsA/olJJJb9vQTGZIMkKZzre48VfcuFDUleDHmE4raOuFkMM5596bHD/iTGnH+bRyS8srq2v59cLG5tb2jr27V1dhLCnUaMhD2fSJAs4E1DTTHJqRBBL4HBr+8HqiN+5BKhaKOz2KoB2QvmA9Rok2VMe+HOPEy8YkPo8hxaqjU+xJIvocsMen949FQjdzHKd43LGLTsnJCi8CdwaKaFbVjv3udUMaByA05USplutEup0QqRnlkBa8WEFE6JD0oWWgIAGodpItTvGRYbq4F0pzhMYZ+7sjIYFSo8A3zoDogZrXJuR/WivWvYt2wkQUaxB0uqgXc6xDPMkLd5kEqvnIAEIlM2/FdEAkodqkWjAhuPNfXgT105JbLpVvz4qVq1kceXSADtEJctE5qqAbVEU1RNEDekIv6NV6tJ6tN+tjas1Zs5599Kesr29xzqTY</latexit>

|stihs0t|
<latexit sha1_base64="IfssuVaKVWgzBHwbK2y9I+0LCSU=">AAAB7nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKRI9BLx4jmAckS5idzCZDZmeGmV4hhHyEFw+KePV7vPk3TpI9aLSgoajqprsr1oJbDIIvr7C2vrG5Vdwu7ezu7R+UD49aVmWGsiZVQplOTCwTXLImchSsow0jaSxYOx7fzv32IzOWK/mAE82ilAwlTzgl6KR2TxulUfXLlaAaLOD/JWFOKpCj0S9/9gaKZimTSAWxthsGGqMpMcipYLNSL7NMEzomQ9Z1VJKU2Wi6OHfmnzll4CfKuJLoL9SfE1OSWjtJY9eZEhzZVW8u/ud1M0yuoymXOkMm6XJRkgkflT//3R9wwyiKiSOEGu5u9emIGELRJVRyIYSrL/8lrYtqWKvW7i8r9Zs8jiKcwCmcQwhXUIc7aEATKIzhCV7g1dPes/fmvS9bC14+cwy/4H18A6Ztj8s=</latexit>/

<latexit sha1_base64="RN7gD4F9f5gFyoh8PN+oM1TBXFU="></latexit>

�N = �[e�e+(⇢mix
0 ) ! tt̄]

<latexit sha1_base64="L+FWjdmcxx0NFISeOBA0OLskthM="></latexit>

⇢mix
0 =

1

4

X

se

|seihse|

<latexit sha1_base64="ViBzkgqJaBjGaukSFFYP453o0wU="></latexit>

ω0 → |pin↑↓pin|↔ ω0 = ω̃0

and M+−
sf =M

−+
sf = 0, where � = q

E and � = E
mt

. The phase space factor, in
this case, is

d⇧t,t̄ =
q3

⇡2s
√
s
d cos ✓d� . (50)

From Eqs. (21) and (22), we have the expression for the diagonal entries
as

dĨ(�I, J��I, J �)(A,B),(C,D) = [d%(I,J)](A,B),(C,D)
=

1

�N
q3

4⇡2s
√
s
M

I,J
A,B �M

I,J
C,D�

∗
d cos ✓d� ,

(51)

where the normalisation factor (25) is given by

�N =
q3

16⇡2s
√
s �

d cos ✓d� �

I,J,A,B

�M
I,J
A,B �

2
. (52)

From the theoretical point of view, o�-diagonal entries of Ĩx can be
written in terms of the helicity amplitudes as

dĨ(�I, J��K,L�)(A,B),(C,D) = 1

�N
1

2s �x
d⇧MI,J

A,B �M
K,L
C,D�

∗
. (53)

This can be shown as follows. Let us consider superposition states �m�
and �n� in Eq. (37) for the initial electron and positron. The density
matrix can be expanded in terms of the 16 basis operators as

�m,n��m,n� = �↵�2���2� + +��+ + � + �↵�2��∗� + +��+ − � + � (54)

By the construction of Ĩx, the outcome of the quantum instrument of
this state is given by the same linear combination:

Ĩx(�m,n��m,n�) = �↵�2���2 ⋅ Ĩx(�++��++ �) + �↵�
2��∗ ⋅ Ĩx(�++��+− �) + � (55)

On the other hand, one can compute the same outcome with Eq. (20),
which leads to

%(m,n)
x =

1

�N
1

2s �x
d⇧ � �↵�2���2M++

sf �M
++
s′f �

∗
+ �↵�2��∗M++

sf �M
+−
s′f �

∗
+ � � ⋅ �sf ��s

′
f �

(56)

with the same linear combination. Since Ĩx(�m,n��m,n�) = %(m,n)
x for any

superposition states, �m,n� (i.e. any coe�cients ↵,�,�, �), Eq. (53) must
hold.

The expressions (51) and (53) guarantee that Ĩx is Hermitian. Also,
M
+−
sf =M

−+
sf = 0, which follows from the spin structure of the interaction
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QFT formula for the Choi matrix:
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)

is the Lorentz invariant phase space measure of the final state. The quantity Rx
[I,J ],[K,L]
[A,B],[C,D]

is related to the cross section
∑

A,B

Rx
[I,J ],[I,J ]
[A,B],[A,B] = ωx(εϑ[I, J ] → ϖϱ) , (23)

where the initial internal state is |I, J↑ ↓ Hin, and the final state momenta are restricted
in x, but the final state spins/flavours are unconstrained.

For convenience, we choose the normalisation factor ωN to be the inclusive cross
section of εϑ → ϖϱ for the maximally mixed initial state, ςmix

in ↔
1
din

∑
IJ |I, J↑↗I, J |,

ωN = ω(εϑ[ςmix
in ] → ϖϱ), (24)

where the final state momenta and spins/flavours are unconstrained. The rescaling from
φ
→
x to φx is independent of the initial state ςin, therefore the map ςin ↘→ φx is still linear.

Because the normalisation factor was introduced by hand, the quantity

Tr φx =
ωx(εϑ[ςin] → ϖϱ)

ω(εϑ[ςmix
in ] → ϖϱ)

, (25)

is not necessarily bounded by 1. Nevertheless, the final spin state ςx ↓ S(Hωε) is given by
formula (3), as in the standard quantum instrument, so that the artificial normalisation
factor cancels out.

In summary, the outcome of the quantum instrument at a collider measurement,
Ix(ςin), is given by Eqs. (20–22) and (24). Using the linearity of the map and Eq. (13),
we find that the rescaled Choi matrix element is given by

Ix(|I, J↑↗K,L|)[A,B],[C,D] =
1

din

1

ωN

1

2s

∫

x
d!LIPS M

I,J
A,B

(
M

K,L
C,D

)
↑

. (26)

Finally, we note that φx can be obtained from ςin with the help of rescaled Kraus
operators as

φx = Ix(ςin) =

∫

x
d!LIPSE(pf )ςinE

†(pf ), (27)

with

E(pf ) =
1

≃
2sωN

∑

I,J,A,B

M
I,J
A,B|A,B↑↗I, J | . (28)

For any given initial state ςin =
∑

I,J,K,L
ςin[I,J ],[K,L]|I, J↑↗K,L|, the Choi matrix

(26), calculated within a specific model, enables us to immediately calculate the model’s
prediction of the outcome as

↗A,B| φx |C,D↑ = din

∑

I,J,K,L

(ςin)[I,J ],[K,L] Ix (|I, J↑↗K,L|)[A,B],[C,D] . (29)
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This completes the reconstruction of all elements of Ĩx, thereby achiev-
ing the quantum process tomography of the spin states in e+e− → tt̄.

In the case where m and n are taken to be in the x and y directions,
respectively, ⌦ and ⌅ are simplified to

⌦ = �
1 i
1 −i

� , ⌅ = 2

�

�
�
�

�

−1 0 0 1
0 0 −i −1
0 i 0 −1
−1 −i i 1

�

�
�
�

�

. (47)

5 Theoretical prediction
In this section, we derive a theoretical prediction for the Choi matrix by
a tree-level calculation in quantum field theory. For generality, we use
the following e�ective interaction Lagrangian:

L ∋ �

i

1

⇤2
i

[ ̄e�µ(c
i
LPL + c

i
RPR) e][ ̄t�

µ
(diLPL + d

i
RPR) t] , (48)

where i runs over possible contributions. For example, the Standard
Model contribution can be obtained by summing over i = A and Z with
the following replacement at the amplitude level:

i ⇤2
i ciL ciR diL diR

A s −e −e 2
3e

2
3e

Z s −m2
Z gZ �−

1
2 + sin

2 ✓w� gZ sin2 ✓w gZ �
1
2 −

2
3 sin

2 ✓w� gZ �−
2
3 sin

2 ✓w�

where ✓w is the weak mixing angle, and e and gZ = e�(sin ✓w cos ✓w) are
the electromagnetic and the Z-boson couplings, respectively.

We perform the calculation at the centre of mass frame and parametrise
the top-quark momentum, pµt = (E, q sin ✓ cos�, q sin ✓ sin�, q cos ✓) with 0 ≤

✓ ≤ ⇡ and −⇡ ≤ � ≤ ⇡, and E =
�

m2
t + q

2 =

√
s
2 . Writing the helicity ampli-

tudes as Msi→sf =M
si
sf , we find

M
++
00 = M

++
11 = ei��

i

s

2⇤2
i

�−1ciR sin ✓(diL + d
i
R) ,

M
++
01 = −ei��

i

s

2⇤2
i

ciR(1 + cos ✓)[d
i
L(1 − �) + d

i
R(1 + �)] ,

M
++
10 = −ei��

i

s

2⇤2
i

ciR(1 − cos ✓)[d
i
L(1 + �) + d

i
R(1 − �)] ,

M
−−
00 = M

−−
11 = e−i��

i

s

2⇤2
i

�−1ciL sin ✓(diL + d
i
R) ,

M
−−
01 = −e−i��

i

s

2⇤2
i

ciL(1 − cos ✓)[d
i
L(1 − �) + d

i
R(1 + �)] ,

M
−−
10 = −e−i��

i

s

2⇤2
i

ciL(1 + cos ✓)[d
i
L(1 + �) + d

i
R(1 − �)] (49)
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This completes the reconstruction of all elements of Ĩx, thereby achiev-
ing the quantum process tomography of the spin states in e+e− → tt̄.

In the case where m and n are taken to be in the x and y directions,
respectively, ⌦ and ⌅ are simplified to
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5 Theoretical prediction
In this section, we derive a theoretical prediction for the Choi matrix by
a tree-level calculation in quantum field theory. For generality, we use
the following e�ective interaction Lagrangian:
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where i runs over possible contributions. For example, the Standard
Model contribution can be obtained by summing over i = A and Z with
the following replacement at the amplitude level:
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2
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where ✓w is the weak mixing angle, and e and gZ = e�(sin ✓w cos ✓w) are
the electromagnetic and the Z-boson couplings, respectively.

We perform the calculation at the centre of mass frame and parametrise
the top-quark momentum, pµt = (E, q sin ✓ cos�, q sin ✓ sin�, q cos ✓) with 0 ≤

✓ ≤ ⇡ and −⇡ ≤ � ≤ ⇡, and E =
�

m2
t + q

2 =

√
s
2 . Writing the helicity ampli-
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si
sf , we find
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R) ,
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M+�
A,B = M�+

A,B = 0

• We compute the Choi matrix in the SM at LO:

where i runs over possible contributions. For example, the Standard Model contribution
can be obtained by summing over the photon and Z-boson exchange, i = A and Z, with
the following replacement at the amplitude level:

i !2
i c

i
L c

i
R d

i
L d

i
R

A s →e →e
2
3e

2
3e

Z s → m
2
Z + imZ”Z gZ

(
→

1
2 + sin2 ωw

)
gZ sin2 ωw gZ

(
1
2 →

2
3 sin

2
ωw

)
gZ

(
→

2
3 sin

2
ωw

)

Here ωw is the weak mixing angle, mZ and ”Z are the mass and width of the Z boson,
and e and gZ = e/(sin ωw cos ωw) are the electromagnetic and the Z-boson couplings,
respectively.

We perform the calculation in the centre of mass frame and parametrise the top-quark
momentum, pµt = (E, q sin ω cosε, q sin ω sinε, q cos ω) with 0 ↑ ω ↑ ϑ and →ϑ ↑ ε ↑ ϑ,

and E =
√
m

2
t + q2 =

→
s
2 . The two kinematic parameters ω and ε determine our range

x of classical outcomes of the momentum measurement, x ↓ [0,ϑ] ↔ [→ϑ,ϑ]. In this
setup, the tree-level helicity amplitudes are given by

M
++
00 = M

++
11 = e

iω
∑

i

s

2!2
i

ϖ
↑1

c
i
R sin ω(diL + d

i
R) ,

M
++
01 = →e

iω
∑

i

s

2!2
i

c
i
R(1 + cos ω)[diL(1 → ϱ) + d

i
R(1 + ϱ)] ,

M
++
10 = →e

iω
∑

i

s

2!2
i

c
i
R(1 → cos ω)[diL(1 + ϱ) + d

i
R(1 → ϱ)] ,

M
↑↑

00 = M
↑↑

11 = →e
↑iω

∑

i

s

2!2
i

ϖ
↑1

c
i
L sin ω(diL + d

i
R) ,

M
↑↑

01 = →e
↑iω

∑

i

s

2!2
i

c
i
L(1 → cos ω)[diL(1 → ϱ) + d

i
R(1 + ϱ)] ,

M
↑↑

10 = →e
↑iω

∑

i

s

2!2
i

c
i
L(1 + cos ω)[diL(1 + ϱ) + d

i
R(1 → ϱ)] , (38)

where ϱ = q
E and ϖ = E

mt
. For other e

↑
e
+ polarisations, the amplitudes vanish:

M
+↑

[A,B] = M
↑+
[A,B] = 0. The phase space factor is

d#LIPS =
1

16ϑ2

q
↗
s
d$ , (39)

with d$ = sin ωdωdε. The Choi matrix elements Ĩx =
∫
x dĨ are obtained through (see

Eq. (26))

dI(|I, J↘≃K,L|)[A,B],[C,D] =
NC

128ϑ2

1

ςN

q

s
↗
s

M
I,J
A,B

(
M

K,L
C,D

)
↓

d$ , (40)
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and the normalisation factor (24) is given by6

ωN =
NC

128ε2

q

s
→
s

∫ ∑

I,J,A,B

∣∣∣MI,J
A,B

∣∣∣
2
d! , (41)

where NC = 3 is the number of QCD colours of the final state top quark.
The spin structure of the interaction Lagrangian (37) implies that, at tree-level within

the Standard Model, the Choi matrix Ĩx has the following form

Ĩx =
1

4





Ix(| ++↑↓++ |) 0 0 Ix(| ++↑↓↔ ↔ |)
0 0 0 0
0 0 0 0

Ix(| ↔ ↔↑↓++ |) 0 0 Ix(| ↔ ↔↑↓↔ ↔ |)



 , (42)

where each Ix(|IJ↑↓KL|) is a 4↗4 matrix. By Hermicity of Ĩx we have Ix(|↔↔↑↓++|) =
[Ix(| ++↑↓↔ ↔ |)]†.

The angular dependence, dĨ/d! of the Choi matrix for polarised e
→
e
+

↘ tt̄ scatter-
ing can be calculated explicitly using formulas Eqs. (38), (40) and (41). With sω ≃ sin ϑ
and cω ≃ cos ϑ, we obtain

dI(| ++↑↓++ |)

d!
=





a
(+)
11 s

2
ω a

(+)
12 sω(1 + cω) a

(+)
13 sω(1 ↔ cω) a

(+)
14 s

2
ω

a
(+)
21 sω(1 + cω) a

(+)
22 (1 + cω)2 a

(+)
23 s

2
ω a

(+)
24 sω(1 + cω)

a
(+)
31 sω(1 ↔ cω) a

(+)
32 s

2
ω a

(+)
33 (1 ↔ cω)2 a

(+)
34 sω(1 ↔ cω)

a
(+)
41 s

2
ω a

(+)
42 sω(1 + cω) a

(+)
43 sω(1 ↔ cω) a

(+)
44 s

2
ω




,

dI(| ++↑↓↔ ↔ |)

d!
= e

i2ε





a
(+→)
11 s

2
ω a

(+→)
12 sω(1 ↔ cω) a

(+→)
13 sω(1 + cω) a

(+→)
14 s

2
ω

a
(+→)
21 sω(1 + cω) a

(+→)
22 s

2
ω a

(+→)
23 (1 + cω)2 a

(+→)
24 sω(1 + cω)

a
(+→)
31 sω(1 ↔ cω) a

(+→)
32 (1 ↔ cω)2 a

(+→)
33 s

2
ω a

(+→)
34 sω(1 ↔ cω)

a
(+→)
41 s

2
ω a

(+→)
42 sω(1 ↔ cω) a

(+→)
43 sω(1 + cω) a

(+→)
44 s

2
ω




,

dI(| ↔ ↔↑↓↔ ↔ |)

d!
=





a
(→)
11 s

2
ω a

(→)
12 sω(1 ↔ cω) a

(→)
13 sω(1 + cω) a

(→)
14 s

2
ω

a
(→)
21 sω(1 ↔ cω) a

(→)
22 (1 ↔ cω)2 a

(→)
23 s

2
ω a

(→)
24 sω(1 ↔ cω)

a
(→)
31 sω(1 + cω) a

(→)
32 s

2
ω a

(→)
33 (1 + cω)2 a

(→)
34 sω(1 + cω)

a
(→)
41 s

2
ω a

(→)
42 sω(1 ↔ cω) a

(→)
43 sω(1 + cω) a

(→)
44 s

2
ω




. (43)

Here, the coe”cients a(ϑ)ij depend on the centre of mass energy and of the explicit form
of the interaction Lagrangian (37).

The di#erential Choi matrix, dĨ/d!, involves a single Kraus operator, as can be seen
in Eq. (27). It, therefore, has only one non-zero eigenvalue as evidenced by Eqs. (7) and
(9). This eigenvalue is equal to the trace of the matrix:

Tr
[
dĨ/d!

]
= 1

4

(
D0 + 2D1 cos ϑ +D2 cos

2
ϑ
)
, (44)

6We multiplied in Eqs. (40) and (41) the number of QCD colours, NC = 3, of the final state top
quark so that ωN agrees with the total cross section of the process. This factor is, however, cancelled by
the NC factor in Eq. (40).
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and M+−
sf =M

−+
sf = 0, where � = q

E and � = E
mt

. The phase space factor, in
this case, is

d⇧t,t̄ =
q3

⇡2s
√
s
d cos ✓d� . (50)

From Eqs. (21) and (22), we have the expression for the diagonal entries
as

dĨ(�I, J��I, J �)(A,B),(C,D) = [d%(I,J)](A,B),(C,D)
=

1

�N
q3

4⇡2s
√
s
M

I,J
A,B �M

I,J
C,D�

∗
d cos ✓d� ,

(51)

where the normalisation factor (25) is given by

�N =
q3

16⇡2s
√
s �

d cos ✓d� �

I,J,A,B

�M
I,J
A,B �

2
. (52)

From the theoretical point of view, o�-diagonal entries of Ĩx can be
written in terms of the helicity amplitudes as

dĨ(�I, J��K,L�)(A,B),(C,D) = 1

�N
1

2s �x
d⇧MI,J

A,B �M
K,L
C,D�

∗
. (53)

This can be shown as follows. Let us consider superposition states �m�
and �n� in Eq. (37) for the initial electron and positron. The density
matrix can be expanded in terms of the 16 basis operators as

�m,n��m,n� = �↵�2���2� + +��+ + � + �↵�2��∗� + +��+ − � + � (54)

By the construction of Ĩx, the outcome of the quantum instrument of
this state is given by the same linear combination:

Ĩx(�m,n��m,n�) = �↵�2���2 ⋅ Ĩx(�++��++ �) + �↵�
2��∗ ⋅ Ĩx(�++��+− �) + � (55)

On the other hand, one can compute the same outcome with Eq. (20),
which leads to

%(m,n)
x =

1

�N
1

2s �x
d⇧ � �↵�2���2M++

sf �M
++
s′f �

∗
+ �↵�2��∗M++

sf �M
+−
s′f �

∗
+ � � ⋅ �sf ��s

′
f �

(56)

with the same linear combination. Since Ĩx(�m,n��m,n�) = %(m,n)
x for any

superposition states, �m,n� (i.e. any coe�cients ↵,�,�, �), Eq. (53) must
hold.

The expressions (51) and (53) guarantee that Ĩx is Hermitian. Also,
M
+−
sf =M

−+
sf = 0, which follows from the spin structure of the interaction
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52

Lagrangian (48), implies that in the Standard Model at tree-level, the Ĩx
has the structure

Ĩx =

�

�
�
�
�

�

I(++,++)x 0 0 I(++,−−)x

0 0 0 0
0 0 0 0

I(−−,++)x 0 0 I(−−,−−)x

�

�
�
�
�

�

, (57)

where each I(IJ,KL)
x is a 4 × 4 matrix and I(−−,++)x = [I(++,−−)x ]

†. Their an-
gular dependence can also be obtained as

dI(++,++)
d cos ✓d�

=

�

�
�
�
�
�

�

a(+)11 s2✓ a(+)12 s✓(1 + c✓) a(+)13 s✓(1 − c✓) a(+)14 s2✓
a(+)21 s✓(1 + c✓) a(+)22 (1 + c✓)

2 a(+)23 (1 − c
2
✓) a(+)24 s✓(1 + c✓)

a(+)31 s✓(1 − c✓) a(+)32 (1 − c
2
✓) a(+)33 (1 − c✓)

2 a(+)34 s✓(1 − c✓)

a(+)41 s2✓ a(+)42 s✓(1 + c✓) a(+)43 s✓(1 − c✓) a(+)44 s2✓

�

�
�
�
�
�

�

,

dI(++,−−)
d cos ✓d�

= ei2�

�

�
�
�
�
�

�

a(+−)11 s2✓ a(+−)12 s✓(1 − c✓) a(+−)13 s✓(1 + c✓) a(+−)14 s2✓
a(+−)21 s✓(1 + c✓) a(+−)22 (1 − c

2
✓) a(+−)23 (1 + c✓)

2 a(+−)24 s✓(1 + c✓)

a(+−)31 s✓(1 − c✓) a(+−)32 (1 − c✓)
2 a(+−)33 (1 − c

2
✓) a(+−)34 s✓(1 − c✓)

a(+−)41 s2✓ a(+−)42 s✓(1 − c✓) a(+−)43 s✓(1 + c✓) a(+−)44 s2✓

�

�
�
�
�
�

�

,

dI(−−,−−)
d cos ✓d�

=

�

�
�
�
�
�

�

a(−)11 s2✓ a(−)12 s✓(1 − c✓) a(−)13 s✓(1 + c✓) a(−)14 s2✓
a(−)21 s✓(1 − c✓) a(−)22 (1 − c✓)

2 a(−)23 (1 − c
2
✓) a(−)24 s✓(1 − c✓)

a(−)31 s✓(1 + c✓) a(−)32 (1 − c
2
✓) a(−)33 (1 + c✓)

2 a(−)34 s✓(1 + c✓)

a(−)41 s2✓ a(−)42 s✓(1 − c✓) a(−)43 s✓(1 + c✓) a(−)44 s2✓

�

�
�
�
�
�

�

.

(58)

Here, the coe�cients a(�)ij are dependent on the centre of mass energy
and beyond the Standard Model contributions of the form in Eq. (48).

With this expression, dĨ�d cos ✓d� has only one non-zero eigenvalue,
which is equal to the trace of the matrix:

Tr �
dĨ

d cos ✓d�
� = D0 + 2D1 cos ✓ +D2 cos

2 ✓ (59)

with

D0 =

4

�

i=1
�a(+)ii + a

(−)
ii � ,

D1 = a
(+)
22 − a

(+)
33 − a

(−)
22 + a

(−)
33 ,

D2 = −a
(+)
11 + a

(+)
22 − a

(+)
33 + a

(+)
44 − a

(−)
11 + a

(−)
22 − a

(−)
33 + a

(−)
44 . (60)

At a threshold region with
√
s = 355 GeV, the tree-level Standard
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Lagrangian (48), implies that in the Standard Model at tree-level, the Ĩx
has the structure

Ĩx =

�

�
�
�
�

�

I(++,++)x 0 0 I(++,−−)x

0 0 0 0
0 0 0 0

I(−−,++)x 0 0 I(−−,−−)x

�

�
�
�
�

�

, (57)

where each I(IJ,KL)
x is a 4 × 4 matrix and I(−−,++)x = [I(++,−−)x ]

†. Their an-
gular dependence can also be obtained as

dI(++,++)
d cos ✓d�

=

�

�
�
�
�
�

�

a(+)11 s2✓ a(+)12 s✓(1 + c✓) a(+)13 s✓(1 − c✓) a(+)14 s2✓
a(+)21 s✓(1 + c✓) a(+)22 (1 + c✓)

2 a(+)23 (1 − c
2
✓) a(+)24 s✓(1 + c✓)

a(+)31 s✓(1 − c✓) a(+)32 (1 − c
2
✓) a(+)33 (1 − c✓)

2 a(+)34 s✓(1 − c✓)

a(+)41 s2✓ a(+)42 s✓(1 + c✓) a(+)43 s✓(1 − c✓) a(+)44 s2✓

�

�
�
�
�
�

�

,

dI(++,−−)
d cos ✓d�

= ei2�

�

�
�
�
�
�

�

a(+−)11 s2✓ a(+−)12 s✓(1 − c✓) a(+−)13 s✓(1 + c✓) a(+−)14 s2✓
a(+−)21 s✓(1 + c✓) a(+−)22 (1 − c

2
✓) a(+−)23 (1 + c✓)

2 a(+−)24 s✓(1 + c✓)

a(+−)31 s✓(1 − c✓) a(+−)32 (1 − c✓)
2 a(+−)33 (1 − c

2
✓) a(+−)34 s✓(1 − c✓)

a(+−)41 s2✓ a(+−)42 s✓(1 − c✓) a(+−)43 s✓(1 + c✓) a(+−)44 s2✓

�

�
�
�
�
�

�

,

dI(−−,−−)
d cos ✓d�

=

�

�
�
�
�
�

�

a(−)11 s2✓ a(−)12 s✓(1 − c✓) a(−)13 s✓(1 + c✓) a(−)14 s2✓
a(−)21 s✓(1 − c✓) a(−)22 (1 − c✓)

2 a(−)23 (1 − c
2
✓) a(−)24 s✓(1 − c✓)

a(−)31 s✓(1 + c✓) a(−)32 (1 − c
2
✓) a(−)33 (1 + c✓)

2 a(−)34 s✓(1 + c✓)

a(−)41 s2✓ a(−)42 s✓(1 − c✓) a(−)43 s✓(1 + c✓) a(−)44 s2✓

�

�
�
�
�
�

�

.

(58)

Here, the coe�cients a(�)ij are dependent on the centre of mass energy
and beyond the Standard Model contributions of the form in Eq. (48).

With this expression, dĨ�d cos ✓d� has only one non-zero eigenvalue,
which is equal to the trace of the matrix:

Tr �
dĨ

d cos ✓d�
� = D0 + 2D1 cos ✓ +D2 cos

2 ✓ (59)

with

D0 =

4

�

i=1
�a(+)ii + a

(−)
ii � ,

D1 = a
(+)
22 − a

(+)
33 − a

(−)
22 + a

(−)
33 ,

D2 = −a
(+)
11 + a

(+)
22 − a

(+)
33 + a

(+)
44 − a

(−)
11 + a

(−)
22 − a

(−)
33 + a

(−)
44 . (60)

At a threshold region with
√
s = 355 GeV, the tree-level Standard
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Lagrangian (48), implies that in the Standard Model at tree-level, the Ĩx
has the structure

Ĩx =

�

�
�
�
�

�

I(++,++)x 0 0 I(++,−−)x

0 0 0 0
0 0 0 0

I(−−,++)x 0 0 I(−−,−−)x

�

�
�
�
�

�

, (57)

where each I(IJ,KL)
x is a 4 × 4 matrix and I(−−,++)x = [I(++,−−)x ]

†. Their an-
gular dependence can also be obtained as

dI(++,++)
d cos ✓d�

=

�

�
�
�
�
�

�

a(+)11 s2✓ a(+)12 s✓(1 + c✓) a(+)13 s✓(1 − c✓) a(+)14 s2✓
a(+)21 s✓(1 + c✓) a(+)22 (1 + c✓)

2 a(+)23 (1 − c
2
✓) a(+)24 s✓(1 + c✓)

a(+)31 s✓(1 − c✓) a(+)32 (1 − c
2
✓) a(+)33 (1 − c✓)

2 a(+)34 s✓(1 − c✓)

a(+)41 s2✓ a(+)42 s✓(1 + c✓) a(+)43 s✓(1 − c✓) a(+)44 s2✓

�

�
�
�
�
�

�

,

dI(++,−−)
d cos ✓d�

= ei2�

�

�
�
�
�
�

�

a(+−)11 s2✓ a(+−)12 s✓(1 − c✓) a(+−)13 s✓(1 + c✓) a(+−)14 s2✓
a(+−)21 s✓(1 + c✓) a(+−)22 (1 − c

2
✓) a(+−)23 (1 + c✓)

2 a(+−)24 s✓(1 + c✓)

a(+−)31 s✓(1 − c✓) a(+−)32 (1 − c✓)
2 a(+−)33 (1 − c

2
✓) a(+−)34 s✓(1 − c✓)

a(+−)41 s2✓ a(+−)42 s✓(1 − c✓) a(+−)43 s✓(1 + c✓) a(+−)44 s2✓

�

�
�
�
�
�

�

,

dI(−−,−−)
d cos ✓d�

=

�

�
�
�
�
�

�

a(−)11 s2✓ a(−)12 s✓(1 − c✓) a(−)13 s✓(1 + c✓) a(−)14 s2✓
a(−)21 s✓(1 − c✓) a(−)22 (1 − c✓)

2 a(−)23 (1 − c
2
✓) a(−)24 s✓(1 − c✓)

a(−)31 s✓(1 + c✓) a(−)32 (1 − c
2
✓) a(−)33 (1 + c✓)

2 a(−)34 s✓(1 + c✓)

a(−)41 s2✓ a(−)42 s✓(1 − c✓) a(−)43 s✓(1 + c✓) a(−)44 s2✓

�

�
�
�
�
�

�

.

(58)

Here, the coe�cients a(�)ij are dependent on the centre of mass energy
and beyond the Standard Model contributions of the form in Eq. (48).

With this expression, dĨ�d cos ✓d� has only one non-zero eigenvalue,
which is equal to the trace of the matrix:

Tr �
dĨ

d cos ✓d�
� = D0 + 2D1 cos ✓ +D2 cos

2 ✓ (59)

with

D0 =

4

�

i=1
�a(+)ii + a

(−)
ii � ,

D1 = a
(+)
22 − a

(+)
33 − a

(−)
22 + a

(−)
33 ,

D2 = −a
(+)
11 + a

(+)
22 − a

(+)
33 + a

(+)
44 − a

(−)
11 + a

(−)
22 − a

(−)
33 + a

(−)
44 . (60)

At a threshold region with
√
s = 355 GeV, the tree-level Standard
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This prediction should be compared with the experiment

C Numerical values for the coe!cients a(→)
ij

and Di appear-
ing in Eqs. (43) and (44)

We now report the values of a(→)ij and Di coe!cients appearing in Eqs. (43) and (44),
evaluated at tree-level in the Standard Model, outlined in Subsection 4.1, and using
measured values for the physical constants. Above the threshold,

↑
s = 370 GeV, we

obtain

a
(+)

∣∣↑
s=370GeV

=





0.503 ↓1.442 0.364 0.503
↓1.442 4.137 ↓1.043 ↓1.442
0.364 ↓1.043 0.263 0.364
0.503 ↓1.442 0.364 0.503



 · 10↓2
,

a
(+↓)

∣∣↑
s=370GeV

=





↓0.800 0.264 ↓1.979 ↓0.800
2.293 ↓0.758 5.676 2.293

↓0.578 0.191 ↓1.431 ↓0.578
↓0.800 0.264 ↓1.980 ↓0.800



 · 10↓2
,

a
(↓)

∣∣↑
s=370GeV

=





1.271 ↓0.420 3.146 1.271
↓0.420 0.139 ↓1.040 ↓0.420
3.146 ↓1.040 7.788 3.146
1.271 ↓0.420 3.146 1.271



 · 10↓2
, (108)

(D0, D1, D2)|↑s=370GeV = (0.159, 0.115, 0.0878) .

while for
↑
s = 1 TeV, these values change to

a
(+)

∣∣↑
s=1TeV

=





0.219 ↓0.777 ↓0.494 0.219
↓0.777 2.755 1.751 ↓0.777
↓0.494 1.751 1.113 ↓0.494
0.219 ↓0.777 ↓0.494 0.219



 · 10↓2
,

a
(+↓)

∣∣↑
s=1TeV

=





↓0.340 ↓0.810 ↓1.162 ↓0.340
1.205 2.870 4.117 1.205
0.766 1.824 2.617 0.766

↓0.340 ↓0.810 ↓1.162 ↓0.340



 · 10↓2
,

a
(↓)

∣∣↑
s=1TeV

=





0.527 1.256 1.802 0.527
1.256 2.990 4.290 1.256
1.802 4.290 6.154 1.802
0.527 1.256 1.802 0.527



 · 10↓2
, (109)

(D0, D1, D2)|↑s=1TeV = (0.145, 0.0481, 0.115) .

References

[1] Y. Afik and J.R.M.n. de Nova, Entanglement and quantum tomography with top
quarks at the LHC, Eur. Phys. J. Plus 136 (2021) 907 [2003.02280].

34

C Numerical values for the coe!cients a(→)
ij

and Di appear-
ing in Eqs. (43) and (44)

We now report the values of a(→)ij and Di coe!cients appearing in Eqs. (43) and (44),
evaluated at tree-level in the Standard Model, outlined in Subsection 4.1, and using
measured values for the physical constants. Above the threshold,

↑
s = 370 GeV, we

obtain

a
(+)
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s = 1 TeV, these values change to

a
(+)

∣∣↑
s=1TeV

=





0.219 ↓0.777 ↓0.494 0.219
↓0.777 2.755 1.751 ↓0.777
↓0.494 1.751 1.113 ↓0.494
0.219 ↓0.777 ↓0.494 0.219



 · 10↓2
,

a
(+↓)

∣∣↑
s=1TeV

=





↓0.340 ↓0.810 ↓1.162 ↓0.340
1.205 2.870 4.117 1.205
0.766 1.824 2.617 0.766

↓0.340 ↓0.810 ↓1.162 ↓0.340



 · 10↓2
,

a
(↓)

∣∣↑
s=1TeV

=





0.527 1.256 1.802 0.527
1.256 2.990 4.290 1.256
1.802 4.290 6.154 1.802
0.527 1.256 1.802 0.527



 · 10↓2
, (109)

(D0, D1, D2)|↑s=1TeV = (0.145, 0.0481, 0.115) .
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Lagrangian (48), implies that in the Standard Model at tree-level, the Ĩx
has the structure

Ĩx =

�

�
�
�
�

�

I(++,++)x 0 0 I(++,−−)x

0 0 0 0
0 0 0 0

I(−−,++)x 0 0 I(−−,−−)x

�

�
�
�
�

�

, (57)

where each I(IJ,KL)
x is a 4 × 4 matrix and I(−−,++)x = [I(++,−−)x ]

†. Their an-
gular dependence can also be obtained as

dI(++,++)
d cos ✓d�

=

�

�
�
�
�
�

�

a(+)11 s2✓ a(+)12 s✓(1 + c✓) a(+)13 s✓(1 − c✓) a(+)14 s2✓
a(+)21 s✓(1 + c✓) a(+)22 (1 + c✓)

2 a(+)23 (1 − c
2
✓) a(+)24 s✓(1 + c✓)

a(+)31 s✓(1 − c✓) a(+)32 (1 − c
2
✓) a(+)33 (1 − c✓)

2 a(+)34 s✓(1 − c✓)

a(+)41 s2✓ a(+)42 s✓(1 + c✓) a(+)43 s✓(1 − c✓) a(+)44 s2✓

�

�
�
�
�
�

�

,

dI(++,−−)
d cos ✓d�

= ei2�

�

�
�
�
�
�

�

a(+−)11 s2✓ a(+−)12 s✓(1 − c✓) a(+−)13 s✓(1 + c✓) a(+−)14 s2✓
a(+−)21 s✓(1 + c✓) a(+−)22 (1 − c

2
✓) a(+−)23 (1 + c✓)

2 a(+−)24 s✓(1 + c✓)

a(+−)31 s✓(1 − c✓) a(+−)32 (1 − c✓)
2 a(+−)33 (1 − c

2
✓) a(+−)34 s✓(1 − c✓)

a(+−)41 s2✓ a(+−)42 s✓(1 − c✓) a(+−)43 s✓(1 + c✓) a(+−)44 s2✓

�

�
�
�
�
�

�

,

dI(−−,−−)
d cos ✓d�

=

�

�
�
�
�
�

�

a(−)11 s2✓ a(−)12 s✓(1 − c✓) a(−)13 s✓(1 + c✓) a(−)14 s2✓
a(−)21 s✓(1 − c✓) a(−)22 (1 − c✓)

2 a(−)23 (1 − c
2
✓) a(−)24 s✓(1 − c✓)

a(−)31 s✓(1 + c✓) a(−)32 (1 − c
2
✓) a(−)33 (1 + c✓)

2 a(−)34 s✓(1 + c✓)

a(−)41 s2✓ a(−)42 s✓(1 − c✓) a(−)43 s✓(1 + c✓) a(−)44 s2✓

�

�
�
�
�
�

�

.

(58)

Here, the coe�cients a(�)ij are dependent on the centre of mass energy
and beyond the Standard Model contributions of the form in Eq. (48).

With this expression, dĨ�d cos ✓d� has only one non-zero eigenvalue,
which is equal to the trace of the matrix:

Tr �
dĨ

d cos ✓d�
� = D0 + 2D1 cos ✓ +D2 cos

2 ✓ (59)

with

D0 =

4

�

i=1
�a(+)ii + a

(−)
ii � ,

D1 = a
(+)
22 − a

(+)
33 − a

(−)
22 + a

(−)
33 ,

D2 = −a
(+)
11 + a

(+)
22 − a

(+)
33 + a

(+)
44 − a

(−)
11 + a

(−)
22 − a

(−)
33 + a

(−)
44 . (60)

At a threshold region with
√
s = 355 GeV, the tree-level Standard

16
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M+�
A,B = M�+

A,B = 0

The zero structure is unique for the s-channel vector boson exchange at LO

• This zero structure is broken by the LO contributions of various types of new physics:

s-channel scalar s-channel tensor t-channel scalar

though some admixture of other elements, e.g. |01→↑00| or |11→↑01|, is also visible. The
right plot b) illustrates the o!-diagonal block Ix(| ++→↑↓ ↓ |) with a final state phase
space cut, x = {ω ↔ [2ε/3,ε],ϑ ↔ [↓ε/4,ε/4]}. Although the o!-diagonal blocks in
Eq. (42) in general have complex entries, all matrix entries are real with the above
kinematic range x. We see that the o!-diagonal block of the Choi matrix (42) has
a very rich structure with all 16 elements substantially di!erent from zero. On the
other hand, their magnitudes are significantly smaller than the dominant component
of Ix(| + +→↑+ + |). This is a consequence of the chosen range of post-selection of the
scattering angles. Indeed, the integration of the dominant term in the diagonal block
yields a multiplicative factor

∫ 2ω
0 dϑ

∫ ω
0 dω(1 + cos(ω))2 sin(ω) = 16ε/3, while in the o!-

diagonal block we have
∫ ω/4
→ω/4 dϑ e

2iε
∫ ω
2ω/3 dω (1 + cos(ω))2 sin(ω) = 1/24.

We have chosen this specific range of angles to show that by applying suitable cuts
in the final states’ phase space we can reveal the rich structure of the Choi matrix. In
particular, one can tune the cut to single out a specific matrix element. For instance,
Ix(| + +→↑↓ ↓ |) with x = {ω ↔ [0,ε],ϑ ↔ [↓ε/4,ε/4]}, has a dominant component
|01→↑10| with a numerical value 0.15136.

It is important to note that the vanishing entries in the Choi matrix (42) arise from
the properties M

+→

[A,B] = M
→+
[A,B] = 0, which are characteristic of the tree-level prediction

associated with the Standard-Model-type operator (37) with the spin-1 tensor structure.
These zeros, however, are generically populated by higher-order corrections within the
Standard Model, as well as by leading contributions from new physics described by other
types of four-fermion operators, such as

cS

”2
[ϖ̄eϖe][ϖ̄tϖt] ,

cT

”2
[ϖ̄eϱµϑϖe][ϖ̄tϱ

µϑ
ϖt] ,

ct

”2
[ϖ̄eϖt][ϖ̄tϖe] . (46)

In other words, within the quantum process tomography framework, these new physics
e!ects compete directly with loop-level Standard Model contributions rather than with
the dominant tree-level amplitude. This stands in sharp contrast to traditional spin
correlation observables or quantum state tomography, where new physics sits on top of
the leading Standard Model contribution.

The enhanced sensitivity of quantum process tomography to new physics reflects a
fundamental property of the Choi matrix. Since the Choi matrix fully encodes the input-
output map of a quantum process, any two theories with distinct dynamics (input-output
transitions) will necessarily yield di!erent Choi matrices. Thus, by reconstructing the
Choi matrix, quantum process tomography e!ectively measures ‘the theory’ itself. This
highlights a key advantage of quantum process tomography, o!ering a powerful precision
test of the Standard Model.

4.2 Experimental procedure

Our goal is to reconstruct the 16↗ 16 Choi matrix (32) from the experimental data. To
this end, we need to perform 16 experimental runs with 16 distinct pairs of 4 di!erent
polarisations of the electron beam and 4 di!erent polarisations of the positron beam. In
the following analysis, for concreteness, we take the two polarisations in the direction

18
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• In the QPT approach, LO of new physics can directly competes with NLO of SM.

Powerful tool to search for new physics!
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QPT with polarised lepton collider
• The density operator representing a polarised beam in the  direction with the degree  n 0 ≤ q ≤ 1
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ω(q,n) = q|n→↑n|+ (1↓ q)1
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= 1
2 [(1 + q)|n→↑n|+ (1↓ q)|↓ n→↑↓n|]
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=
∑

I,K=±
C(I,K)

(q,n) |I→↑K|
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QPT with polarised lepton collider
• The density operator representing a polarised beam in the  direction with the degree  n 0 ≤ q ≤ 1
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ω(q,n) = q|n→↑n|+ (1↓ q)1
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= 1
2 [(1 + q)|n→↑n|+ (1↓ q)|↓ n→↑↓n|]
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=
∑

I,K=±
C(I,K)

(q,n) |I→↑K|

• Consider 4 electron beam settings:

of the beam axis (ωz and →ωz). The other two directions are conveniently taken to be
the ωx and ωy directions. Polarised fermion beams have been used in colliders since
the 1970s [46]. While most of the experiments featured fermion beams polarised along
the beam axis, transverse polarisation of the electron/positron beam is also possible
[47]. The practicalities and capabilities of current and future colliders facilitating beam
polarization are discussed further in Section 5.

A general polarisation vector of a spin-half fermion can be written as

|n↑ = ε |+↑ + ϑ |→↑ , (47)

with |ε|
2+ |ϑ|

2 = 1 and |±↑ denoting the eigenstates of the spin operator along a chosen
axis. Our choice for the e

→
e
+

↓ tt̄ process is the z-axis, along the electron beam. We
could write the coe!cients in (47) as ε = cos(ϖ↑/2), ϑ = e

iω→
sin(ϖ↑/2), which shows that

a perfectly polarised spin-half fermion beam corresponds to a pure qubit state on the
Bloch sphere. In practice, the polarisation is never perfect and we have to model the
initial spin state of a fermion in the beam in terms of a mixed state inside the Bloch ball.
Concretely, if a beam of spin-half fermions is polarised along axis n at degree 100 · q%,
then the corresponding spin density matrix is given by

ϱ(q,n) ↔ q |n↑↗n| + 1→q
2 1

= 1
2

[
(1 + q)|n↑↗n| + (1 → q)|→n↑↗→n|

]

=
∑

I,K=±

C
(I,K)
(q,n) |I↑↗K| (48)

with
(
C

(+,+)
(q,n) , C

(+,→)
(q,n) , C

(→,+)
(q,n) , C

(→,→)
(q,n)

)
=

(
q|ε|

2 + 1→q
2 , qεϑ

↓
, qε

↓
ϑ, q|ϑ|

2 + 1→q
2

)
. (49)

In the last line of Eq. (48), we have used Eq. (47) and 1 = |+↑↗+| + |→↑↗→|.
As mentioned earlier, two of the initial polarisations can be chosen to be along the

beam, for the other two let us conveniently take the ωx direction and the ωy direction.
We assume, for sake of simplicity, that the degree of polarisation of the beam does not
depend on the direction (for the general case see Appendix A). On the other hand, the
degree of polarisation of the positron beam is typically lower than the one of the electron
beam and we denote the former as q̄. In summary, we prepare 16 di”erent initial states

ς
(a,b)
in = ς

a
in,e↑ ↘ ς

b
in,e+ , (50)

with

ς
+
in,e↑ = ϱ(q,+), ς

→

in,e↑ = ϱ(q,→), ς
εx
in,e↑ = ϱ(q, ωx), ς

εy
in,e↑ = ϱ(q, ωy) ,

ς
+
in,e+ = ϱ(q̄,+), ς

→

in,e+ = ϱ(q̄,→), ς
εx
in,e+ = ϱ(q̄, ωx), ς

εy
in,e+ = ϱ(q̄, ωy) (51)

and |ωx↑ = 1
↔
2

(
|+↑ + |→↑

)
and |ωy↑ = 1

↔
2

(
|+↑ + i |→↑

)
.
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• Consider 4 positron beam settings:

of the beam axis (ωz and →ωz). The other two directions are conveniently taken to be
the ωx and ωy directions. Polarised fermion beams have been used in colliders since
the 1970s [46]. While most of the experiments featured fermion beams polarised along
the beam axis, transverse polarisation of the electron/positron beam is also possible
[47]. The practicalities and capabilities of current and future colliders facilitating beam
polarization are discussed further in Section 5.

A general polarisation vector of a spin-half fermion can be written as

|n↑ = ε |+↑ + ϑ |→↑ , (47)

with |ε|
2+ |ϑ|

2 = 1 and |±↑ denoting the eigenstates of the spin operator along a chosen
axis. Our choice for the e

→
e
+

↓ tt̄ process is the z-axis, along the electron beam. We
could write the coe!cients in (47) as ε = cos(ϖ↑/2), ϑ = e

iω→
sin(ϖ↑/2), which shows that

a perfectly polarised spin-half fermion beam corresponds to a pure qubit state on the
Bloch sphere. In practice, the polarisation is never perfect and we have to model the
initial spin state of a fermion in the beam in terms of a mixed state inside the Bloch ball.
Concretely, if a beam of spin-half fermions is polarised along axis n at degree 100 · q%,
then the corresponding spin density matrix is given by

ϱ(q,n) ↔ q |n↑↗n| + 1→q
2 1

= 1
2

[
(1 + q)|n↑↗n| + (1 → q)|→n↑↗→n|

]

=
∑

I,K=±

C
(I,K)
(q,n) |I↑↗K| (48)

with
(
C

(+,+)
(q,n) , C

(+,→)
(q,n) , C

(→,+)
(q,n) , C

(→,→)
(q,n)

)
=

(
q|ε|

2 + 1→q
2 , qεϑ

↓
, qε

↓
ϑ, q|ϑ|

2 + 1→q
2

)
. (49)

In the last line of Eq. (48), we have used Eq. (47) and 1 = |+↑↗+| + |→↑↗→|.
As mentioned earlier, two of the initial polarisations can be chosen to be along the

beam, for the other two let us conveniently take the ωx direction and the ωy direction.
We assume, for sake of simplicity, that the degree of polarisation of the beam does not
depend on the direction (for the general case see Appendix A). On the other hand, the
degree of polarisation of the positron beam is typically lower than the one of the electron
beam and we denote the former as q̄. In summary, we prepare 16 di”erent initial states

ς
(a,b)
in = ς

a
in,e↑ ↘ ς

b
in,e+ , (50)

with

ς
+
in,e↑ = ϱ(q,+), ς

→

in,e↑ = ϱ(q,→), ς
εx
in,e↑ = ϱ(q, ωx), ς

εy
in,e↑ = ϱ(q, ωy) ,

ς
+
in,e+ = ϱ(q̄,+), ς

→

in,e+ = ϱ(q̄,→), ς
εx
in,e+ = ϱ(q̄, ωx), ς

εy
in,e+ = ϱ(q̄, ωy) (51)
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QPT with polarised lepton collider
• The density operator representing a polarised beam in the  direction with the degree  n 0 ≤ q ≤ 1
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• Consider 4 electron beam settings:

of the beam axis (ωz and →ωz). The other two directions are conveniently taken to be
the ωx and ωy directions. Polarised fermion beams have been used in colliders since
the 1970s [46]. While most of the experiments featured fermion beams polarised along
the beam axis, transverse polarisation of the electron/positron beam is also possible
[47]. The practicalities and capabilities of current and future colliders facilitating beam
polarization are discussed further in Section 5.

A general polarisation vector of a spin-half fermion can be written as

|n↑ = ε |+↑ + ϑ |→↑ , (47)

with |ε|
2+ |ϑ|

2 = 1 and |±↑ denoting the eigenstates of the spin operator along a chosen
axis. Our choice for the e

→
e
+

↓ tt̄ process is the z-axis, along the electron beam. We
could write the coe!cients in (47) as ε = cos(ϖ↑/2), ϑ = e

iω→
sin(ϖ↑/2), which shows that

a perfectly polarised spin-half fermion beam corresponds to a pure qubit state on the
Bloch sphere. In practice, the polarisation is never perfect and we have to model the
initial spin state of a fermion in the beam in terms of a mixed state inside the Bloch ball.
Concretely, if a beam of spin-half fermions is polarised along axis n at degree 100 · q%,
then the corresponding spin density matrix is given by
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In the last line of Eq. (48), we have used Eq. (47) and 1 = |+↑↗+| + |→↑↗→|.
As mentioned earlier, two of the initial polarisations can be chosen to be along the

beam, for the other two let us conveniently take the ωx direction and the ωy direction.
We assume, for sake of simplicity, that the degree of polarisation of the beam does not
depend on the direction (for the general case see Appendix A). On the other hand, the
degree of polarisation of the positron beam is typically lower than the one of the electron
beam and we denote the former as q̄. In summary, we prepare 16 di”erent initial states
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We assume, for sake of simplicity, that the degree of polarisation of the beam does not
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In the last line of Eq. (48), we have used Eq. (47) and 1 = |+↑↗+| + |→↑↗→|.
As mentioned earlier, two of the initial polarisations can be chosen to be along the

beam, for the other two let us conveniently take the ωx direction and the ωy direction.
We assume, for sake of simplicity, that the degree of polarisation of the beam does not
depend on the direction (for the general case see Appendix A). On the other hand, the
degree of polarisation of the positron beam is typically lower than the one of the electron
beam and we denote the former as q̄. In summary, we prepare 16 di”erent initial states
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|J→↑L| =
∑

b

Y (I,K)
b ωbe+

In this case, the input states are expanded in terms of the basis operators as

ω
a
in,e→ =

∑

I,K=±

[X→1]a(I,K)|I→↑K|, and ω
b
in,e+ =

∑

J,L=±

[Y →1]b(J,L)|J→↑L|, (52)

with

X
→1 =

1

2


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1 + q 0 0 1 ↓ q

1 ↓ q 0 0 1 + q

1 q q 1
1 ↓iq iq 1



 , (53)

where the rows are indexed by a ↔ {+,↓, εx, εy} and the columns by pairs (I,K) ↔

{(++), (+↓), (↓+), (↓↓)}. Taking its inverse, we find the matrix appearing in Eq.
(31),

X =
1

2q


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1 + q ↓(1 ↓ q) 0 0
↓(1 + i) ↓(1 + i) 2 2i
↓1 + i ↓1 + i 2 ↓2i

↓(1 ↓ q) 1 + q 0 0



 , (54)

where now the columns are indexed by a and the row by pairs (I,K). The matrix Y for
the positron states has the same form with q replaced by q̄.

For each of the 16 initial states we reconstruct the corresponding output operators

ϑ
(a,b)
x = Ix

(
ω
(a,b)
in

)
, with the chosen range x of the tt̄ kinematic parameters. This is done

from the measurements via formula (30),

ϑ
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x =
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(
e
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+[ω(a,b)in ] ↗ tt̄

)

ϖ
(
ϱς[ωmix

in ] ↗ tt̄
) ω
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x , (55)

where ϖ(e→e+[ωmix
in ] ↗ tt̄) is the inclusive cross section of e→e+ ↗ tt̄ with unpolarised

e
+
e
→ beams, ϖx(e→e+[ω

(a,b)
in ] ↗ tt̄) is the e!ective cross section after the kinematic

selection, x, of the tt̄ momenta, for the initial polarisation state ω
(a,b)
in and ω

(a,b)
x is the

tt̄ spin density matrix. The method of experimental reconstruction of the e!ective tt̄

spin density matrix (quantum state tomography) is studied and outlined in [1,2], and has
recently been applied in pp collisions at the LHC by CMS [30].

To facilitate the comparison with the theoretical prediction (40) for the Choi matrix
we shall use formula (32). It yields the blocks of the experimentally reconstructed Choi
matrix:

Ix(|IJ→ ↑KL|) =
∑

a,b↑{+,→,ωx,ωy}

X
(I,K)
a Y

(J,L)
b · ϑ

(a,b)
x , (56)

In particular, the diagonal block is reconstructed as

Ix(|++→ ↑++|) =
1

4qq̄

[
(1 + q)(1 + q̄)ϑ(+,+)

x ↓ (1 + q)(1 ↓ q̄)ϑ(+,→)
x

↓ (1 ↓ q)(1 + q̄)ϑ(→,+)
x + (1 ↓ q)(1 ↓ q̄)ϑ(→,→)

x

]
, (57)
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QPT with polarised lepton collider
• The density operator representing a polarised beam in the  direction with the degree  n 0 ≤ q ≤ 1
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• Consider 4 electron beam settings:

of the beam axis (ωz and →ωz). The other two directions are conveniently taken to be
the ωx and ωy directions. Polarised fermion beams have been used in colliders since
the 1970s [46]. While most of the experiments featured fermion beams polarised along
the beam axis, transverse polarisation of the electron/positron beam is also possible
[47]. The practicalities and capabilities of current and future colliders facilitating beam
polarization are discussed further in Section 5.

A general polarisation vector of a spin-half fermion can be written as
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sin(ϖ↑/2), which shows that

a perfectly polarised spin-half fermion beam corresponds to a pure qubit state on the
Bloch sphere. In practice, the polarisation is never perfect and we have to model the
initial spin state of a fermion in the beam in terms of a mixed state inside the Bloch ball.
Concretely, if a beam of spin-half fermions is polarised along axis n at degree 100 · q%,
then the corresponding spin density matrix is given by
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In the last line of Eq. (48), we have used Eq. (47) and 1 = |+↑↗+| + |→↑↗→|.
As mentioned earlier, two of the initial polarisations can be chosen to be along the

beam, for the other two let us conveniently take the ωx direction and the ωy direction.
We assume, for sake of simplicity, that the degree of polarisation of the beam does not
depend on the direction (for the general case see Appendix A). On the other hand, the
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• Perform 16 data taking campaigns with the 16 beam settings:  
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In this case, the input states are expanded in terms of the basis operators as
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where the rows are indexed by a ↔ {+,↓, εx, εy} and the columns by pairs (I,K) ↔

{(++), (+↓), (↓+), (↓↓)}. Taking its inverse, we find the matrix appearing in Eq.
(31),
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where now the columns are indexed by a and the row by pairs (I,K). The matrix Y for
the positron states has the same form with q replaced by q̄.

For each of the 16 initial states we reconstruct the corresponding output operators
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, with the chosen range x of the tt̄ kinematic parameters. This is done
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where ϖ(e→e+[ωmix
in ] ↗ tt̄) is the inclusive cross section of e→e+ ↗ tt̄ with unpolarised

e
+
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in ] ↗ tt̄) is the e!ective cross section after the kinematic

selection, x, of the tt̄ momenta, for the initial polarisation state ω
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in and ω

(a,b)
x is the

tt̄ spin density matrix. The method of experimental reconstruction of the e!ective tt̄

spin density matrix (quantum state tomography) is studied and outlined in [1,2], and has
recently been applied in pp collisions at the LHC by CMS [30].

To facilitate the comparison with the theoretical prediction (40) for the Choi matrix
we shall use formula (32). It yields the blocks of the experimentally reconstructed Choi
matrix:
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QPT with polarised lepton collider
• The density operator representing a polarised beam in the  direction with the degree  n 0 ≤ q ≤ 1
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• Consider 4 electron beam settings:

of the beam axis (ωz and →ωz). The other two directions are conveniently taken to be
the ωx and ωy directions. Polarised fermion beams have been used in colliders since
the 1970s [46]. While most of the experiments featured fermion beams polarised along
the beam axis, transverse polarisation of the electron/positron beam is also possible
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Bloch sphere. In practice, the polarisation is never perfect and we have to model the
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In the last line of Eq. (48), we have used Eq. (47) and 1 = |+↑↗+| + |→↑↗→|.
As mentioned earlier, two of the initial polarisations can be chosen to be along the

beam, for the other two let us conveniently take the ωx direction and the ωy direction.
We assume, for sake of simplicity, that the degree of polarisation of the beam does not
depend on the direction (for the general case see Appendix A). On the other hand, the
degree of polarisation of the positron beam is typically lower than the one of the electron
beam and we denote the former as q̄. In summary, we prepare 16 di”erent initial states
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• Perform 16 data taking campaigns with the 16 beam settings:  
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X(I,K)
a ωae→

<latexit sha1_base64="hjOmzZ4slDGKpqnhGvVyeevvPuM="></latexit>

|J→↑L| =
∑

b

Y (I,K)
b ωbe+

In this case, the input states are expanded in terms of the basis operators as

ω
a
in,e→ =

∑

I,K=±

[X→1]a(I,K)|I→↑K|, and ω
b
in,e+ =

∑

J,L=±

[Y →1]b(J,L)|J→↑L|, (52)

with

X
→1 =

1

2


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1 + q 0 0 1 ↓ q

1 ↓ q 0 0 1 + q

1 q q 1
1 ↓iq iq 1



 , (53)

where the rows are indexed by a ↔ {+,↓, εx, εy} and the columns by pairs (I,K) ↔

{(++), (+↓), (↓+), (↓↓)}. Taking its inverse, we find the matrix appearing in Eq.
(31),

X =
1

2q





1 + q ↓(1 ↓ q) 0 0
↓(1 + i) ↓(1 + i) 2 2i
↓1 + i ↓1 + i 2 ↓2i

↓(1 ↓ q) 1 + q 0 0



 , (54)

where now the columns are indexed by a and the row by pairs (I,K). The matrix Y for
the positron states has the same form with q replaced by q̄.

For each of the 16 initial states we reconstruct the corresponding output operators

ϑ
(a,b)
x = Ix

(
ω
(a,b)
in

)
, with the chosen range x of the tt̄ kinematic parameters. This is done

from the measurements via formula (30),

ϑ
(a,b)
x =

ϖx
(
e
→
e
+[ω(a,b)in ] ↗ tt̄

)

ϖ
(
ϱς[ωmix

in ] ↗ tt̄
) ω

(a,b)
x , (55)

where ϖ(e→e+[ωmix
in ] ↗ tt̄) is the inclusive cross section of e→e+ ↗ tt̄ with unpolarised

e
+
e
→ beams, ϖx(e→e+[ω

(a,b)
in ] ↗ tt̄) is the e!ective cross section after the kinematic

selection, x, of the tt̄ momenta, for the initial polarisation state ω
(a,b)
in and ω

(a,b)
x is the

tt̄ spin density matrix. The method of experimental reconstruction of the e!ective tt̄

spin density matrix (quantum state tomography) is studied and outlined in [1,2], and has
recently been applied in pp collisions at the LHC by CMS [30].

To facilitate the comparison with the theoretical prediction (40) for the Choi matrix
we shall use formula (32). It yields the blocks of the experimentally reconstructed Choi
matrix:

Ix(|IJ→ ↑KL|) =
∑

a,b↑{+,→,ωx,ωy}

X
(I,K)
a Y

(J,L)
b · ϑ

(a,b)
x , (56)

In particular, the diagonal block is reconstructed as

Ix(|++→ ↑++|) =
1

4qq̄

[
(1 + q)(1 + q̄)ϑ(+,+)

x ↓ (1 + q)(1 ↓ q̄)ϑ(+,→)
x

↓ (1 ↓ q)(1 + q̄)ϑ(→,+)
x + (1 ↓ q)(1 ↓ q̄)ϑ(→,→)

x

]
, (57)
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• The basis operators are related with the initial state as
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QPT with polarised lepton collider
• The density operator representing a polarised beam in the  direction with the degree  n 0 ≤ q ≤ 1
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=
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C(I,K)

(q,n) |I→↑K|

• Consider 4 electron beam settings:

of the beam axis (ωz and →ωz). The other two directions are conveniently taken to be
the ωx and ωy directions. Polarised fermion beams have been used in colliders since
the 1970s [46]. While most of the experiments featured fermion beams polarised along
the beam axis, transverse polarisation of the electron/positron beam is also possible
[47]. The practicalities and capabilities of current and future colliders facilitating beam
polarization are discussed further in Section 5.

A general polarisation vector of a spin-half fermion can be written as

|n↑ = ε |+↑ + ϑ |→↑ , (47)

with |ε|
2+ |ϑ|

2 = 1 and |±↑ denoting the eigenstates of the spin operator along a chosen
axis. Our choice for the e

→
e
+

↓ tt̄ process is the z-axis, along the electron beam. We
could write the coe!cients in (47) as ε = cos(ϖ↑/2), ϑ = e

iω→
sin(ϖ↑/2), which shows that

a perfectly polarised spin-half fermion beam corresponds to a pure qubit state on the
Bloch sphere. In practice, the polarisation is never perfect and we have to model the
initial spin state of a fermion in the beam in terms of a mixed state inside the Bloch ball.
Concretely, if a beam of spin-half fermions is polarised along axis n at degree 100 · q%,
then the corresponding spin density matrix is given by

ϱ(q,n) ↔ q |n↑↗n| + 1→q
2 1

= 1
2

[
(1 + q)|n↑↗n| + (1 → q)|→n↑↗→n|

]

=
∑
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=
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2 , qεϑ

↓
, qε
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2

)
. (49)

In the last line of Eq. (48), we have used Eq. (47) and 1 = |+↑↗+| + |→↑↗→|.
As mentioned earlier, two of the initial polarisations can be chosen to be along the

beam, for the other two let us conveniently take the ωx direction and the ωy direction.
We assume, for sake of simplicity, that the degree of polarisation of the beam does not
depend on the direction (for the general case see Appendix A). On the other hand, the
degree of polarisation of the positron beam is typically lower than the one of the electron
beam and we denote the former as q̄. In summary, we prepare 16 di”erent initial states

ς
(a,b)
in = ς

a
in,e↑ ↘ ς

b
in,e+ , (50)

with

ς
+
in,e↑ = ϱ(q,+), ς

→

in,e↑ = ϱ(q,→), ς
εx
in,e↑ = ϱ(q, ωx), ς

εy
in,e↑ = ϱ(q, ωy) ,

ς
+
in,e+ = ϱ(q̄,+), ς

→

in,e+ = ϱ(q̄,→), ς
εx
in,e+ = ϱ(q̄, ωx), ς

εy
in,e+ = ϱ(q̄, ωy) (51)

and |ωx↑ = 1
↔
2

(
|+↑ + |→↑

)
and |ωy↑ = 1

↔
2

(
|+↑ + i |→↑

)
.
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• Perform 16 data taking campaigns with the 16 beam settings:  
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|I→↑K| =
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a

X(I,K)
a ωae→
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|J→↑L| =
∑

b

Y (I,K)
b ωbe+

In this case, the input states are expanded in terms of the basis operators as

ω
a
in,e→ =

∑

I,K=±

[X→1]a(I,K)|I→↑K|, and ω
b
in,e+ =

∑

J,L=±

[Y →1]b(J,L)|J→↑L|, (52)

with

X
→1 =

1

2





1 + q 0 0 1 ↓ q

1 ↓ q 0 0 1 + q

1 q q 1
1 ↓iq iq 1



 , (53)

where the rows are indexed by a ↔ {+,↓, εx, εy} and the columns by pairs (I,K) ↔

{(++), (+↓), (↓+), (↓↓)}. Taking its inverse, we find the matrix appearing in Eq.
(31),

X =
1

2q


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1 + q ↓(1 ↓ q) 0 0
↓(1 + i) ↓(1 + i) 2 2i
↓1 + i ↓1 + i 2 ↓2i

↓(1 ↓ q) 1 + q 0 0



 , (54)

where now the columns are indexed by a and the row by pairs (I,K). The matrix Y for
the positron states has the same form with q replaced by q̄.

For each of the 16 initial states we reconstruct the corresponding output operators

ϑ
(a,b)
x = Ix

(
ω
(a,b)
in

)
, with the chosen range x of the tt̄ kinematic parameters. This is done

from the measurements via formula (30),

ϑ
(a,b)
x =

ϖx
(
e
→
e
+[ω(a,b)in ] ↗ tt̄

)

ϖ
(
ϱς[ωmix

in ] ↗ tt̄
) ω

(a,b)
x , (55)

where ϖ(e→e+[ωmix
in ] ↗ tt̄) is the inclusive cross section of e→e+ ↗ tt̄ with unpolarised

e
+
e
→ beams, ϖx(e→e+[ω

(a,b)
in ] ↗ tt̄) is the e!ective cross section after the kinematic

selection, x, of the tt̄ momenta, for the initial polarisation state ω
(a,b)
in and ω

(a,b)
x is the

tt̄ spin density matrix. The method of experimental reconstruction of the e!ective tt̄

spin density matrix (quantum state tomography) is studied and outlined in [1,2], and has
recently been applied in pp collisions at the LHC by CMS [30].

To facilitate the comparison with the theoretical prediction (40) for the Choi matrix
we shall use formula (32). It yields the blocks of the experimentally reconstructed Choi
matrix:

Ix(|IJ→ ↑KL|) =
∑

a,b↑{+,→,ωx,ωy}

X
(I,K)
a Y

(J,L)
b · ϑ

(a,b)
x , (56)

In particular, the diagonal block is reconstructed as

Ix(|++→ ↑++|) =
1

4qq̄

[
(1 + q)(1 + q̄)ϑ(+,+)

x ↓ (1 + q)(1 ↓ q̄)ϑ(+,→)
x

↓ (1 ↓ q)(1 + q̄)ϑ(→,+)
x + (1 ↓ q)(1 ↓ q̄)ϑ(→,→)

x

]
, (57)
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Y = X|q→q̄

• The basis operators are related with the initial state as
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|I, J→↑K,L| =
∑

a,b

X(I,K)
a Y (J,L)

b ω(a,b)in

 QST to reconstruct the  spin state: ⇒ tt̄
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ω(a,b)x

• The Choi matrix is obtained as: 
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Ix(|I, J→↑K,L|) =
∑

a,b

X(I,K)
a Y (J,L)

b Ix(ω(a,b)in )
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=
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a,b

X(I,K)
a Y (J,L)

b ω(a,b)x

we need transversely 
polarised beams
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X(I,K)
a Y (J,L)

b [ω(a,b)x ]
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∑

a,b

X(I,K)
a Y (J,L)

b [ω(a,b)x ]
[A,B],[C,D]

Lagrangian (48), implies that in the Standard Model at tree-level, the Ĩx
has the structure

Ĩx =

�

�
�
�
�

�

I(++,++)x 0 0 I(++,−−)x

0 0 0 0
0 0 0 0

I(−−,++)x 0 0 I(−−,−−)x

�

�
�
�
�

�

, (57)

where each I(IJ,KL)
x is a 4 × 4 matrix and I(−−,++)x = [I(++,−−)x ]

†. Their an-
gular dependence can also be obtained as

dI(++,++)
d cos ✓d�

=

�

�
�
�
�
�

�

a(+)11 s2✓ a(+)12 s✓(1 + c✓) a(+)13 s✓(1 − c✓) a(+)14 s2✓
a(+)21 s✓(1 + c✓) a(+)22 (1 + c✓)

2 a(+)23 (1 − c
2
✓) a(+)24 s✓(1 + c✓)

a(+)31 s✓(1 − c✓) a(+)32 (1 − c
2
✓) a(+)33 (1 − c✓)

2 a(+)34 s✓(1 − c✓)

a(+)41 s2✓ a(+)42 s✓(1 + c✓) a(+)43 s✓(1 − c✓) a(+)44 s2✓

�

�
�
�
�
�

�

,

dI(++,−−)
d cos ✓d�

= ei2�

�

�
�
�
�
�

�

a(+−)11 s2✓ a(+−)12 s✓(1 − c✓) a(+−)13 s✓(1 + c✓) a(+−)14 s2✓
a(+−)21 s✓(1 + c✓) a(+−)22 (1 − c

2
✓) a(+−)23 (1 + c✓)

2 a(+−)24 s✓(1 + c✓)

a(+−)31 s✓(1 − c✓) a(+−)32 (1 − c✓)
2 a(+−)33 (1 − c

2
✓) a(+−)34 s✓(1 − c✓)

a(+−)41 s2✓ a(+−)42 s✓(1 − c✓) a(+−)43 s✓(1 + c✓) a(+−)44 s2✓

�

�
�
�
�
�

�

,

dI(−−,−−)
d cos ✓d�

=

�

�
�
�
�
�

�

a(−)11 s2✓ a(−)12 s✓(1 − c✓) a(−)13 s✓(1 + c✓) a(−)14 s2✓
a(−)21 s✓(1 − c✓) a(−)22 (1 − c✓)

2 a(−)23 (1 − c
2
✓) a(−)24 s✓(1 − c✓)

a(−)31 s✓(1 + c✓) a(−)32 (1 − c
2
✓) a(−)33 (1 + c✓)

2 a(−)34 s✓(1 + c✓)

a(−)41 s2✓ a(−)42 s✓(1 − c✓) a(−)43 s✓(1 + c✓) a(−)44 s2✓

�

�
�
�
�
�

�

.

(58)

Here, the coe�cients a(�)ij are dependent on the centre of mass energy
and beyond the Standard Model contributions of the form in Eq. (48).

With this expression, dĨ�d cos ✓d� has only one non-zero eigenvalue,
which is equal to the trace of the matrix:

Tr �
dĨ

d cos ✓d�
� = D0 + 2D1 cos ✓ +D2 cos

2 ✓ (59)

with

D0 =

4

�

i=1
�a(+)ii + a

(−)
ii � ,

D1 = a
(+)
22 − a

(+)
33 − a

(−)
22 + a

(−)
33 ,

D2 = −a
(+)
11 + a

(+)
22 − a

(+)
33 + a

(+)
44 − a

(−)
11 + a

(−)
22 − a

(−)
33 + a

(−)
44 . (60)

At a threshold region with
√
s = 355 GeV, the tree-level Standard
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=
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4

∑

a,b

X(I,K)
a Y (J,L)

b [ω(a,b)x ]
[A,B],[C,D]

Lagrangian (48), implies that in the Standard Model at tree-level, the Ĩx
has the structure

Ĩx =

�

�
�
�
�

�

I(++,++)x 0 0 I(++,−−)x

0 0 0 0
0 0 0 0

I(−−,++)x 0 0 I(−−,−−)x

�

�
�
�
�

�

, (57)

where each I(IJ,KL)
x is a 4 × 4 matrix and I(−−,++)x = [I(++,−−)x ]

†. Their an-
gular dependence can also be obtained as

dI(++,++)
d cos ✓d�

=

�

�
�
�
�
�

�

a(+)11 s2✓ a(+)12 s✓(1 + c✓) a(+)13 s✓(1 − c✓) a(+)14 s2✓
a(+)21 s✓(1 + c✓) a(+)22 (1 + c✓)

2 a(+)23 (1 − c
2
✓) a(+)24 s✓(1 + c✓)

a(+)31 s✓(1 − c✓) a(+)32 (1 − c
2
✓) a(+)33 (1 − c✓)

2 a(+)34 s✓(1 − c✓)

a(+)41 s2✓ a(+)42 s✓(1 + c✓) a(+)43 s✓(1 − c✓) a(+)44 s2✓

�

�
�
�
�
�

�

,

dI(++,−−)
d cos ✓d�

= ei2�

�

�
�
�
�
�

�

a(+−)11 s2✓ a(+−)12 s✓(1 − c✓) a(+−)13 s✓(1 + c✓) a(+−)14 s2✓
a(+−)21 s✓(1 + c✓) a(+−)22 (1 − c

2
✓) a(+−)23 (1 + c✓)

2 a(+−)24 s✓(1 + c✓)

a(+−)31 s✓(1 − c✓) a(+−)32 (1 − c✓)
2 a(+−)33 (1 − c

2
✓) a(+−)34 s✓(1 − c✓)

a(+−)41 s2✓ a(+−)42 s✓(1 − c✓) a(+−)43 s✓(1 + c✓) a(+−)44 s2✓

�

�
�
�
�
�

�

,

dI(−−,−−)
d cos ✓d�

=

�

�
�
�
�
�

�

a(−)11 s2✓ a(−)12 s✓(1 − c✓) a(−)13 s✓(1 + c✓) a(−)14 s2✓
a(−)21 s✓(1 − c✓) a(−)22 (1 − c✓)

2 a(−)23 (1 − c
2
✓) a(−)24 s✓(1 − c✓)

a(−)31 s✓(1 + c✓) a(−)32 (1 − c
2
✓) a(−)33 (1 + c✓)

2 a(−)34 s✓(1 + c✓)

a(−)41 s2✓ a(−)42 s✓(1 − c✓) a(−)43 s✓(1 + c✓) a(−)44 s2✓

�

�
�
�
�
�

�

.

(58)

Here, the coe�cients a(�)ij are dependent on the centre of mass energy
and beyond the Standard Model contributions of the form in Eq. (48).

With this expression, dĨ�d cos ✓d� has only one non-zero eigenvalue,
which is equal to the trace of the matrix:

Tr �
dĨ

d cos ✓d�
� = D0 + 2D1 cos ✓ +D2 cos

2 ✓ (59)

with

D0 =

4

�

i=1
�a(+)ii + a

(−)
ii � ,

D1 = a
(+)
22 − a

(+)
33 − a

(−)
22 + a

(−)
33 ,

D2 = −a
(+)
11 + a

(+)
22 − a

(+)
33 + a

(+)
44 − a

(−)
11 + a

(−)
22 − a

(−)
33 + a

(−)
44 . (60)

At a threshold region with
√
s = 355 GeV, the tree-level Standard
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Ĩexp
x (|I, J→↑K,L|)

[A,B],[C,D]

<latexit sha1_base64="WVpRQ8x9+IuZMvg3ifACXVwKmY0=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXrwIFe0HtEvJptk2NMmuSVYoS/+EFw+KePXvePPfmG73oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjK9nfvuJKs0i+WAmMfUFHkoWMoKNlTppTwl0fzvtlytu1c2AlomXkwrkaPTLX71BRBJBpSEca9313Nj4KVaGEU6npV6iaYzJGA9p11KJBdV+mt07RSdWGaAwUrakQZn6eyLFQuuJCGynwGakF72Z+J/XTUx46adMxomhkswXhQlHJkKz59GAKUoMn1iCiWL2VkRGWGFibEQlG4K3+PIyaZ1VvVq1dndeqV/lcRThCI7hFDy4gDrcQAOaQIDDM7zCm/PovDjvzse8teDkM4fwB87nD7muj8g=</latexit>

SM

Precision test of SM

models.
The black-box approach to high-energy scattering processes o!ers an unprecedented

opportunity to explore physics beyond the perturbative Standard Model. In particular,
the Choi matrix (32) could be measured for processes in hadron physics, which are not
calculable through Feynman diagrams. This would provide a new insight into the non-
perturbative dynamics of quarks and gluons, which could be compared with lattice QCD
simulations.

Even more importantly, the Choi matrix reconstruction is a foundational test of the
quantum theory itself, akin to Bell tests. Indeed, as explained in Section 2, quantum
mechanics postulates that the map Ix : ωin →↑ εx is linear and completely positive, for any
range x of kinematical parameters. By the channel-state duality, this is equivalent to the
Choi matrix Ĩx being positive semi-definite. This property of the map Ix can be checked
directly by inspecting the smallest eigenvalue of the experimentally reconstructed Choi
matrix (32),

ϑmin(Ĩx) = min
{
ϑ
∣∣ det

(
Ĩx ↓ ϑ

)
= 0

}
. (33)

If the experimental data suggest a statistically significant deviation from positivity,
ϑmin(Ĩx) ↔ 0, then this would imply that the scattering process cannot be entirely
explained by any quantum model.

Furthermore, the postulated linearity of quantum theory implies that the action of
the map Ix : ωin →↑ εx on basis states completely determines its outcome for any other
state. Consequently, one can directly test the linearity postulate as follows:

Suppose that we have gathered a dataset {ω
k
in, ε

k
x}

K
k=1, with K > d

2
in, which consists

of pairs of the prepared input states ωkin and the corresponding outcomes εkx reconstructed
from quantum state tomography and cross-sections. We split this dataset into two parts:

{ω
r
in, ε

r
x}

d2in
r=1 and {ω

s
in, ε

s
x}

K
s=d2in+1

. Using the first set, we reconstruct the Choi matrix with

the formula (32) (see also Section 4.2 for the details of the experimental reconstruction
of the Choi matrix). Reconstructed Choi matrix Ix (|I, J↗↘K,L|) and the initial states
in the second data set, {ω

s
in}

K
s=d2in+1

, allow us to predict the corresponding expected final

states in the second data set:

ϖ
s
x ≃ Ix(ω

s
in) =

∑

I,J,K,L

(ωsin)[I,J ],[K,L] Ix (|I, J↗↘K,L|) . (34)

If the scattering process induces a linear map from the space S(Hin) to B+(Hout), then
we should have ϖ

s
x = ε

s
x for all s = d

2
in + 1, . . . ,K. This is a prediction of quantum

theory, which can be verified empirically. The test can be performed by comparing the
deviation between the prediction and the measured outcome to their uncertainties:

∣∣∣∣∣
↘A,B| ε

s
x ↓ ϖ

s
x |C,D↗

ϱ
s
[A,B],[C,D]

∣∣∣∣∣

2

, (35)

where ϱ
s
[A,B],[C,D] is the combined uncertainty including the theoretical, statistical and

systematic uncertainties for the measurement and calculation of the [A,B], [C,D] compo-
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=
1

4

∑

a,b

X(I,K)
a Y (J,L)

b [ω(a,b)x ]
[A,B],[C,D]

Lagrangian (48), implies that in the Standard Model at tree-level, the Ĩx
has the structure

Ĩx =

�

�
�
�
�

�

I(++,++)x 0 0 I(++,−−)x

0 0 0 0
0 0 0 0

I(−−,++)x 0 0 I(−−,−−)x

�

�
�
�
�

�

, (57)

where each I(IJ,KL)
x is a 4 × 4 matrix and I(−−,++)x = [I(++,−−)x ]

†. Their an-
gular dependence can also be obtained as

dI(++,++)
d cos ✓d�

=

�

�
�
�
�
�

�

a(+)11 s2✓ a(+)12 s✓(1 + c✓) a(+)13 s✓(1 − c✓) a(+)14 s2✓
a(+)21 s✓(1 + c✓) a(+)22 (1 + c✓)

2 a(+)23 (1 − c
2
✓) a(+)24 s✓(1 + c✓)

a(+)31 s✓(1 − c✓) a(+)32 (1 − c
2
✓) a(+)33 (1 − c✓)

2 a(+)34 s✓(1 − c✓)

a(+)41 s2✓ a(+)42 s✓(1 + c✓) a(+)43 s✓(1 − c✓) a(+)44 s2✓

�

�
�
�
�
�

�

,

dI(++,−−)
d cos ✓d�

= ei2�

�

�
�
�
�
�

�

a(+−)11 s2✓ a(+−)12 s✓(1 − c✓) a(+−)13 s✓(1 + c✓) a(+−)14 s2✓
a(+−)21 s✓(1 + c✓) a(+−)22 (1 − c

2
✓) a(+−)23 (1 + c✓)

2 a(+−)24 s✓(1 + c✓)

a(+−)31 s✓(1 − c✓) a(+−)32 (1 − c✓)
2 a(+−)33 (1 − c

2
✓) a(+−)34 s✓(1 − c✓)

a(+−)41 s2✓ a(+−)42 s✓(1 − c✓) a(+−)43 s✓(1 + c✓) a(+−)44 s2✓

�

�
�
�
�
�

�

,

dI(−−,−−)
d cos ✓d�

=

�

�
�
�
�
�

�

a(−)11 s2✓ a(−)12 s✓(1 − c✓) a(−)13 s✓(1 + c✓) a(−)14 s2✓
a(−)21 s✓(1 − c✓) a(−)22 (1 − c✓)

2 a(−)23 (1 − c
2
✓) a(−)24 s✓(1 − c✓)

a(−)31 s✓(1 + c✓) a(−)32 (1 − c
2
✓) a(−)33 (1 + c✓)

2 a(−)34 s✓(1 + c✓)

a(−)41 s2✓ a(−)42 s✓(1 − c✓) a(−)43 s✓(1 + c✓) a(−)44 s2✓

�

�
�
�
�
�

�

.

(58)

Here, the coe�cients a(�)ij are dependent on the centre of mass energy
and beyond the Standard Model contributions of the form in Eq. (48).

With this expression, dĨ�d cos ✓d� has only one non-zero eigenvalue,
which is equal to the trace of the matrix:

Tr �
dĨ

d cos ✓d�
� = D0 + 2D1 cos ✓ +D2 cos

2 ✓ (59)

with

D0 =

4

�

i=1
�a(+)ii + a

(−)
ii � ,

D1 = a
(+)
22 − a

(+)
33 − a

(−)
22 + a

(−)
33 ,

D2 = −a
(+)
11 + a

(+)
22 − a

(+)
33 + a

(+)
44 − a

(−)
11 + a

(−)
22 − a

(−)
33 + a

(−)
44 . (60)

At a threshold region with
√
s = 355 GeV, the tree-level Standard
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SM

Precision test of SM

models.
The black-box approach to high-energy scattering processes o!ers an unprecedented

opportunity to explore physics beyond the perturbative Standard Model. In particular,
the Choi matrix (32) could be measured for processes in hadron physics, which are not
calculable through Feynman diagrams. This would provide a new insight into the non-
perturbative dynamics of quarks and gluons, which could be compared with lattice QCD
simulations.

Even more importantly, the Choi matrix reconstruction is a foundational test of the
quantum theory itself, akin to Bell tests. Indeed, as explained in Section 2, quantum
mechanics postulates that the map Ix : ωin →↑ εx is linear and completely positive, for any
range x of kinematical parameters. By the channel-state duality, this is equivalent to the
Choi matrix Ĩx being positive semi-definite. This property of the map Ix can be checked
directly by inspecting the smallest eigenvalue of the experimentally reconstructed Choi
matrix (32),

ϑmin(Ĩx) = min
{
ϑ
∣∣ det

(
Ĩx ↓ ϑ

)
= 0

}
. (33)

If the experimental data suggest a statistically significant deviation from positivity,
ϑmin(Ĩx) ↔ 0, then this would imply that the scattering process cannot be entirely
explained by any quantum model.

Furthermore, the postulated linearity of quantum theory implies that the action of
the map Ix : ωin →↑ εx on basis states completely determines its outcome for any other
state. Consequently, one can directly test the linearity postulate as follows:

Suppose that we have gathered a dataset {ω
k
in, ε

k
x}

K
k=1, with K > d

2
in, which consists

of pairs of the prepared input states ωkin and the corresponding outcomes εkx reconstructed
from quantum state tomography and cross-sections. We split this dataset into two parts:

{ω
r
in, ε

r
x}

d2in
r=1 and {ω

s
in, ε

s
x}

K
s=d2in+1

. Using the first set, we reconstruct the Choi matrix with

the formula (32) (see also Section 4.2 for the details of the experimental reconstruction
of the Choi matrix). Reconstructed Choi matrix Ix (|I, J↗↘K,L|) and the initial states
in the second data set, {ω

s
in}

K
s=d2in+1

, allow us to predict the corresponding expected final

states in the second data set:

ϖ
s
x ≃ Ix(ω

s
in) =

∑

I,J,K,L

(ωsin)[I,J ],[K,L] Ix (|I, J↗↘K,L|) . (34)

If the scattering process induces a linear map from the space S(Hin) to B+(Hout), then
we should have ϖ

s
x = ε

s
x for all s = d

2
in + 1, . . . ,K. This is a prediction of quantum

theory, which can be verified empirically. The test can be performed by comparing the
deviation between the prediction and the measured outcome to their uncertainties:

∣∣∣∣∣
↘A,B| ε

s
x ↓ ϖ

s
x |C,D↗

ϱ
s
[A,B],[C,D]

∣∣∣∣∣

2

, (35)

where ϱ
s
[A,B],[C,D] is the combined uncertainty including the theoretical, statistical and

systematic uncertainties for the measurement and calculation of the [A,B], [C,D] compo-
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Summary
• We formulated spin-to-spin transitions in particle collisions as Quantum Instrument — an 

quantum evolution of subsystem in an environment (environment = momentum Hilbert space).


• The state-to-state map can be described by Choi matrix, enabling us to write a theory in a 
matrix form: a 16 x 16 matrix for 2-qubit -> 2-qubit  


• Experimental reconstruction of the Choi matrix (Quantum Process Tomography) offers :

A powerful probe of BSM physics

Two theories that predicting different spin-spin transition necessarily give different Choi matrices

Foundational tests of Quantum Mechanics

- Linearity test:

- Positivity test: 

confront the Choi matrix prediction with the measurement 

eigenvalues of the Choi matrix must be non-negative

If one of these tests fails, QM will be experimentally falsified!
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Thank you for listening!


